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Normality of Maximal Orbit Closures
for Euclidean Quivers

Grzegorz Bobinski

Abstract. Let A be a Euclidean quiver. We prove that the closures of the maximal orbits in the varieties
of representations of A are normal and Cohen—Macaulay (even complete intersections). Moreover, we
give a generalization of this result for the tame concealed-canonical algebras.

Introduction and the Main Results

Throughout the paper, k is a fixed algebraically closed field. By Z, N and N, we
denote the sets of the integers, the non-negative integers and the positive integers,
respectively. Finally, if i, j € Z, then [i,j] := {I € Z | i <1 < j} (in particular,
i, j] =@ifi > j).

Let A be a finite-dimensional k-algebra. Given a non-negative integer d, one
defines mod4 (d) as the set of all k-algebra homomorphisms from A to the algebra
Mxa(k) of d x d-matrices. This set has a structure of an affine variety and its points
represent d-dimensional A-modules. Consequently, we call mod4(d) the variety of
A-modules of dimension d. The general linear group GL(d) acts on mod (d) by con-
jugation: (g-m)(a) := gm(a)g~! forg € GL(d), m € mod(d) and a € A. The orbits
with respect to this action are in one-to-one correspondence with the isomorphism
classes of the d-dimensional A-modules. Given a d-dimensional A-module M, we
denote the orbit in mod(d) corresponding to the isomorphism class of M by O(M)
and its Zariski-closure by O(M).

Singularities appearing in the orbit closures of the above form are the object of
intensive studies (see, for example, [1,4}[12}[15}[33/42,[48451]], and we also refer to a
survey article of Zwara [52]]). In particular, Zwara and the author [11] proved that
if A is a hereditary algebra of Dynkin type A or ID, then O(M) is a normal Cohen—
Macaulay variety, which has rational singularities if the characteristic of k is 0. Recall
that Gabriel [28]] proved that the hereditary algebras of Dynkin type are precisely the
hereditary algebras of finite representation type. Thus it is an interesting question
if the orbit closures have good geometric properties for all hereditary algebras of
finite representation type. The remaining case of hereditary algebras of type I is
still open, but there are some partial results in this direction [46]. On the other hand,
Zwara [47] exhibited an example of a module over the Kronecker algebra whose orbit
closure is neither normal nor Cohen—Macaulay. This example generalizes easily to an
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arbitrary hereditary algebra of infinite representation type [19]. However, it is still
an interesting problem to determine for which classes of modules over hereditary
algebras of infinite representation type the corresponding orbit closures have good
properties. In the paper, we study modules M such that O(M) is maximal, i.e., there
is no module N such that O(M) C O(N) and O(M) # O(N).

According to Drozd’s famous Tame and Wild Theorem [211126], the finite-dimen-
sional algebras of infinite representation type can be divided into two disjoint classes.
One class consists of the tame algebras, for which the indecomposable modules of
a given dimension form a finite number of one-parameter families. The other class
consists of the wild algebras, for which the classification of the indecomposable mod-
ules is as complicated as the classification of two non-commuting endomorphisms of
a finite-dimensional vector space, hence is considered to be hopeless. There are ex-
amples showing that varieties of modules over tame algebras have often better prop-
erties than those over wild algebras (see for example [8,[20,[40,41]). Consequently,
we concentrate in the paper on the maximal orbits over the tame hereditary algebras.
We recall that the tame hereditary algebras are precisely the hereditary algebras of
Euclidean type.

The following theorem is the main result of the paper.

Theorem 1 Let M be a module over a tame hereditary algebra. If O(M) is maximal,
then O(M) is a normal complete intersection (in particular, Cohen—Macaulay).

It is known (see for example [35, Corollary 3.6]) that O(M) is maximal for each
indecomposable module M over a tame hereditary algebra. Consequently, we get the
following.

Corollary 2 If M is an indecomposable module over a tame hereditary algebra, then
O(M) is a normal complete intersection (in particular, Cohen—Macaulay).

Now we present the strategy of the proof of Theorem[Il Let M be a module over
a tame hereditary algebra A such that O(M) is maximal. If Ext} (M, M) = 0, then it
is well known that O(M) is smoothly equivalent to an affine space, hence the claim
is obvious in this case. Thus we may concentrate on the case Ext} (M, M) # 0. It
follows from [35, proof of Corollary 3.6] that in this situation M is periodic with
respect to the action of the Auslander—Reiten translation 7 (see Section[I)). Conse-
quently, Theorem [l follows from the next theorem.

