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WEAKLY CONFLUENT MAPPINGS AND ATRIODIC
SUSLINIAN CURVES

H. COOK AND A. LELEK

There are theorems in which some classes of topological spaces are character-
ized by means of properties of mappings of these spaces into a single space.
For example, it is well known that a compactum X is at most #-dimensional
if and only if no mapping of X irto an (n + 1)-cube has a stable value [5,
Theorems VI.1-2, pp. 75-77]. Also, a curve X is tree-like if and only if no map-
ping of X into a figure eight is homotopically essential [1, Theorem 1, pp. 74-75;
8, p. 91]. By a curve we mean any at most 1-dimensional continuum; a conti-
nuum is a connected compactum; a compactum is a compact metric space, and
a mapping is a continuous function. The aim of the present paper is to prove
another theorem of this type. We distinguish a class of curves and show that
it is characterized by imposing the condition that no weakly confluent mapping
[13] can transform the given curve onto a simple triod (see 2.4). A related
result is applied to a generalized branch-point covering theorem (see 3.2). In
addition, two results are obtained in which we establish some characterizations
of weakly confluent images and preimages of the product of the Cantor set and
an arc (see 1.1 and 2.2). Continua that are such images turn out to be identical
with regular curves (see 1.3).

1. Paths in regular curves. Let X be a compactum. We denote by C(X)
the collection of all non-empty continua contained in X. We say that X has
property S uniformly provided, for each number ¢ > 0, there exists a positive
integer £ = k(e) such thatif K € C(X), then K is the union of a finite sequence
of 2 non-empty continua each of diameter less than e. Thus, if a continuum has
property S uniformly, it is hereditarily locally connected {23, (15.1), p. 20].
There exist, however, hereditarily Jocally connected continua which do not
have property .S uniformly; such as, by 1.2 below, any hereditarily locally
connected continuum which is not a regular curve {11, pp. 283-284]. By a
regular curve we understand a continuum possessing a basis of open sets whose
boundaries are finite. In particular, each dendrite is a regular curve [11,
Theorem 4, p. 301].

We denote by I = [0, 1] the unit closed interval of the real line. A path in a
metric space X is a mapping ¢ : [ — X. We say that a family & of paths in X
is equicontinuous provided, for each number ¢ > 0, there exists a number § =
5(e) > Osuch thatif ¢ € ®, 41,1, € Tand |ty — £] < 8, then dist (¢(t1), ¢(t2))
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< e If X and Y are compacta, we say that a mapping f: X — ¥ is weakly
confluent (13, p. 98] provided it induces a surjective function f¢: C(X) —
C(Y), that is, for each continuum L € C(Y), there exists a continuum K €
C(X) such that f(K) = L. Compositions of weakly confluent mappings are
weakly confluent [15, 1.5, p. 1337]. By C we denote the Cantor set in I.

1.1. THEOREM. Let X be a compactum. The following conditions are equivalent:
(1) X has property S uniformly,
(i1) there exists an equicontinuous family ® of paths in X such that C(X) =
{e(I): ¢ € &}, and
(iii) there exists a weakly confluent mapping of C X I onto X.

Proof. The fact that (i) implies (ii) has been stated implicitly in [9, Theorem
3.7, p. 323]. A classical theorem characterizes locally connected continua as
those which are images of some paths. The proof of this theorem given by
Sierpinski [22] can be adapted here to get an equicontinuous family of paths in
a compactum X under the assumption that X has property S uniformly.
Indeed, for n = 1, 2, ..., let k, = k(n~!) > 1 be an integer such that each
non-empty continuum contained in X can be represented as the union of a
finite sequence of k, non-empty continua each of diameter less than n~!. Put

1)y ho=1, h,=(by-... k)> (n=1,2,...)

and consider a continuum K € C(X). We shall define, by induction on #n, a
finite sequence B, (n = 0,1, .. .) of &, non-empty continua such that each pair
of adjacent terms in 8, has a non-empty intersection and the union of all terms
in B, is K. Moreover, for n = 1, 2, ..., the terms in (8, will be continua of
diameters less than n~!. Let 8y = (K) and suppose 8, is defined, where
n > 0. Then we have

