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RINGS OF DIFFERENTIAL OPERATORS ON TORIC
VARIETIES
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Let & be a finite dimensional toric variety over an algebraically closed field of characteristic zero, k. Let 2y
be the sheaf of differential operators on . We show that the ring of global sections, I'(#,2y) is a finitely
generated Noetherian k-algebra and that its generators can be explicitly found. We prove a similar result for
the sheaf of differential operators with coefficients in a line bundle.
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1. Introduction

Throughout this paper let k be an algebraically closed field of characteristic zero. For
a commutative k-algebra A we define D(A):=|)2,DY(A4) where D°(4)=End,A and
D(A)={0€End, A4 |[6,a]e D'~ '(A) for all ac A}. Then D(A) is a subring of End, 4 called
the ring of differential operators on 4. For an irreducible affine variety &, we define
D(X):=D(O(X)) where O) is the ring of regular functions on &. For a general
irreducible variety we define the sheaf of differential operators on & to be the unique
quasi-coherent @,-module for which I'(U,24)= D(I'(U, 04)) for U an open affine subset
of Z. Now if {U;} is an open affine cover of Z then Dy(U,):=L(U;, Dy)=D(0s(U))).
Thus the global sections of the sheaf of differential operators is

DZ):=T(Z, Dy) =N D5(U))

and is called the ring of differential operators on Z. In order to study the differential
operators on & we will calculate the above intersection.

Differential operators on smooth affine varieties have been well studied and also for
certain classes of non-affine varieties such as projective spaces. We study a collection
which contains examples of smooth, singular, affine and non-affine varieties. The
collection in question consists of toric varieties, which are defined via cones and a lattice
in a finite dimensional Q-vector space. We shall use the geometry of the cones to prove
results about the differential operators. The main result we prove is:

Theorem. Let & be a finite dimensional toric variety over an algebraically closed field
k. Then the ring of global sections of the sheaf of differential operators on & is a finitely
generated Noetherian k-algebra. An explicit method to find this ring is given.
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The paper is split into four main sections. In Section 2 we recall the definition of a
toric variety and state some of its properties. In Section 3 we establish some abstract
properties of certain rings which enable us to calculate the intersection. In Section 4 we
show that these properties hold for differential operators on a toric variety and finally in
Section 5 we give some examples.

2. Toric varieties

The aim of this paper is to investigate the global sections of the sheaf of differential
operators on a toric variety. First we need to define the notion of such a variety. We
adopt the approach of [1] for simplicity.

Let V be a finite dimensional vector space over Q. A subset {ve V|A(v)=0} where
A:V— Q is a non-zero linear functional is called a halfspace of V. A cone, ¢ in V is the
intersection of a finite number of halfspaces. A subset of g of the form {ve V|A(v)=0}
where 1: V- Q is a linear functional positive on ¢ is called a face of . The dimension
of the cone ¢ is the dimension of the vector space g —g over Q.

Let o be a n-dimensional cone and M an n-dimensional lattice both embedded in the
space Mq=M ®,; Q. Without loss of generality we can consider the lattice to be Z" and
our cone therefore embedded in Q" We can considler A=c M as an additive
semigroup. Let kA be the semigroup algebra associated to A. The varieties of the form
Z =SpeckA are affine toric varieties.

Examples. (i) Z =Speck[x?, xy, y*]. Here k[x2 xy, y*]1=k[x,xy,xy*]. Then o=
(1,0)@;0“"(1,2)@;0 and M=Zz

(ii) & =Speck[x,y,xz, yz]. Here 6=(1,0,00Q5,+(0,1,0)0Q;,+(0,0,1)Q;,+(1,1,—1)
Q,0and M=27°.

The following results give some idea of what sort of variety we are dealing with.

Proposition 2.1. Let Z be an affine toric variety. Then

(1) O(Z) is a finitely generated k-algebra;
(2) A(X) is normal;
(3) O(%) is Cohen—Macaulay.

Proof. See [1,3].
General toric varieties are obtained by gluing together affine ones.