Theorem 3 Let M be a T-periodic module over a tame hereditary algebra. If O(M) is
maximal, then O(M) is a complete intersection (in particular, Cohen—Macaulay).

If A is a tame hereditary algebra, then the 7-periodic A-modules are direct sums
of indecomposable modules, which lie in the sincere separating family of tubes in the
Auslander—Reiten quiver of A. Existence of such families characterizes the concealed-
canonical algebras [[321/39]]. Recall [31]] that an algebra A is called concealed-canonical
if there exists a tilting bundle over a weighted projective line whose endomorphism
ring is isomorphic to A. Thus it is natural to try to generalize Theorem [3]to the case
of tame concealed-canonical algebras. Before we formulate this generalization, we
present some necessary definitions.
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Let A be a tame concealed-canonical algebra. For an A-module M, we denote by
dim M its dimension vector, i.e., the sequence indexed by the isomorphism classes
of the simple A-modules that counts the multiplicities of the composition factors in
the Jordan—Holder filtration of M. In general, a sequence of non-negative integers
indexed by the isomorphism classes of the simple A-modules is called a dimension
vector. We call a dimension vector d singular if (d,d), = 0 and there exists a dimen-
sion vector x such that x < d, (x,x)4 = 0 and |(x,d)4| = 2, where (—, —)4 denotes
the corresponding homological bilinear form (see Section[I]). In Proposition 23] we
describe the tame concealed-canonical algebras for which there exist singular dimen-
sion vectors. In particular, this description implies that singular dimension vectors
do not exist for the tame hereditary algebras.

We have the following generalization of Theorem 3]

Theorem 4 Let M be a T-periodic module over a tame concealed-canonical alge-
bra such that O(M) is maximal. Then O(M) is a complete intersection (in particular,
Cohen—Macaulay). Moreover, O(M) is not normal if and only if dim M is singular and
TM ~ M.

In this paper we concentrate on the proof of Theorem [dl Instead of using the
framework of modules over algebras and the corresponding varieties, we use the
framework of representations of quivers (and the corresponding varieties). Gabriel’s
Theorem [28]] says that we may do this replacement on the level of modules and rep-
resentations, while a result of Bongartz [[14] justifies this passage on the level of vari-
eties. For background on the representation theory of quivers we refer to [2,[37,[38]].

The paper is organized as follows. In Section [[]we recall basic information about
quivers and their representations. Next, in Section 2] we gather facts about the cat-
egories of modules over the tame concealed-canonical algebras. In Section B we in-
troduce varieties of representations of quivers, while in Section (4] we review facts on
semi-invariants with particular emphasis on the case of tame concealed-canonical al-
gebras. Next, in Section Bl we present a series of facts that we later use in Sections
and[/lto study orbit closures for the non-singular and singular dimension vectors, re-
spectively. Moreover, in Section [/]we make a remark about relationship between the
degenerations and the hom-order for the tame concealed-canonical algebras. Finally,
in Section[8 we give the proof of Theorem[4]

The author is grateful to Grzegorz Zwara for discussions that inspired this paper.

1 Quivers and Their Representations

By a quiver A we mean a finite set A (called the set of vertices of A) together with
a finite set A (called the set of arrows of A) and two maps s,¢: A} — Ay, which
assign to each arrow « its starting vertex sa. and terminating vertex tcv, respectively. By
a path of length n € N, in a quiver A we mean a sequence 0 = (a, .. ., a,) of arrows
such that sa;; = taiyy for eachi € [1,n — 1]. In particular, we treat every arrow of A
as a path of length 1. In the above situation we put fo := n, so := sa,, and to := ta;.

Moreover, for each vertex x we have a trivial path 1, at x such that /1, := 0 and
sly := x =: t1,. A subquiver A’ of a quiver A is called convex if a; € A] for each
i € [1,n], provided (v, . .., @) is a path in A such that tay, sa, € Ag.
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For the rest of the paper we assume that the considered quivers do not have ori-
ented cycles, where by an oriented cycle we mean a path o of positive length such that
so =to.