6,,_1 = (Blv-"vBhn»l)y B,'_lf\Bi;f ﬂ (’L = 2,...,}1,,_1)

and K = B, U ... \U By,_,. We select points bg € By, b, € Bioi1M By (1 =
2, ..., k1) and b,,_, € By,_,. Since B; € C(X) ¢ =1, ..., h,_1), the con-
tinuum B; can be represented as the union B; = B,; \U ... \U By, of a finite

sequence of k, non-empty continua B ,; each of diameter less than »=!. Without
loss of generality, we can assume that b,_; € B, and b; € By,. Let 7 be fixed
for a while. Since B; is connected, each two of the continua B;; can be joined
together by means of a finite chain of different B;,’s in which any two adjacent
links intersect. The number of links in such a chain does not exceed k,, and the
number of chains needed to connect all the continua in the sequence (B, . . .,
By,) is k, — 1. Thus we can rearrange B;'s, allowing some repetitions, to
obtain a representation of B; as the union

Bi=By\U...UB 4,

where B’y = By, B’ = By, any two adjacent terms in this new sequence
intersect, each B, is one of B,,'s, and each B; is taken at least once as one of
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B';/'s. We define
ﬁn = (Bln, e yB’lk,;?, e ,B/“, e ,B’;k“z, e ,Blhn_ll, “ e ,Bl),"_lkz,,).

The number of terms in 8, is h,_; + k,2 = h,, by (1), and we also have
bi-—l € B’i—l,kn M Bt'l = B,i—l.lﬂn N B,f,l (1’ = 21 ceey hn—l))

which implies that each pair of adjacent terms in 3, has a non-empty inter-
section. The union of all B;;'s is the same as the union of all B,,’s; hence it is K.
The diameters of the continua B’;; from B, are all less than #~1, since so were
the diameters of the continua B ;.

Now, take the partition of the unit closed interval I into %, congruent closed
subintervals, and denote by a, (n = 0, 1, . ..) the finite sequence of all these
closed intervals of length %, ordered by the natural ordering of the real line.
Let the 4th term in a, correspond to the ith term in 8, (z = 1, ..., h,). For
t € I, denote by B, (¢) the union of all terms in 3, corresponding to those terms
of &, which contain ¢. There is only one such term in a, or two adjacent ones.
Consequently, B, (¢) is a continuum of diameter less than 2/n (n = 1,2, ...).
We notice that a, is a refinement of a,_;, and if B € 8,_;and B’ € B, correspond
to A € a,_1and A’ € a,, respectively, then 4’ C A4 implies B’ C B. It follows
that

B,(1) CBya(t) (n=1,2,...5t€1),

and, as a result, the intersection Bo(t) M Bi(t) M ... is a single point. We set
this point to be ¢(¢). Clearly, ¢(I) = K. Let ® be the family of all functions ¢
so obtained, one for each K € C(X). We show that & is an equicontinuous
family of paths. In fact, if € > 0, there exists a positive integer m such that
4/m < e. We put 8 = h,~'and observe that if {1, {, € I and |t; — {3] < 8, then
the points ¢; and ¢, are not separated by any interval of the sequence o, as
these intervals have all lengths equal to 8. Thus there exist 4*, 4** € a,, such
that t; € A*, ty € A** and either A* = A** or A*, A** are adjacent terms in
an. In any case, for each K € C(X), if 8, is the sequence constructed for K,
then the corresponding terms B*, B** in 8, have a non-empty intersection,
whence B, (1) M B, (t2) % B. Therefore the diameter of B, (t;) \U B,(t2) is
less than 4/m. But ¢(t1) € B,(t1) and ¢(t2) € B,(t2), which yields

dist (¢(t1), ¢(t2)) < 4/m < e,

and we conclude that the compactum X satisfies condition (ii).