Definition 2.2. A fan in V is a collection T of cones satisfying the following conditions

(1) Every cone has a vertex;
(2) If tis a face of a cone o€ Z then TeX;
(3) If 6,0’ €X then 0 N &’ is a face of both ¢ and ¢’
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Let M, N be lattices dual to one another and let £ be a fan in No. Again we can
assume that M =27Z" and V=Q". Define an affine toric variety for each 6€Z,

%Z,=Speck[a” nZ"]

where ¢V ={1€ Nq|A(0)20} is the dual cone of ¢. These varieties can be glued together
to give a variety over k denoted by 5. We consider toric varieties where X consists of a
finite number of cones. Now if {0,,...,0,} are cones such that dimg(s;na;)<
min(dimgo;, dimge;) for all i#j which cover (J,.zo then {U,,...,U,}, where
U,=Speck[o;” n M], is an open affine cover of 2y. We call this cover the standard open
affine cover of Z.

As far as our interests are concerned we have that the dual of any cone in Z is of
dimension n. Thus Z(¢¥ " M)=M for all s Z.

Examples. (i) 2 =P
(ii) ' =P(Op: @ Op:(a)). This is a Hirzebruch surface. The construction of projective

space bundles can be found in [2]. The fans of both of these examples are as given in
the following diagram.

7
- \\\
(i (i)

Another approach to toric varieties can be found in [6] where one embeds a torus
into an affine toric variety (hence the name) as a dense open subset and then patch
affines together to give the general case. In fact this idea of embedding a torus yields the
following theorem.

Theorem 2.3. Suppose an algebraic torus T =(k*)" acts algebraically on an irreducible
normal variety & locally of finite type over k. If & contains an open orbit isomorphic to T,
then there exists a unique fan T such that & is equivariantly isomorphic to .

Proof. See [6]. a
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3. Calculating intersections
In this section we abstract the properties we shall use to perform our calculations.
Let R=k[x{!,...,x%d,,...,0,] be the ring of differential operators on an n
dimensional torus. Consider the (k*)"-action on R given by
(k*)"xR - R
(A’l’ ooy ln) X l,-x,-
(Al,...,ln)'aﬂ—’li_lai.
Define
Geliy,-.., i) ={0€R|(Ay,..., A4,)-0=2%... 200 for all (4,,...,4,) e (k*)"}.
We call these the homogeneous elements of degree (iy,...,i,). Let W=Gg(0,...,0). Then
W=k[x,0,,...,x,0,]. Let grR be the associated graded ring with respect to the
differential operator filtration. We note that gr R is a commutative domain. Let X; be
the image of x; in the associated graded ring, and likewise, A; the image of d;. Consider
the map
sym:R > grR=k[X{',.... X ' A,,...,A,]

; i n . - .
N i i g XX OR LB =i X XA LA

where ¢ is the maximum integer such thatt=j,+---+j,and a; ;. ;... ;. #0. Thereis
an action induced on gr R given by

(k*)"xgrR—-grR
(Al,...,ln)'xi}—’lixi

(P LY. W Iy, 8
Define
Gg,R(il,...,i,,)={Oeg7R|(/11,...,,1")-(9:1‘1"...,1;',"0 for all (4,,...,4,)e(k*)"}

to be the set of elements of gr R of degree (i;,...,i,). Now,

(A15--.,4,) - sym(r)=sym((A,,...,A,) 1)

for all re R and so the (k*)"-action is equivalent with respect to sym. Thus we have a
Z"-graded structure on gr R compatible with the grading arising from the differential
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operator filtration. In the rest of this paper we shall write x*:=x}!...x* for i=
(44,...,4,)€Z". We now think about subalgebras of R. If A is a Z"-graded subalgebra of
R then we can filter A by the differential operator filtration and form gr A4, the
associated graded ring. Note that gr A will be a Z"-graded subalgebra of gr R. Then gr 4
is a commutative domain since gr A = gr R. All our calculations involving gr 4 take
place in gr R. Thus for re A we denote by 7, the image sym(r). To illustrate the above,
W is a graded subalgebra of R and gr W=k[X,A,,...,X,A,] is a graded subalgebra
of grR.

We will be using the concept of gcd and lem in both of the rings R and gr R. Consider
ry...,r,€R all of the same degree, say 1. Then r;=x*f; for some f;eW for all
j=1,...,p. Then (ry,...,r,):=x*(f,,...,f,) where (fy,...,f,) is the standard gcd in W.
Similarly lem(ry,...,r,):=x*lem(fy,...,f,). The same process is used for gr R with the
gcd and Iem really being found in gr W. Thus these notions are well-defined.