Let A be a quiver. We define its path category kA to be the category whose objects
are the vertices of A and, for x, y € Ay, the morphisms from x to y are the formal
k-linear combinations of paths starting at x and terminating at y. For x, y € A, we
denote by kA(x, y) the space of the morphisms from x to y in kA. If w € kA(x, y)
for x, y € Ay, then we write sw := x and tw = y. By a representation of A we
mean a functor from kA to the category mod k of finite-dimensional vector spaces.
We denote the category of representations of A by rep A. Observe that every repre-
sentation of A is uniquely determined by its values on the vertices and the arrows.
Given a representation M of A, we denote by dim M its dimension vector defined by
(dim M)(x) := dimy M(x) for x € Ay. Observe the dim M € N2 for each represen-
tation M of A. We call the elements of N* dimension vectors. A dimension vector d
is called sincere if d(x) # 0 for each x € A,.

By a relation in a quiver A we mean a k-linear combination of paths of lengths at
least 2 having a common starting vertex and a common terminating vertex. Note that
each relation in a quiver A is a morphism in kA. A set R of relations in a quiver A
is called minimal if (R \ {p}) # (R) for each p € R, where for a set X of morphisms
in kA we denote by (X) the ideal in kA generated by X. Observe that each minimal
set of relations is finite. By a bound quiver A we mean a quiver A together with
a minimal set R of relations. Given a bound quiver A we denote by kA its path
category, i.e., kA := kA/(R). Moreover, for x, y € Ay we denote by kA(x, y) the
space of the morphisms from x to y in kA. By a representation of a bound quiver A
we mean a functor from kA to mod k. In other words, a representation of A is a
representation M of A such that M(p) = 0 for each p € R. We denote the category
of representations of a bound quiver A by rep A. Moreover, we denote by ind A
the full subcategory of rep A consisting of the indecomposable representations. It is
known that rep A is an abelian Krull-Schmidt category.

A bound quiver A’ is called a convex subquiver of a bound quiver A if A’ is a
convex subquiver of A and R = RN kA’. If A’ is a convex subquiver of a bound
quiver A, then rep A’ can be naturally identified with an exact subcategory of rep A,
where by an exact subcategory of rep A we mean a full subcategory X of rep A such
that X is an abelian category and the inclusion functor X — rep A is exact. In
particular, if A’ is a convex subquiver of a tame bound quiver A, then A’ is either
tame or representation-finite (we say that a bound quiver A is tame/representation-
finite if rep A is of tame/finite representation type, respectively).

Let A be a bound quiver. For each vertex x of A we denote by S, the simple
representation at x, i.e., Sy(x) 1= k, Sx(y) := 0 for y € Ag \ {x}, and S,(a) := 0 for
a € A;. More generally, if d is a dimension vector, then we put ¢ := D.ca, 84,
Next, for each vertex x we denote by P, the projective representation at x defined in
the following way: P,(y) := kA(x, y) for y € A and P,(w) is the composition (on
the left) with w for a morphism w in kA. If M is a representation of A and x € A,
then according to Yoneda’s Lemma the map

Homa (P, M) — M(x), [~ f(1,),
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is an isomorphism. In particular, this implies that
Homa (Py, P,) ~ kA(y, x)

for any x,y € Ag. For w € kA(y,x) we denote the corresponding map P, — P,
by P,. Observe that P, is the composition (on the right) with w. Moreover, if M is a
representation of A, then, under the Yoneda isomorphisms, the induced map

Homa (P, M): Homa (P, M) — Homa (Px, M), f+ foP,,
can be identified with M(w).

Let A be a bound quiver. An important role in the representation theory of quiv-
ers is played by the Auslander—Reiten translations T and 7~ (see [2, Section 1V.2]
for the definition). We list their properties which we need in our proofs. First,
TM = 0 (1M = 0) if and only if M is projective (injective, respectively). Moreover,
777X ~ X (777X ~ X) for each indecomposable representation X of A, which is
not projective (injective, respectively). We say that a representation M of A is periodic

if there exists n € N, such that 7"M ~ M. We have a celebrated Auslander—Reiten
formula, which implies that

dimy Extly (M, N) = dim Homa (N, 7M)

for any representations M and N of A such that pdim, M < 1. Dually, if M and N
are representations of A and idima N < 1, then

dimy ExtlA(M7 N) = dimgy Homa (77 N, M).
Let A be a bound quiver. We define the corresponding Tits forms
(=, )a: 22 x 7% =7 and ga:7™ =17

by

(@,d")a=> d©d"x) - Y d'a)d”(ta)+ > d'(sp)d”(tp),

xEAy a€A; PER

ford’,d’”” € 7%, and ga(d) := (d,d)a, for d € 7. Bongartz [[13, Proposition 2.2]
proved that

(dim M, dim N) o = dimy Homa (M, N) — dimy Exty (M, N) + dimy Ext} (M, N)

for any M, N € rep A, provided gl. dim A < 2.
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2 Separating Exact Subcategories

In this section we present facts about sincere separating exact subcategories that we
use in our considerations. For the proofs we refer to [32136].