To prove that (ii) implies (iii), we follow an idea due to Kelley [6]. Consider
an equicontinuous family @ of paths in X such that C(X) = {o(I) : ¢ € ®}.
Take & with the pointwise convergence topology, that is, interpret ® as a
subspace of the Cartesian product II, where

n=P°PX, X, =X (@¢e€l).

ter
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Let F be the closure of ® in II. Since II is a compact Hausdorff space, so is F.
Also, F is contained in the space X7 of all paths and F is equicontinuous [3,
Lemma 3, p. 332], whence the pointwise convergence topology in F coincides
with the compact-open topology [3, Lemma 2, p. 332]. The space F with the
compact-open topology is metrizable [3, Theorem 6, p. 182] which means that
F is a compactum. Let g : C — F be a mapping of the Cantor set C onto F.
Then the function f defined by the formula

@) fle,t) =[g]0) (ce Ciel)

is continuous [11, Theorem 1, p. 77]. Hence it is a mapping f: C X I — X.
If L € C(X), there exists a path ¢ € ® such that ¢(I) = L. We have ¢ € F
and there is a point ¢ € C with g(c) = ¢. Setting K = {¢} X I, we obtain
JK) = [ge)]I) = ¢(I) = L, by (2). Consequently, f is a weakly confluent
mapping of C X I onto X.

Finally, (iii) implies (i). To this end, assume that f : C X I — X is a weakly
confluent mapping and ¢ > 0 is a number. Let G denote the collection of all
open subsets of X of diameters less than e. Let A\ > 0 be a Lebesgue number of
the open cover of C X I consisting of the sets f~1(G), where G € G. There
exists a positive integer k such that 2~! < X. Suppose L € C(X) is a non-
degenerate continuum. Since f is weakly confluent, there exists a continuum K
contained in C X I such that f(K) = L. Thus K = {c¢} X Iy, where ¢y € C
and I, is a closed subinterval of I. We take the partition

@) Li=LU...UI

of I, into k congruent closed subintervals. The diameter of each set {co} X I,
(z =1,..., k) does not exceed k=1, so it is less than X\ and, consequently, the
image L; = f({co} X I;)is a subset of an element of G. Hence each L; (7 = 1,
..., k) isanon-empty continuum of diameter less than ¢, and (3) implies that

L =f(K)=f(lc} X Iy) =f(lco} X (I1\U...UIL)) =L \J...\U L.
This completes the proof of Theorem 1.1.

1.2. A continuum X 1s a regular curve if and only if X has property S uniformly.

Proof. Let X be a non-degenerate regular curve and let ¢ > 0 be a number.
There exist open sets G; C X (¢ = 1, ..., n), each of diameter less than e,
such that the boundary G,\G; consists of exactly k; points, where k; is a posi-
tive integer, and X = G, \U ... U G,. We show that & = k; + ... 4+ &, can
serve as an integer needed to have X possess property S uniformly. Let K €
C(X). It is enough to prove that each set G, K ( = 1, ..., n) has a finite
number, %;, of components and 0 £ h; < k.. If K C Gy, then h; = 1. If
K ¢ G,, then G; M K is a closed proper subset of the continuum K and, con-
sequently, the number of components of G; M K does not exceed the number
of components of the set Fr (G; M K) [11, Theorem 3, p. 173). Thus &, < ky,
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since we have

= G—i ﬂ K\Gi C Gt f\ X\Gi = G_{\G{-

Assume now that X is a continuum and X has property S uniformly. Then X
is locally connected. Let e > 0, p € X, and let U be the open ball in X having
radius e and center p. To prove the regularity of X, it is sufficient to show that
a finite set separates p from X\U in X. Let k be a positive integer such that
each continuum in C(X) is the union of a finite sequence of k& non-empty con-
tinua of diameters less than ¢/2. We show that a (¢ — 1)-point set separates p
from X\ U. Suppose, on the contrary, that such a set does not exist. It follows
[19, p. 216] that there exist k arcs in X each joining the point p and a point of
X\U such that by removing the end-points one obtains pairwise disjoint sets.
The distance between p and any point of X\ U is at least e. Cutting off small

parts of these arcs at the end-points in X\ U, wecangetarcs A;(1 = 1, ..., k)

with end-points p and p, respectively, such that

(4) 6/2<dlst (p!pi)v AimAJZ{P} (17]:1v'-yk11’#])
Theset B=A4,U...UA4;isacontinuumand p € B.Let B =B, U ...

U By, where B/'s are continua of diameters less than ¢/2. For71 =1, ..., k,

let m; be a subscript such that p; € B,,;. We have p ¢ B,,; and 4,\{p} is a
component of B\{p}, by (4). Hence B,,; C A ,\{p} andm,; 5 m, fori ## j. Asa
result, (my, ..., M) is a permutation of (1, ..., k) and

B =B, \J...\UB,, C B\{p},

which contradicts the fact that p € B. We have shown that X is a regular curve.