Lemma 3.1. Let L={q,,...,q,} be a finite collection of points in Q" such that no two
elements of L are linearly dependent. Suppose that the Q-span of the collection L is Q"
Then there exists a collection of sets {I,} such that \JI,=L, |I,|=n and q;€S,:=

EIEI,Q_Z_Oh:qiEI{'

Proof. Choose d,,...,d,eL such that they form a Q-basis of @Q". Suppose d'eL\
{d,,...,d,} such that '€} 7., Q, od;. Then

d. ¢ Z Q,0di+Q50d".
i=1

-i#r

By repetition of this and the fact that |L|<oco we can construct a collection {I,}
satisfying the condition. 0O

Definition 3.2. With the notation of the previous lemma, the collection of cones {S,}
as constructed in the proof is called a partition of Q,,L. Let (gr A) be the k-algebra
generated by {aegr A|degaeS,}.

To proceed with any calculations we need to consider a particular type of graded
subalgebra of R.

Definition 3.3. Let L < 2" such that |L|<co and no two elements of L are linearly
dependent. A graded k-subalgebra A of R is said to be L-faithful if
(1) WeA;
(2) There exist ;€ A for le L such that dega,=! for all le L, A=k[a,|leL] [W] and
grA=k[a|le L] [gr W];
(3) Gpalsy,-.-,s,) is a cyclic grW-module for all (s,,...,s,)€Z5oL. Here
Gpalsys-..,s,)={0egrA|degb=(s,,...,s,)};
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(@) (grAy'=k{a|lel][er W].

We say that {aq,|leL} is the set of L-generators of A. 4 is said to be faithful if it is
L-faithful for some L.

We will work with a collection of graded subalgebras of R but the faithful condition
is not enough to proceed. We need some information about the algebras relative to each
other.

Definition 3.4. A collection A4,,..., A4, of L-faithful subalgebras of R where A; has
L-generators {a; | le L} is said to be L-compatible if

(1) O((grA),(gr A))=1for all jk=1,...,r and ¢, where

9«grA,~)‘,(grAk)‘)=(H TRy Y )

lely (&j.h dk,l)’ lely (a_j,b dk.l)

(2) lem(ay is...,a,)=Icm(a, y,...,a,,) for all le L.

where {a; ,|le L} are the L-generators of 4;.

Lemma 3.5. Let A, B be L-compatible and faithful subalgebras of R with L-generators
{a)|leL}, and {b,|leL} respectively. Then, gr AgrB=k[8,|le L] [gr W] where 8=
lem(a,, b)).

Proof. Write a=X7'...X%"m, and b=X7'...X}"m, where m,,m,egrW.

Consider (s,,...,s,)€Z". Then (s,,...,s,) €S, for some £ and so there exist ¢;,...,q,€N,
such that at most n are non-zero and

Gy alS1s---»8,) =[] afrgr w

lely

Gorp(sy,....s)=[] brgrw.

lely

This uses condition 4 of the definition of L-faithful. Now

GgrA ngrB(sl’ ey sn) = GgrA(sl’ e ,S,,) N GgrB(sl’ vy sn)

=G(grA)((sl’ ce ,S,,) N G(grB)t(Sh LERE] Sn)

=X§'...Xf,"<n ijng)nX’{...Xf,"(H mZ;ng)

lely lely
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=xp.. X0 ] mz:(n waigr W [ wiier W)

lely lely lely

where mg,=(m,,m,), w, =m,/my and w,=m,/ms. The second equality follows by
point 4 of the definition of faithful. Since 4 and B are L-compatible,

(H wi. I1 w:>=1-

lely lely
Thus Hls]{“’z:gr Wnl—lleh“’g:gr W=nlel((wa;wb;)mgr W ThlS giVCS

GgrA ngrB(sb e ,S,,) = H (X'll'l e X;l'nwalwblmoz)q'gr W

lely

=[] Orgrw

lely

where the #, are as in the statement. Clearly 8,egrAngrB for all leL and
gr W<=gr A n gr B by assumption and so gr A ngr B=k[0, | le L) [gr W1. O

Remark. Without compatibility we can still use the techniques of the proof of the
theorem to find out the monomial which generates elements of any particular degree (as
a module over gr W).

Lemma 3.6. Let P< Q be an inclusion of N-filtered rings such that gr P=gr Q. Then
P=Q.