Let A be a bound quiver and X a full subcategory of ind A. We denote by add X
the full subcategory of rep A formed by the direct sums of representations from X.
We say that X is an exact subcategory of ind A if add X is an exact subcategory of
rep A. We put

X :={X €ind A : Homa (X, X) = 0}

and
X_:={X €ind A : Homa (X, X) = 0}.

Let A be a bound quiver. Following [32]] we say that R is a sincere separating exact
subcategory of ind A provided the following conditions are satisfied:

(1) R isan exact subcategory of ind A consisting of periodic representations;

(2) indA =R, URUR_;

(3) Homa (X, R) # 0 for each X € R, and Homa (R, X) # 0 foreach X € R_;

(4) P € R, for each indecomposable projective representation P of A andI € R_
for each indecomposable injective representation I of A.

Lenzing and de la Pena [32] proved that there exists a sincere separating exact sub-
category R of ind A if and only if A is concealed-canonical, i.e., rep A is equivalent
to the category of modules over a concealed-canonical algebra. In particular, if this
the case, then gl. dim A < 2.

For the rest of the section we fix a bound quiver A and a sincere separating exact
subcategory R of ind A. Moreover, we put P := R, and Q := R_. Finally, we denote
by P, R and Q the sets of the dimension vectors of the representations from add P,
add R and add Q, respectively.

It is known that pdim, P < 1 for each P € P and idima Q < 1 for each
Q € Q. Next, pdimy R = 1 and idima R = 1 for each R € R. Moreover,
Homa (Q,P) = 0. Since the categories P and Q are closed under the actions of 7
and 77, using the Auslander—Reiten formulas we also obtain that Exty (P, R U Q) =
0 = Exty (P U R, Q). The above properties imply that (d’,d’') o > 0O if eitherd’ € P
andd”’ € R+Qord’ € P+Rand d’’ € Q. Similarly, (d"’,d")a < 0ifeitherd’ € P
andd” € Rord’ € Randd’’ € Q.

We have R = ][, .4 R\ for some infinite set X and connected uniserial cate-
gories Ry, A € X. For A € X we denote by ry the number of the pairwise non-
isomorphic simple objects in add R). Then r) < oo for each A € X. Let X, := {\ €
X: 7y > 1}. Then |Xp| < oo and we call the sequence (ry)aex, the type of A (this
definition does not depend on the choice of a sincere separating exact subcategory
of ind A). It is known that A is tame if and only if } 0, % > |Xo| — 2, where by
definition the empty sum equals 0. Observe that this implies that |X,| < 4 provided
A is tame. Moreover, if A is tame and |Xo| = 4, then A is of type (2,2, 2, 2).

Fix A € X. If Ryy,...,R),—1 are chosen representatives of the isomorphism
classes of the simple objects in add R), then we may assume that 7R); = R ;_; for
eachi € [0,r\ — 1], where we put Ry ; := R) imodr, fori € Z. Fori € Zandn € N,,
there exists a unique (up to isomorphism) representation in R, whose top and length
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inadd R) are R ; and , respectively. We fix such representation and denote itby R(”?

and its dimension vector by e ;. Then the composition factors of R ) are (startlng
from the top): Ry;, Ryi—1,--,Ryi—(n—1). Consequently, ef; = 2]6[1 niLi] €N
where ey ; := dimR) ; for j € Z Moreover, ifi € Zand m,n € N,, then we have an

exact sequence 0 — R(A":) . — R m*") — R % 0. Obviously, for each R € R, there

existi € Zand n € N, such that R ~ Ry ”) . Moreover, it is known that the vectors
€x0,.-.,€\r—1 are linearly 1ndependent Consequently, if R € add R), then there
exist unlquely determined g5, . .., q,ﬁ1 € N such that dimR = 216[0,071 qRey ;.
Observe that the numbers g5, .. ., qu _, count the multiplicities in which the mod-
ules Ry, ..., R\, —1 appear as composition factors in the Jordan—-Holder filtration
of R in the category add R.