Remarks. The present paper was referred to in [14, 2.8, p. 53] as containing
another theorem on weakly confluent mappings. Specifically, our “Theorem
1.2” was supposed to be the following result: each weakly confluent image of
an acyclic curve is a curve. This result was obtained by the first author right
after the Oklahoma Topology Conference, in April, 1972 (see [13, p. 102]).
Its stronger version, however, was published in [15, Theorem 5.5, p. 1347].
In the meantime, the original result with exactly the same proof was obtained
independently by Krasinkiewicz [7, Theorem 2, p. 481]. Also in April, 1972, we
established some results which are included in the present paper (in particular,
a part of Theorem 2.4 of the next section).

1.3. CorROLLARY. 4 continuum X 1is a regular curve if and only if X satisfies
(any) one of conditions (1)—(111).

1.4. COROLLARY. Each dendrite is « weakly confluent image of C X 1.

2. Subsets of non-Suslinian compacta. We say that a continuum 7’ is
a triod [20, p. 218] provided there exists a continuum C,, called a core of T,
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and three continua Cj, C,, C3 such that Cy is a proper subcontinuum of C;
(z=1,2,3) and

C0=C1f\C2=C1f\C3=C2f\Cg, T‘—’C]UCzUCg.

If, in addition, the continua C;, Cs, C; are arcs and Cy is a one-point set,
Co = {wo}, such that v, is an end-point of C; (z = 1, 2, 3), then the triod T°
is said to be a simple triod and v, is the vertex of 7. A compactum X is called
atriodic provided X contains no triod. We say that a compactum X is Suslinian
[12, p. 131] provided each collection of pairwise disjoint non-degenerate con-
tinua contained in X is countable. We shall give several characterizations of
atriodic Suslinian compacta (see 2.4). Before doing so, we need to establish
some facts concerning the structure of non-Suslinian compacta.

2.1. A compactum X is non-Suslinian if and only if there exist a closed subset
A C X and a number e¢o > 0 such that the components of A are all of diameters
greater than or equal to €, the space of components of A is a Cantor set, and the
decomposition of A into components 1s continuous.

Proof. The condition is obviously sufficient for X to be non-Suslinian. We
prove it is also necessary. Let X be a non-Suslinian compactum, and let
C C C(X) be an uncountable collection of pairwise disjoint non-degenerate
continua. The elements of C have positive diameters. Thus there exist a
number ¢ > 0 and an uncountable sub-collection Gy C C such that ¢ =
diam K for K € C,.

We consider C(X) (and also the collection of all non-empty closed subsets
of X) to be space equipped with the Hausdorff distance [10, p. 214]. So met-
rized, C(X) is a compactum [11, Theorem 1, p. 45, p. 47, Theorem 14, p. 139].
Hence there exists a uncountable subcollection G; C Gy such that C; as a
subspace of C(X) is dense in itself [10, p. 253]. For each finite sequence
(kiy ..., k) ,wherek, =0,1( =1,...,n), weshall define, by induction on
n, a continuum Ky, . ;, € C; and open set Wy,.. 4, C X such that

(5) dist (Kpyoodnts Kiyoo) < 27" (1=0,1;m=1,2,...),
6)  dist (Kgyoowy Wiiookw) <27 (n=1,2,...),

(7)) Kiyoooean C Wi (0 =1,2,..),

8) Wiami C Wiosw (1=0,1;m=1,2,...),

Q) WinNWi=0=W, 100 Wiy (m=1,2,...).