Proof. Clearly Po=Q,. .Suppose that P,_,=Q,;_, for ieN. Then let geQ,. Thus by
hypothesis, there is a pe P; such that g+ Q;_,=p+P;_,. Hence gq—peP;_, and thus
g€ P,. Thus by induction, P=0. 0O

Proposition 3.7. Let A, B be compatible L-faithful subalgebras of R with L-generators
{a|leL}, and {b|leL} respectively. Then, grAm~grB=gr(AnB) and AnB=
k[6,|leL,x,al,...,x,,6,,] where 0,=Icm(a;,b)). Also A nB is an L-faithful Noetherian
subalgebra of R.

Proof. From the previous lemma we have gr A grB=k[0,|le L] [gr W]. Define
0,=Icm(a,, b;). Then 6, A n B. Also by the compatibility,

Iem(a,, b)=lcm(a,, b)

for all le L and so 8, is the image of 8, under the symbol map. Thus 8,egr (A n B). Since
gr W c gr(An B) then gr Angr B < gr(An B). The opposite inclusion is obvious and so
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grAngrB=gr(An B).
Using the inclusions

grAngrB=k[0,|le L] [gr W] < grk[6,|leL,x,0,,...,x,8,] =gr(A n B)

we have equality and since k[0,|l eL;x,d,,...,x,0,] €A B, then Lemma 3.6 gives the
required equality since the associated graded rings have been taken with respect to the
differential operator filtration which is an N-filtration. The Noetherian condition follows
from the fact that by the lemma, gr (4 n B) is finitely generated and [4, 1.6.9]. Now

(1) W AnB;

(2) AnB=k[6,|leL]W and gr(4 N B)=k[f,|l1e L] [gr W] with deg0,=1,

(3) GyanpSis---»8,) is a cyclic gr W-module for all (sy,...,s,)eZ";

(4) If(sy,...,s,)€l, then G ynp)(Sis-..,5,) € k[9,|IeI,] Lgr W1].

Thus A n B is an L-faithful subalgebra of R. O

We now have the required result to intersect two faithful and compatible subalgebras
of R. We will use induction to prove the general result. To do this we need to show that
compatibility and faithfulness are preserved by taking intersections.

Lemma 38. Let A, B, C be L-compatible and faithful subalgebras of R. Then An B,C
are L-compatible and faithful subalgebras of R.

Proof. The important point is that AnB and C are L-compatible. Let the
L-generators of A, B, C be {a;|leL}, {b)|l€L}, {c,|leL} respectively. By the previous

proposition A n B and C are L-faithful subalgebras of R. Also the compatibility of 4, B
and C gives O((gr (A N B)Y, (gr C)’)=1. Finally for any I,

lem(Iem(ay, b)), &) = lem (Iem(ay, b)), ;)
= lcm (d,, EI’ C-,)

= lcm (al’ bh C,)

=lIlem(lcm(a,, b)), c;)

which gives the compatibility. O

Theorem 39. Let A,,...,A, be a collection of L-compatible and faithful subalgebras of
R. Let {a; |le L} be the L-generators of A;. Then

gr A0 ngrA,=gr(4, n---n A)=k[B)|le L1 [gr W],
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A, N A,=k[6,|leL]W
where 8,=Icm(a, y,...,a,,;) and O,=Icm(a, ,,...,d, ). Also A, n---n A, is Noetherian.

Proof. We proceed by induction on r. The result is trivial for r=1. Let r=2 and
suppose the result holds for r—1. Then

grA,n-ngrA,_=gr(A;n-n A,_1)=k[q'),|leL][ng];
An-n A,_1=k[<p,|leL]W

where @,=Icm(a, ;,...,8,-,,) and $,=lem(a, ,...,a,-, ;). By the previous proposition
and induction we see that A, n---n A4,_; and A, are compatible L-faithful subalgebras
of R. Now by Proposition 3.7 and the induction hypothesis,

grA;nngrA,=gr(d,n"nA4,_,)ngrA,=gr(4, n---nA,)=k[9,|IeL][ng]
where

O,=lem(lem(ay y,...,a,_4 1), a, ) =Ilcm(a, ,,...,a, )
9,=lcm(lcm(él_,,. .- ,d,_ 1'1), ﬁ,‘,) =Icm(§1',,. .o ,5,_,).