Let R = @,y Ry for Ry € add Ry, A € X. Then we put qii = g for A € X
and i € [0,r, — 1]. Next, we put p§ := min{q}, : i € [0,r\ — 1]} for A\ € X, and
pyi = dx; — P} for A € Xand i € [0,y — 1]. Then

dimR = Z pRhy + Z Z P},\iie/\,iv

AeX AEXi€[0,r—1]

where hy = Zie[o,u—ll ey; for A € X. Itis known that hy = h,, forany A\, u € X.
We denote this common value by h. Then

dimR = pRh+Z Z pMe)\,,

AeXiel0,ry—1]

where pR := 3", _ pR. It is known that p® = p*" and p¥; = p¥’ for any A € X and
i €[0,ry—1],if R,R’ € add R and dim R = dim R’. Consequently, for each d € R
there exist uniquely determined pd € Nand pji eN, A e X,i€ [0,ry — 1], such
that for each A € X there exists i € [0, ry — 1] with pgﬂ- =0and

d=ph+> > plien
NeX i€, —1]

Let \, p € X,i,j € Zand m,n € N,. Then

Rm RrR™

(m) — 1. A
) - mln{q)\,imod )’ qu,(jfmﬂ)mod r)\}'

dimy HomA(R/\I7

In particular, if A € X, 7 € [0,y — 1], n € N;, R € add R and HomA(R(A'f;,R) £ 0,
then q}ii # 0. Moreover, the above formula together with the Auslander—Reiten
formula imply that

n _.d d
<ei,/\7 d)a = P\ imodr, = PN.(i—n) modr

and
d
<d €; )\>A - p/\ (i—n+l)modry p/\.(i+1)modm
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forany A € X,i € Z,n € N,, and d € R. Consequently, (h,d)a = 0 = (d,h)a for
each d € R. In particular, ga (h) = 0. On the other hand, ifd € R, then ga(d) =0
if and only if d = p%h. One also shows that h is indivisible.

We also need some other properties of the Tits form, which we list now (the proofs
can be found in [36}, Sections 4.9 and 5.2]).

Proposition 2.1 Assume that A is tame. Then the following hold.

(i) qa(d) > 0 for each dimension vector d.

(ii) Ifqa(d) = O for a dimension vector d, thend € P URU Q and
(d,do)a + (do,d) Ao = O for each dimension vector d,.

(i) Ifd € P U Q is non-zero, then (d,h)p # 0.

(iv) Ifd € P U Q is non-zero and qa(d) = 0, then (d,do)a # 0 for each non-zero
vector dy € R. In particular,

|{d,h)a| > max{r) : A € X}.

(v) If there exists non-zero d € P U Q such that qa(d) = 0, then Y, % =
[Xo| — 2. In particular, if this is the case, then max{ry : A € X} > 2, and
max{ry : A € X} = 2 ifand only if A is of type (2,2,2,2).

As a consequence we obtain the following.

Corollary 2.2 Letd € R,d € P+Randd” € Q Ifp? > 0,d' +d” = dand
d”’ #0, then (d",d')a < —p? — 1. Moreover, (d"",d’')a = —p% — 1 if and only if
one of the following conditions is satisfied:

(i) qa(@’)=1and(d",d)a = —p? (in particular, (d"' /h)a = —1);

(ii) ga(d”) =0and (d"’,d)a = —2.

Proof Putd,:=d — p%h. Then d, € R. We have
<d”,d/>A _ <d”,d o d”>A _ *QA(d”) +Pd<d”,h>A + <d”7d0>A-

Now (d”,dp)a < 0. Moreover, (d”;h)a < —1 and qa(d’’) > 0. Finally, if
qa(d”’) = 0, then (d"’ ;h) o < —2, hence the inequality follows.

These considerations also imply that (d’’,d’)a = —p® — 1 if and only if one of
the following conditions is satisfied:
(i) gqa(@”’)=1,(d"h)a = —1and (d"’,dy)a = 0;
(i) ga(d’”)=0,p4=1,(d",h)a = —2and (d"’,dy)a = 0.
These conditions immediately lead to (and follow from) the conditions given in the
corollary. ]

We call a dimension vector d € R singular if p¢ > 0 and there exists a dimension
vector x such that x < d, ga(x) = 0 and |(x,d)a| = 2. It follows from the proposi-
tion below that this definition coincides with the definition given in the introduction.

Proposition 2.3 Letd € R be such that p% > 0.
(1)  Ifdissingular, then d = h and A is of type (2,2,2,2).
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(ii) Thereexistd’ € P+ Randd” € Qsuch thatd’ +d” = d, ga(d”’) = 0 and
(d”,d)a = —2 if and only if d is singular.