Let Ky, K, € G; be two distinct continua and let Wy, W; C X be open sets
such that K; C W, dist (K;, W,) < 27! (j =0, 1) and W\ W, = 8. The
existence of such W,'s follows from the fact that K;'s being elements of C; C C
are disjoint. Suppose that K;,. i, and Wy, .., are defined, where n > 0, and
that each of conditions (5)-(9) is satisfied whenever applicable. Since C; is
dense in itself, there exist, by (7), distinct continua K., 1.0, Kiy...ka1 € Gi
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such that condition (5) holds and
Kkl...k,.l C Wk1...kn

for I = 0, 1. Again, since these two continua are disjoint, it is possible to find
open neighborhoods W, .. ;.0 and Wy, .. 1.1 of them in X, respectively, such that
conditions (8) and (9) hold, and

dist (Kiy.ointy Winotnr) < 27771

for I = 0, 1. Therefore conditions (6) and (7) are also satisfied.
We claim that the set 4 defined by the formula

4 = N U Wkl...k,.

n=1 k¢
has all the properties required in 2.1. Clearly, 4 is a closed subset of X. To

check the components of 4, we first interpret the Cantor set C as the Cartes-
ian product

C= P {01},
=1

of countably many copies of the discrete 2-point space {0, 1}. Then, for each
point ¢ € C, wherec = (ki, ks, ...) and k; = 0,1 (+ = 1, 2,...), wedefinea
set F(¢c) C A by

8

F(C) = 1 Wk1...kn-

n

It will be shown that the collection of the sets F'(¢) (¢ € C) is that of com-
ponents of A. Since
(10) F(c) = Lim Wy, 4o = Lim Ky, (¢ = (By, kay .. 2)),
by (6) and (8) [10, (8), p. 339; 11, p. 49], it follows that F(c) is a non-empty
continuum [11, Theorem 6, p. 171]. The continua Kj,..,, being elements of
C: C G, have diameters greater than or equal to ¢, and so does their limit
F(c). The definitions of 4 and F(c) imply, by (8) and (9), that every point of
A 1s a point of some F(¢) (¢ € C). Thus 4 is the union of the continua F(c)
(c € C). If¢, ¢’ € Cand ¢ # ¢/, the points ¢ and ¢’ differ on at least one co-
ordinate, say k,, # k', where ¢/ = (k'1, k2, ...). Then

F(C) C Wk1...kmy F(C/) C Wk'l...k’my

and these W’s are disjoint sets, by (9). Hence F(c) N F(¢’) = . Moreover,
the common part of 4 with each of these W’s is a closed-open subset of A4,
by (8) and (9). This means that the compactum A is not connected between
F(c) and F(c¢"). Consequently, the continua F(c) (¢ € C) do, indeed, coincide
with the components of 4.
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Let f be the function defined on 4 by setting f(x) = cifand only ifx € F(c).
In other words, we have f~1(¢c) = F(c) forc¢ € C,and f(4) = C. Let the points
x € Aandc € C,withf(x) = ¢ = (ky, ks, . . .), be fixed for a while. We denote
by V, (n =1, 2,...) the subset of C consisting of all the points of C whose
first # coordinates coincide with those of ¢, that is, are equal to &y, ..., &,
respectively. Suppose ¥’ € A4 is an arbitrary point and f(x’) = ¢’ = (k'1, ®'»,
...). If by ## k', for at least one subscript 7 < 7, then we have

x' € frUc") = F(d) C Wk’1...k’n C X\Wkl...k" C X\ka...km
by (8) and (9). Hence x’ ¢ Wi,..x.. Thus if &' € Wy, .+, then &, = k', for

1 =1, ..., n, which means that ¢/ € V,. Put U, = A M Wy,..x.. We have
just proved that f(U,) C V, (n = 1, 2, ...). Moreover, the sets U, are open
in A and

x € ) = Fle) CAN Wiyokors CAN Wiyikn = Un,

by (8). This implies that the function f is continuous at x, since the sets
V., (m =1, 2,...) constitute standard basic neighborhoods of ¢ in C. On the
other hand, the function F transforms the Cantor set C into the compactum
C(X) metrized by the Hausdorff distance. If ¢/ = (k/, k¢, .. .) is any point of
V,, then k,/ = k,for7 =1, ..., n, and we obtain

</ 7 . .
P(C) = Lim Kk'l...k’m = Lim Kkl...lcnk'n‘*l-uk'n"'my

m—oo m-w

by (10). It follows from (5) that
dist (K. bmtrntioebtntmr Krpoogn) < 270Fm=0 4 4 270 L 210
form = 1,2,....We conclude that
dist (F(c'), Kiy..ea) £ 277" (' € Va),
and, in particular, the latter inequality holds for ¢/ = casc¢ € V,. Thus
dist (F(c), F(¢')) < 22" < 2% (¢ € V,),

which means that F transforms the set V,, (» = 1, 2, ...) into the open ball
in C(X) with center F(c) and radius 2%~". Since these balls form basic neigh-
borhoods of F(c) in C(X), and the sets V, are open in C, the function F is
continuous at c.