Again gr(A,n---n A,) is finitely generated and so A4; n---n A4, is Noetherian. This
completes the induction. 0O

We will be applying these ideas to calculating the global sections of sheaves on a toric
variety. We need to define the notions of faithfulness and compatibility for these.

Definition 3.10. Let % be a quasi-coherent sheaf on a toric variety £ such that
{Z(U,)} is an L-faithful and compatible collection of subalgebras of R for some L where
{U,} is the standard open affine cover of Z. Then & is said to be an L-faithful and
compatible sheaf on Z.

4. Applications to toric varieties

We now apply the results of the previous section to toric varieties. We must first
establish that our results are applicable to the rings in question. From now on until
stated otherwise we let & =Speck[os N Z"] be an n-dimensional affine toric variety for
some rational n-dimensional cone ¢ given as the irredundant intersection of a finite
collection of halfspaces H,,...,H, with boundaries 0H,,...,0H, respectively. Recall that
Z(e nZ")=Z". Let hy,...,h, be the linear polynomials defining dH ,,...,dH, respectively.
Define H;=Q"\H;. Recall that all affine toric varieties can be written in this way.

In order to describe 2(Z) and how it relates to the underlying cone ¢ we use a
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correspondence between functionals on @" and the degree zero elements,
Q[x,0,,...,x,0,].

Let kA be the associated semigroup algebra of A and D(kA) the ring of differential
operators. We view D(kA) as a subring of R as defined above. Now for ueZ”
x;0; * x* = u,x* where u=(u,,...,u,). Now W=Q[x,d,,...,x,0,] ®ck. Thus elements of
W define polynomial functions from Z" < @" to k by the rule x;d;*(u)=y; for peZA.
Thus for fe W and ueZ”,

S (%104, X,0,) (x¥) = f ()x*.

Hence we can now regard an element fe€(Q")* as an element of Q[x,d,,...,x,d,].

Let A=6NZ", QYA)={ueA|i+u¢A} and Qu(A)={ueA|A+pu¢H,nZ"} for AeZ".
Observe that Q(l)=UQ"‘(l). If Q=7 let  be the Zariski closure of Q in Q" and
1Q)={feW|f(@)=0}.

We now give some results describing the differential operators on an affine toric
variety. These results are taken from [5] with a slight change in the setting in which
they work.

Lemma 4.1. Let A be a semigroup of Q" with QA=Q". For ge(Q")* and beQ set
A,={ieA|g(1)=b}. Suppose that

n Ab¢¢;
(2) dimgq QAg=n—1.

Then A,={1eQ"|g(A)=b}.
Proof. See [5, 2.5]. O

Lemma 4.2. For i=1,...,r, if h{Z"Y=aZ for some a>0 then there exists Ae A such
that h(2)=a.

Proof. By assumption h{A)=a for some A'eZ". Now 0H; and JH; are distinct
subspaces of codimension one in Q" and so dH; % 0H; and since dH; N A spans 0H;
there exists u;e dH; n A with u;¢ 0H ;. Therefore hy(u;)=0 and h;(u;)>0.

Let

-

u= u;eA.
j=1
J#i

1}

Then hy(u)=0 and hj(u)>0. Set 1=21"+ Nu for N>»0 to get the result. O

Lemma 4.3. With the notation as above,
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Oy (D) ={neQ"|h(p) eh(Z") and 0<h(p) < —h(A)}
fori=1,...,r. Hence Qy(4) is a finite union of hyperplanes parallel to 0H;.

Proof. Since h; is linear and the right hand side is Zariski closed then we have “=”.
Let u lie in the right hand side. Suppose h,(u)=beh (Z") with 0=Zh;(u)< —h,(2). Let
A,={ieA|h(u)=b}. By the previous lemma we have that A,#0. Also since oH, is
a face of ¢ then dimgqA,=n—1. Hence by Lemma 4.1, A,={1eQ"|h(4)=b}. Thus
neQu (). O

Proposition 4.4. With the above notation,

(1) W= HZ);

(2) 2AX) = Dicz-x* 1D,

(3) €(4) is a finite union of hyperplanes each parallel to an (n— 1)-dimensional face of o;
@) AH=0) N A;

(5) gr2(X) is finitely generated as a k-algebra.

Proof. (1) This is obvious.