Proof (i) Fix a dimension vector x such that x < d, ga(x) = 0 and |(x,d)a| = 2.
Proposition21J[i) implies that x € PURUQ. Since (x,d)a # 0,x ¢ R. In particular,
X is non-zero. By symmetry, we may assume x € P. If dy := d — p%h, then 2 =
pd(x,h)a + (x,dy)a. Using Proposition Z.II[iv)) and (@) we obtain that p¢ = 1 and
dy = 0, i.e., d = h. Moreover, A must be of type (2,2, 2, 2) by Proposition 2.TI[).
(@) One implication is obvious. Now assume d is singular, i.e., there exists a
dimension vector x such thatx < d, ga (x) = 0 and |(x,d)a| = 2. From (i) we know
that d = h. Easy calculations show that (h,h—x)a = —(h,x)a and ga(h—x) = 0.
Thus Proposition ZI)(H]) implies that, up to symmetry, x € Pand h—x € Q, and the
claim follows. ]

We finish this section with an example showing that singular dimension vectors
exist. Fix A € k\ {0, 1}. Let A be the quiver

and R := {a1a0+ 51 B2 +M172, @102+ 8152+ A010, }. Then A is a concealed-canonical
algebra of type (2, 2, 2, 2) (in fact, it is one of Ringel’s canonical algebras [36]). More-

over, the vector
2
2

2
2

is singular — the corresponding vector x can be taken to be

the other choice being
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3 Varieties of Representations

First we recall some facts from algebraic geometry. Let X be a closed subvariety of
an affine space A", n € N. We say that X is a complete intersection if there exist
polynomials fi, ..., f,, € k[A"] such that dimX = n — mand

{f €k[A"] : f(x) =0foreachx € X} = (fi,..., fim)-

For x € X we denote by T, X the tangent space to X at x. We will use the following
consequences of Serre’s criterion (see for example [27, Theorem 18.15]).

Proposition 3.1 Let X be a complete intersection and
Xreg := {x € X : dimy T, X = dim X}.

(i)  Thevariety X is normal if and only if dim(X \ Xyeg) < dim X — 1.
(i) Let fi,..., fm € k[X],

Y:={xe€X: fi(x) =0 foreachi € [1,m]},
and
U:={x € YN Ng : 0f1(x), ..., 0fm(x) are linearly independent}.
IfUN € # & for each irreducible component C of Y, then
{f €klX]: f(x) =0foreachx € Y} = (fi,..., fm)-

In particular, Y is a complete intersection of dimension dim X — m.

Let A be a quiver and d a dimension vector. By rep,(d) we denote the set of
the representations M of A such that M(x) = k4* for each x € A,. We may
identify rep 5 (d) with the affine space Hae A Ma(ta) xd(sa) (k). The group GL(d) :=
erAo GL(d(x)) acts on rep , (d) by conjugation: (g - M)(a) := g(ta)M(a)g(sar) !
for g € GL(d), M € rep,(d) and oo € A;. Under this action the GL(d)-orbits in
rep, (d) correspond to the isomorphism classes of the representations of A with di-
mension vector d. We denote the GL(d)-orbit of a representation M € rep, (d) by
o).

Now let A be a bound quiver and d a dimension vector. By rep 5 (d) we denote the
intersection of rep , (d) with rep A. Then rep , (d) is a closed GL(d)-invariant subset
of rep, (d) and we call it the variety of representations of A of dimension vector d. If
M € rep, (d), then there exists a canonical map my: Ty repy(d) — Exth (M, M)
with kernel T);O(M) [43} Section 3]. This map is an epimorphism if we consider
rep 5 (d) as a scheme with a natural, but not necessarily reduced, structure. If we view
rep 5 (d) as a variety with its reduced structure (as we do in this paper), then it does
not have to be an epimorphism in general. However, easy arguments show (see for
example [9, proof of Proposition 2.2]), that if gl. dim A < 2 and Exti (M, M) = 0,
then 7y, is an epimorphism.
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Let A be a bound quiver and d a dimension vector. If M, N € rep 4 (d) and there
exists an exact sequence 0 — N’ — M — N’/ — 0 such that N ~ N’ @ N/, then
N € O(M) [17, Lemma 1.1]. In particular, ¢ € O(M) for each M € repa(d). If Vis
a GL(d)-invariant subset of rep, (d) and M € V, then we say that the orbit O(M) is
maximal in Vif O(N) = O(M) for each N € V such that O(M) C O(N). If A is tame
concealed-canonical and M € rep 5 (d), then O(M) is maximal in rep 5 (d) if and only
if Exty (M, M"") = 0 for each decomposition M = M’ @& M’ [45} Corollary 6].