As a result, the functions f: A — C and F: C - C(X) are continuous.
The components of 4 are the sets F(c) = f~1(c) (¢ € C). The continuity of f
implies that the (quotient) space of components of 4 is homeomorphic to
f(4) = C [3, Theorem 3, p. 84]. The continuity of F = f~! implies that the
decomposition of the compactum A into its components is continuous
[10, Theorem 2, p. 173, Theorem 4, p. 174; 11, Theorem 1, p. 68]. The proof of
2.1 is now complete.
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2.2. THEOREM. A compactum X is non-Suslinian if and only 1f there exist a
closed subset A C X and a weakly confluent mapping of A onto C X 1.

Proof. Let A C X be a closed subset such that a weakly confluent mapping
transforms 4 onto C X I. Then, for each point ¢ € C, a continuum contained
in 4 is mapped onto {¢} X I. These continua are non-degenerate and pairwise
disjoint, whence X is non-Suslinian.

Let us assume that X is non-Suslinian, and let A C X be a closed subset
which satisfies the conditions from 2.1. Let p : 4 — p(4) denote the natural
projection of 4 onto the (quotient) space p(4) of components of A. Then p(4)
is a Cantor set. Let us take a point y, € p(4) and observe that p='(y,) is non-
degenerate. Select two points x¢, x1 € p~1(vs), %o # x1. There exists a con-
tinuous real-valued function g : 4 — R such that g(xy) = —1 and g(x1) = 2.
The sets

(11) Uy=g'{t:1<0}), U=gt{t:t>1})

are open subsets of 4 and x, € U; (1 =0, 1). Hence yy = p(x;) € p(U,)
(t = 0, 1). Because the decomposition of 4 into its components p~*(y) is con-
tinuous, the mapping p is open [11, Theorem 1, p. 68]. Thus the sets p (Uy) and
p(Uy) are open subsets of p(4). Their common part is non-empty since it con-
tains yo. Consequently, there exists a topological copy C’ of the Cantor set C
such that C" C p(Uy) M p(U,y). Let h: C" — C be a homeomorphism of C’
onto C. Since p(A4) is also a Cantor set, there exists a retraction 7, : p(4) — C’
of p(A4) onto C’'. Let 75 : R — I be the retraction of the real line R onto I
defined by the formula

0 t=0,
r?(l):_ t te[v
1 t=1.

A mapping f: 4 — C X I is now defined by
(12) f@x) = (hrp(x), r2g(x))  (x € A),

and we prove that f is weakly confluent. If L C C X I is a non-empty conti-
nuum, there is a point ¢ € Csuch that L C {¢} X I. Then the pointy = A=1(c)
belongs to C’, whence y € p(Uy) M p(Uy). Let a; € U, (i = 0, 1) be points
such that p(a;) = y. We have g(ay) < 0 and g(e¢;) > 1, by (11), and thus
r:g(@o) = 0and reg(ar) = 1. Ifx € p~'(y), then hrip(x) = hri(y) = h(y) = c.
Therefore f(p~1(y)) C {c¢} X I, by (12). Since the continuum p~!(y) contains
both points @, and a;, its image under f contains the end-points f(u¢g) = (¢, 0)
and f(a1) = (¢, 1) of the arc {¢} X I, by (12). We get f(p~1(y)) = {c} X I,
so that f[p~1(y) isa weakly confluent mapping of p=*(y) onto {c} X I [21, p.236].
It means there exists a continuum K C p~'(v) such that f(K) = L, ie., f
is weakly confluent, and 2.2 is proved.
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2.3. If X is a non-Suslinian compactum and D 1s a dendrite, then there exists a
weakly confluent mapping of X onto D.

Proof. By 2.2, we have a closed subset 4 C X and a weakly confluent
mapping f: A — C X I of 4 onto C X I. By 1.4, there exists a weakly con-
fluent mapping g : C X I — D of C X I onto D. The composite gf is a weakly
confluent mapping of 4 onto D. Let f* : X — D be a continuous extension of
gf over X [11, Theorem 16, p. 344]. Clearly, f* is also weakly confluent.