(2) Clearly Ggay(4d) = x*W. If feW then x*f *x*= f(u)x***. Now since differential
operators extend uniquely to localisations and

D(X)={0e D(kZ") |0+ O(Z) < O(%)}

then x* f € 2(%) <> f(u) =0 for ue4). This gives the equality.

(3) We have Q(4)=|);Qu,(4). By Lemma 4.3, Qy(7) is a finite union of hyperplanes
parallel to dH,. Then

Q('I) = Ui QH,(}») = UiQH,(A)

and so Q(J) is a finite union of hyperplanes each parallel to some 6H;.

(4) Clearly we have Q(4) =Q(A) n A. Conversely, suppose F<Q(J) is a hyperplane
parallel to some JH; Then by the following lemma, we have 1+F< H{ and so
A+(FNA)c HS and hence FAA<Q4). By 3, Q1) is a union of such hyperplanes
and so

D NA=(UF)nA=U(F N A) < Q)

which gives the equality.
(5) This is proved in [5]. O

The next lemma shows exactly which hyperplanes lie in OQ(4).
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Lemma 4.5. Let F be a hyperplane in Q" parallel to some 0H; with F=F n A. Then
Jor AeZ" A+ F < Hf if and only if F < Q(J).

Proof. = is obvious.

For the converse, note that h;(F)=>b for some beQ;, and using Lemma 4.3 we have
h(A+ F) <0 which implies that A+ F € H. O

Now that we have described 2(Z), we wish to check that it is of the correct form to
apply the ideas of the previous section.

Proposition 4.6. With I as above, 2(¥) is L-faithful for some L. Also if L' 2 L with
|L’ | < 00 such that no two elements of L' are linearly dependent then (%) is L'-faithful for
some set of L'-generators.

Proof. We only need to check 2 and 4 of the definition for a valid L as the rest is
done. Consider the partition of Q" given by

{Sl}:={(ﬂielHi)n(ﬂiﬂ_Hl')}lS(l ..... ”

For each S, choose elements of Z" such that they generate S, Z" over Z;,. Consider
the set of all such elements {d,,...,d,} and the elements {a,...,a,} of 2(Z) such that
Gg)(d;)=a,W. Consider the set of all such elements arising from ail of the S, and add
in any elements of non-zero degree needed to generate 2(Z) along with W, such that
their images in gr (%) along with gr W generate gr 2(%). This will be the set of L-
generators where L is the set of all their degrees. For the moment we will refer to this
set as simply the generators. We further divide the partition as in Lemma 3.1 to give a
new partition which we still call {S,} such that the degrees in S, of the set of generators
form a basis of Q" for each /. It is clear that we have condition 2 with these generators.

Now each S, < (it H) N ((\ies—H,) for some I. Consider any AeS,. Then Q(7)
consists of hyperplanes parallel to some dH; for i¢I. This follows from the previous
lemma and the fact that A+A < H, for all iel. For each 0H, where i¢ I, Q(2) contains
at least one hyperplane parallel to dH; unless AedH,.

Consider A, ueS, for some ¢. Then

QA+ p)={peA[p+i+ugA]

ci{peA|p+u¢Alu{peA[ptueA,p+i+ué¢A;

=Qu) v () —pgnA
< Q) U QD) —p).

Now Q(p) is a union of hyperplanes, each parallel to some dH; for i¢I. By Lemma 4.3
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such a hyperplane, say F, is defined by an equation h;—a=0 where 0<a< —hy(y) and
ach(Z"). Now since 1€S,, then h{1)<0 and so h(A+p)<h(y). Thus by another
application of Lemma 4.3 we have F=Q(A+py). A similar argument shows that
YA)—u < QA+ p). Thus the above inclusion becomes equality.

Hence

QA+ p) =) v AA)—p)
and since the right hand side is a disjoint union of hyperplanes then f,,,= f? f, where

HQD) =W
IQp)=f,W

QU+ 1) =f14,W

and f1(p):=fip+p). Hence x***f,, =x*f,x*f,. Thus (gr (%))’ is generated by
generators with degree in S,. This gives condition 4. Also by the above we can reduce
our L until we have that every two elements are linearly independent. Thus 2(%) is
L-faithful.