Put aa(d) := dim GL(d) — ga(d) for a bound quiver A and a dimension vector
d. The following facts were proved in [10].

Proposition 3.2 Let d be the dimension vector of a periodic representation over a tame
concealed-canonical bound quiver A. Then the following hold.

(i)  Thevariety rep o (d) is a normal complete intersection of dimension aa (d).

(ii) If there exists M € rep 5 (d) such that Exty (M, M) = 0, then rep, (d) = O(M).

(iii) If Exty (M, M) # 0 for each M € repa(d), then there exists a convex sub-
quiver A’ of A and a sincere separating exact subcategory R’ of ind A’ such
that M € add R’ for each maximal orbit O(M) in rep 5 (d).

(iv) IfM € repp(d), then mys is an epimorphism.

(v) IfM € repp(d), then dimy Ty rep o (d) = dimy rep o (d) if and only if
Exth (M, M) = 0.

Let d be the dimension vector of a periodic module over a tame concealed-canon-
ical bound quiver A. The above theorem implies that in order to prove that O(M)
is a normal complete intersection for each maximal orbit O(M) in rep 5 (d), we may
assume that d is the dimension vector of a direct sum of modules from a sincere sepa-
rating exact subcategory of ind A. Thus we fix a tame bound quiver A and a sincere
separating exact subcategory R of ind A. We will use freely notation introduced in
Section 2l It follows from [[10} Section 3] that if d € R, then M € add R for each
maximal orbit O(M) in rep 5 (d).

For a full subcategory X of ind A and a dimension vector d we denote by X(d)
the intersection of rep 5 (d) with add X. Ifd’,d’ € N*°, C’ C rep,(d’) and C"" C
repa(d’’), then we denote by C’ & C'’ the subset of rep (d’ + d’’) consisting of
all M such that M ~ M’ @ M’ for some M’ € C' and M’ € C"'. The following fact
follows from [} Section 3].

Proposition 3.3 Ifd’ € P+Randd’’ € Q, then (PUR)(d")®Q(d"’) is an irreducible
constructible subset of rep o (d’ + d'’) of dimension ap(d’ +d’’) + (d",d’) a.

Using Corollary[2.2]and Proposition[2.3] we immediately get the following.

Corollary 3.4 Letd c R,d €c P+Randd” € Q. Ifp! > 0,d' +d"” = dand
d’”’ #0, then

dim((PUR)A) @ Q")) < aa(d) — p 1.

https://doi.org/10.4153/CJM-2012-012-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2012-012-7

Maximal Orbits for Euclidean Quivers 1233

Moreover, the equality holds if and only if one of the following conditions is satisfied:
(i) qa(@’)=1land(d",d)a = —p? (in particular, (d"' ) h)a = —1), or
(i) gqa(d’) = 0and (d",d)a = —2 (in particular, A is of type (2,2,2,2) and
d=h)

Observe that

repa(d) = R(d) U U (PUR)(A) @ Q@)

d’eP+R,d"'€Q
d’+d’'=d.d"'#0

for each d € R. Indeed, if M € (P U R)(d) and we write M = M’ & M'’ for
M’ € addP and M € add R, then (dim M’ h)a = (d,h)a = 0, hence M’ = 0
by Proposition ZII{il). The above formula together with Corollary 3.4 implies that
dim(rep, (d) \ R(d)) < aa(d) —p*—1.

4 Stability and Semi-invariants

Let A be a quiver and # € 72, We treat  as a Z-linear function Z* — Z in the
usual way. A representation M of A is called 0-semi-stable if 6(dim M) = 0 and
6(dim N) > 0 for each subrepresentation N of M. The full subcategory of §-semi-
stable representations of A is an exact subcategory of rep A. Two #-semi-stable rep-
resentations are called S-equivalent if they have the same composition factors within
this category. If d is a dimension vector, then by a semi-invariant of weight 6 we mean
a function ¢ € k[rep,(d)] such that ¢(g- M) = x?(g)c(M) for any ¢ € GL(d) and
M € rep, (d), where () := erAo (detg(x)) o for g € GL(d).