Remark. Several earlier results of other authors [4, Examples 1-2; 18,
Example (5.20)] are jointly generalized in 2.3, since the compacta considered
by them are all non-Suslinian.

2.4. THEOREM. Let X be a compactum. The following conditions are equivalent:
(I) X is atriodic and Suslinian,
(IT) each weakly confluent image of X is atriodic and Suslinian,
(I11) each weakly confluent image of X is atriodic, and
(IV) nomapping of X onto a simple triod is weakly confluent.
Consequently, a continuum 1is an atriodic Suslinian curve if and only if no
mapping of it onto a simple triod is weakly confluent.

Proof. Let X satisfy (I) and let f be a weakly confluent mapping of
X. Evidently, f(X) is Suslinian. That f(X) is atriodic has been proved in
[4, Theorem 5] under the assumption of X being a continuum. The connectedness
of X, however, has not been used there, and the identical proof works in our
slightly more general situation with X being a compactum. Thus (I) implies
(IT). Furthermore, (II) implies (I11), and (III) implies (IV) trivially.

The following argument proves that (IV) implies (I). Suppose condition (I)
is violated, i.e., X is either non-atriodic or non-Suslinian. If X is non-Suslinian,
the existence of a weakly confluent mapping of X onto a simple triod is
guaranteed by 2.3, so that condition (IV) does not hold. We can then assume
that X is non-atriodic, and let 7" C X be a triod with a core Cy. Let S be a
simple triod with a vertex »,. We have three arcs 41, A2, A3 which form this
simple triod, i.e., S is their union, and v, is the only common point of any two
of them and an end-point of each. Let a; ( = 1, 2, 3) denote the end-point of
the arc 4 ; different from vo. We also have three continua Ci, Cs, C; which form
the triod 7, i.e., T is their union, and Cy is the common part of any two of them
and a proper subcontinuum of each. For 7 = 1, 2, 3, let x; € C,\Cy be a point
and let f;: C;— A, be a mapping such that f;(x;) = ¢; and f;~'(v¢) = C.
We define a mapping f : 7°— S by setting f(x) = fi(x) forx € C, (1 = 1,2, 3).
Since f; and f, coincide on Cy = C; M C; (1 # j), the mapping f is well-defined.
Since C, is a continuum and f(C;) contains both end-points of the arc 4,, we
obtain f(C;) = 4; (+ = 1, 2, 3), and thus f; is a weakly confluent mapping of
C;onto A, [21, p. 236]. We show that f is a weakly confluent mapping of T
onto.S. Let L C S be a non-empty continuum. If v, ¢ L, then L C A4 ; for some
1 =1, 2, 3, and because f; is weakly confluent, there exists a continuum K C
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C; C Tsuch thatf(K) = fi(K) = L. Ifvg € L,thenL; = A; L 1 = 1,2, 3)
is a non-empty subcontinuum of 4 ;, and again there exists a continuum K; C
C; such that f;(K;) = L;. In this case, define

K= C()UKlquUKg

and observe that Cy = f;~'(vy) meets K; (1 = 1, 2, 3), since vy € f{(K,).
Therefore K is a continuum and

FK) = f(Co) U f(Ky) U f(K2) U f(Ks) = {vo} U Li\U Ly U Ly = L.

Hence f: T — S is a weakly confluent mapping. Let f* : X — S be a con-
tinuous extension of f over X. Obviously, f* is also weakly confluent and
f¥(X) = S, which means that condition (IV) does not hold, completing the
proof of 2.4.

Remarks. According to Theorem 2.4, an arc cannot be mapped by a weakly
confluent mapping onto a simple triod [2, Corollary 11.3]. Also, there is an
analogue of the implication (I) = (II) for hereditarily decomposable continua
instead of Suslinian ones [18, Theorem (5.16)].

3. Approaching branch-continua and branch-points. A core of any
triod contained in a compactum X is called a branch-continuum of X. Similarly,
the vertex of any simple triod contained in X is called a branch-point of X.