Consider A€ Z"\L. Suppose Gga)(4)=0a,;W. Then by adding a, to the L-generators
and setting L'=LuU {1} does not affect any part of the above proof. Hence (&) is L-
faithful. This completes the proof. O

We now consider a general toric variety. When we take an open affine cover of 4 it is
of the form as described in Section 2. Let {U;} be the cover. Then each U, is an affine
toric variety. Thus without loss of generality, O4(U,)=k[a; Z"] for an n-dimensional
cone o; in Q"

Proposition 4.7. Let & be a toric variety. Then there exists an L such that each
D4(U}) is L-faithful and that if o; is an intersection of halfspaces H,,...,H,, then either
S,cH,or S, —H,forall ¢

Proof. By the above proposition, 24(U;) is L-faithful for some L, Let L=uUL,
Then again by the above 2,(U,;) is L-faithful as we can subdivide the partition until the
statement is true. O

Thus we have that 2, is L-faithful for some carefully chosen L with the property of
the above proposition. We shall use this property to show compatibility.

Proposition 4.8. Let & be a toric variety with open affine cover {U;}. Then 9y is
compatible. Moreover:

https://doi.org/10.1017/50013091500018770 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500018770

156 A. G. JONES

(1) with the partition as given in the above lemma, ®((gr 24(U )Y, (gr 2(Uy))")=1 for
all j,k and ¢;

(2 if ay,...,a, are elements of distinct Dy(U)) of the same degree such that
QI(UI) =a"W then

Iem(ay,...,a)=Ilcm(a,,...,a,).

Proof. We already have that 92, is faithful and so proving 1 and 2 gives the
compatibility condition.

(1) We have seen that for an affine toric variety, Q(4) is a finite union of hyperplanes
each parallel to a face of the underlying cone. Hence for any partition,
O(gr Do(U;Y, gr 25(U,)’) is a monomial in terms of the linear equations of the faces of
the underlying cones. In fact it is a monomial in terms of the equations of the
hyperplanes which form (n— 1)-dimensional faces to both of the underlying cones. Thus
the only way statement 2 could fail is if some cones ¢; and o, have parallel faces. Say H
is the hyperplane with linear equation h passing through two such parallel faces. Then
either o; and o, lic on the same side of H or on opposite sides. We consider these two
possibilities.

(A) Same side. Consider Ae S’. Let

QN ={ueo;nZ"|A+u¢o;n 2"}
() ={pea,NZ,|A+u¢a,n 2.

From above both closures consist of a finite union of hyperplanes parallel to faces of
the underlying cones. By Lemma 4.3 any hyperplane parallel to H belongs to the union
in both cases or neither. Thus h[(a/@,f_,)) for all le L in the notation of Section 3.
Hence h|O®(gr 2, (U, Y, gr 2z (U, )).

(B) Opposite sides. The partition is such that either h(S,)=0 or h(S,)<0 for all S,.
Then without loss of generality we can suppose that ‘s; and S, lie on the same side of
the hyperplane H. In this instance, hfa for any L-generator aegr 24(U ;). Hence

hle(g”@z(uj)"gr@z(uk )‘)
Hence ©(gr 24(U;), gr 24(U,)’)=1 for all j, k and ¢.

(2) Let p=dega;. Then from Proposition 4.4 we have
a;=x? H fij
i
for some degree one polynomials f; ;. Consider the following statement,
There exists A€ @ and linear f such that fla;, f+|a; and f+ Afa; for some i#j. (1)

The linearity of the f; ; allows the following statement.

Iem(a,,...,a,)=Icm(a,,...,a,)<>(f) does not hold for any i, j.
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Suppose that (1) holds for some i, j. Since the {f; ;}; are completely determined by the
underlying cone of 04(U)), say g;, then () = g; and o; both have a face parallel to V().
There is only one such hyperplane through the origin parallel to V(f). Now by () and
Proposition 4.4 g; and o, lic on the same side of this hyperplane. Let H be the halfspace,
defined by this hyperplane, containing o, and ¢;. Let Qy(A)={uea;n Z"|l+u¢H} for
all i. Then by () there exists g€ Qy(p) such that g+AeQjy(p) and g+ A¢Qj(p). Since
Q. (p) =Q(p) we have a contradiction. 0O

We can now restate Proposition 3.9 in terms of differential operators on toric
varieties.

Theorem 4.9. Let & be a toric variety. Then
grAX)=grI'(¥,24)=T(Z,gr Dy).
Thus 2(%) is Noetherian and
DAX)=k[lem(a, 1,...,a, ) |l€eL; x,0y,...,X,0,]

where & has open affine cover {U.};-, and in the notation of Section 3, A;=24(U;) with
the a; ; defined appropriately.

A similar result holds for the global sections of the sheaf of differential operators on a
toric variety with coefficients in some invertible sheaf.

Corollary 4.10. Let & be a toric variety and &y an invertible sheaf on %. Then
My =8y Roy Dy Doy b5 ' is the sheaf of differential operators on X with coefficients in
B4. Then

g%, My)=T(Z,gr My).
Thus I(Z, # 5) is Noetherian and
N(&, My)=k[lcm(a, 1,...,a,,)|l€L; x,0,,...,X,0,)

where I has open affine cover {U,;};~, and in the notation of Section 3, A;=T(U;, #y)
with the a; ; defined appropriately.

Proof. By [1, 6.1], locally we have
(U, My) =% 0 (U;) ® (Dircz- X [XD))) @ X “Og(U))
=x"04(U) ® ((_D).el"xlfl(xlala 03 X,0,)) @ X0 (U))

g(@xeznxlfz(xxal — 0y, .., Xp0, — ).
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for some aeZ". Since Py is faithful and compatible then so is .#4. Thus we have the
results. O

5. Examples
We now give some examples to illustrate the process in operation.

(i) Consider P" with {U;}{_, as standard open affine cover. We know that
DonlU)=k[xi Y, x7 ' xyq, .., 2 X, X1, X;04,. .., X;0,] for i£0
Dol Ug) =KXy, Xy sy, 0, ].
Calculating the required lem’s gives 2(P") Noetherian and

g(P") = k[x,-n, 6,, xla,', xial, x,-ai l i= l, ceey n]-
Also
(", Opn(a) @ pr Dpn @ pn Opn( — a)) =k[x(n—a), 8;, x, 0;, x,0,, X;0; | i=1,...,n]

is Noetherian for all ae Z.
(ii) For the line bundles Z,,,= V(Opn(m))=Spec #(Opn(m)) we have an affine morphism

n: %, — P". Let {U;} be the standard open affine cover of P". The affine toric varieties

Spec Oy, (U,) glue to give Z,,. For the construction of vector bundles see [2]. Then
DZn) = (74D, (Uy)

The calculation is similar to the above for projective space yielding

DX ) =k[x*m, 0% x(0;, x:0,, x:0;|i=1,...,n; L€ Z% o such that Y 1,=m]

as a Noetherian ring.
Consider the invertible sheaves on %,,, Oy, (a) defined by

Og.,.(a) (™ (U)): = Opn(a) (U))
for aeZ. Then

(%0 Or,(a) Do, Pox,, Ro,_ Ox,(—a))= k[x*(m—a), 8%, x,0;, x;0,, x;0; | i=1,...,mieZ%,
such that ) A,=m]

is Noetherian for all ae Z.

(iii) Consider the Hirzebruch surfaces n: F,=P(Op: @ Opi(a)) —» P* for a>0. Here we
have 9;_ on the open affine cover V§, V{ as
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Dr(V3)=k[y:x,0,,0,]

Dr.(Vo)=k[y,x
@F..(Vr) =k[y_l’x_ I,Vaayﬂ, y—axzax]
Dr (Vi)=k[y™ ', xy~% ym, y°0,]

~1,9,,x%0,]

159

where n=yd,+axd,. Hence we have 2(F,) as a Noetherian ring. We have the

L-generators of the pieces as in the following table

L De (V) | Dr(Vo) De(VT) De, (V1) 0;=Icm
(0, 1) y y yn yn yn
0, 1) d, 2, -t y! 2,
('_19.’) yiax x—lyi x_lyj ylax . ylax
(1’ _.’) xa{r xa{vxax x2y— axfa—j(n) xy_J a—j(n) xa;xaxfa—j(n)

where f,_i(m)=n(n+1)--{n+a—j—1). The partition in this case is the following
collection of cones

L

~

7

\

7

(1,—0)

N

Hence 2(F,) generated by yd,, xd, and the entries in the last column of the above
table. That is,

D(F,)=k[d,, Y 0,, yn, & x?8,n(n+1) - (n+a—j—1),x0,, yd,|j=0,1,...,a].

Acknowledgements. The Noetherian condition for the differential operators on a
toric variety has been independently proved by I. M. Musson using a different method.
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