3.1. If X is a compacium, X, is a branch-continuum of X, and U C X 1s an
open subset such that Xo C U, then there exists a triod contained in U whose core
1;5 Xo.

Proof. Without loss of generality, it can be assumed that X is a triod with
a core X,. Let X1, Xo, X3 be the remaining three continua which form the triod
X. We take an open subset ¥V C X such that X, C Vand V C U. Let C,
(i = 1, 2, 3) be the component of ¥ M X, which contains the continuum X,.
IfX,CV,thenC;, = X, 1f X; Z V, then VN X,is a closed proper subset of
the continuum X ; and, consequently, C; contains a point of the set

Xi\(Vf\Xi) = Xi\VCXi\I/= Xi\VCXi\XO

[11, Theorem 1, p. 172]. In both cases, X, is a proper subcontinuum of C,
(z=1,2,3). Since

CNC,CNX)NTNX)CX,NX,;

weget C;MN C; = Xofor,j = 1,2,3and 7 # j. Thus the union C;, \U Cy U C;
is a triod contained in V C U whose core is X,.

3.2. THEOREM. Let f: X — YV be a weakly confluent mapping of a Suslinian
compactum X onto a compactum Y. If Yo is a branch-continuum of YV and
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U C Y is an open set containing Y, then there exists a triod T C X such that
() C U.

Consequently, if yo is a branch-point of Y, then there exists an infinite sequence
Ty, T, . ..of triods in X such that

Lim f(7%) = {yo}.

n-oo

Proof. Let V C Y be an open subset such that ¥y C V and V C U. Then
fIf~Y(V) : f~1(V) — V is a weakly confluent mapping of the Suslinian compac-
tum f~1(V) onto V. By 3.1, V contains a triod, whence f~1(V) is not atriodic,
by 2.4. We conclude that f~1(V) contains a triod 7', and f(T’) C V C U. This
completes the proof of 3.2.

By a hereditarily arcwise conmected compactum we mean any compactum
such that each continuum contained in it is arcwise connected.

3.3. If T is a hereditarily arcwise connected triod, then there exists a simple
triod T' C T such that the vertex of T’ belongs to a core of T.

Proof. Denote by Cy a core of 7" and by Ci, Cs, C; the other three continua
which form the triod 7. Select points ¢; € C\Cq ( = 1, 2, 3). Since C; U C.
is a subcontinuum of 7', it is arcwise connected, and let 4 C C; \U Cy be an
arc with end-points ¢; and ¢s. Then 4 must meet the set C; M Cy = Cp, and
let ¢co € A M C¢ be a point. Hence ¢y # ¢3 and ¢y € C3. Let B C C; be an arc
with end-points ¢y and c¢;. Since ¢y € A M B, the closed set A M B is non-
empty. Let vp be the last point of the set A M B on the arc B linearly ordered
from ¢, to ¢;. Since

9 EANBC (C1\UC) N Cs = (CiMCs) U (CaM Cy) = Co,

we have v, # ¢; (¢ = 1, 2, 3). Let B’ be the subarc of B with end-points vy and
¢3. Theset 77 = A \U B’ is a simple triod and v, is the vertex of 7", proving 3.3.

3.4. CorOLLARY. If f: X — YV is a weakly confluent mapping of a Suslinian
heredilarily arcwise connected compactum X onto a compactum Y, then YV 1s
Suslinian and hereditarily arcwise connected, and the set of branch-points of ¥ s
contained in the closure of the image under f of the set of branch-points of X.

Remarks. Because all hereditarily locally connected continua are Suslinian
and hereditarily arcwise connected (although not conversely), a previous
result [2, Theorem 11.1] is generalized in 3.4. The property of being a point of
the closure of a set is a local one, and thus locally weakly confluent mappings
[17] could be taken in 3.4 instead of weakly confluent mappings. A result con-
cerning such mappings of hereditarily locally connected continua [17, Theorem
(3.2), p. 232] also follows from 3.4. Since all dendroids are hereditarily arcwise
connected compacta, the conclusion of 3.4 holds for weakly confluent mappings
of Suslinian dendroids (cf. [16, Theorem 5.6, p. 263]). We note that, by 1.4,
the condition of X being Suslinian cannot be removed from either 3.2 or 3.4
(cf. [2, Example I11.1, p. 413]).
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