Now let A be a bound quiver and d a dimension vector. If § € 7”0, then a
function ¢ € k[rep, (d)] is called a semi-invariant of weight 0 if c is a restriction
of a semi-invariant of weight 6 from k[rep,(d)]. This definition differs from the
definition used in other papers on the subject (see for example [7,23H25] ), however
it is consistent with King’s approach [29]. We denote the space of the semi-invariants
of weight 6 by SI[A, d]g. If § € 7%, then we put Ay(d) := @neN SI[A,d],9. Note
that Ay(d) is a graded ring. For M € rep 5 (d) we denote by Jy(M) the ideal in Ay(d)
generated by the homogeneous elements ¢ such that ¢c(M) = 0.

The following results were proved in [29].

Proposition 4.1 Let A be a bound quiver and d a dimension vector and 6 € 7.

(i) IfM € repa(d), then M is O-semi-stable if and only if there exists a semi-
invariant ¢ of weight nf for some n € N, such that c(M) # 0.

(ii) IfM,N € rep,(d) are 0-semi-stable, then M and N are S-equivalent if and only
if 7o (M) = 55(N).

Now we recall a construction from [24]). Let A be a bound quiver. Fix a represen-
tation V of A. We define 6" : 7 — 7 by the condition

6V (dim M) = — dim; Homa (V, M) + dimy Homa (M, 7V)
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for each representation M of A (it follows from [3, Corollary 1V.4.3] that 6 is
well-defined). The Auslander—Reiten formula implies that 6V = —(dimV, —)A if
pdim, V < 1. Dually, if idima V < 1, then 8V = (—,dim 7V ).

Now let d be a dimension vector. If 8¥(d) = 0, then we define a function ¢V €

f
k[rep o (d)] in the following way. Let P, — Py — V — 0 be a minimal projective
presentation of V. There exist vertices X1, ...,X,, ¥1,...,Vm of A such that P; =
@ie[l’n] P, and Py = ®je[1.m} P,.. Moreover, there exist w; ; € kA(y;j,x;), i €

[1,n], j € [1,m], such that f = [Pw;,j]je[l7m]~ Consequently, if M € rep (d), then
i€[1,n]

Homa (f,M) = [M(w; )] icnm : €D M(y)) = @ M(x).

JEMLml e (1 ) iel1n]
In addition, one shows that
dimy Ker Homa (f, M) = dimy Homa (V, M),

dimy Coker Homa (f, M) = dimy Homa (M, 7V).

Consequently,

D dimg M(x) — Y dim M(y))

i€(1,n] j€l1,m]

= dimy Homa (M, 7V) — dimg Homa (V, M) = 6¥(d) = 0.
Thus it makes sense to define ¢ € k[rep , (d)] by
(M) = det Homa (f, M)
for M € rep 5 (d). Note that ¢V (M) = 0 if and only if
Homa (V, M) = Ker Homa (f, M) # 0.

It is known that ¢V € SI[A, d]gv (see [24} Section 3]). This function depends on the
choice of f, but functions obtained for different fs differ only by non-zero scalars.
In fact, we could start with an arbitrary projective presentation

f
Py —Py—=V =0

of V such that dimy Homa (P;, M) = dimy Homa (Py, M). As an easy consequence
we obtain the following (see [23} Proposition 2] and [24} Lemma 3.3]).

Lemma 4.2 Let A be a bound quiver and d a dimension vector.

(i) IfV=V,®V,0"(d) =0andc" #0, then 0V (d) = 0 = 0">(d).

(i) If0 — Vi, — V — V, — 0 is an exact sequence and 0V (d) = 6"V1(d) =
0V2(d) = 0, then ¢V = "'
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The following result follows from the proof of [24, Theorem 3.2] (note that the
assumption about the characteristic of k made in [24, Theorem 3.2] is only neces-
sary for surjectivity of the restriction morphism, which we have for free with our
definition of semi-invariants).

Proposition 4.3 Let A be a bound quiver and d a dimension vector. If § € 7, then
the space SI[A, d]g is spanned by the functions ¢V for V € rep A such that 6V = 6.

Now we apply our considerations in the case of tame concealed-canonical quivers.
For the rest of the section we fix a tame bound quiver A and a sincere separating
exact subcategory R of ind A. We will use notation introduced in Section[2l We fix
d € Rsuch that p¢ > 0and put # := —(h, —)a. In particular, in the rest of the
paper when we speak about S-equivalence, it is always the one induced by this 6.

First observe that M € rep A is §-semi-stable if and only if M € add R (recall
that 8(dim X) # 0 for X € P U Q according to Proposition Z.Ii(i) ). Consequently, if
M and N are §-semi-stable, then M and N are S-equivalent if and only if ¢}/, = g,
forany A € Xandi € [0, 7, — 1]. In particular, we obtain the following. , 7

Proposition 4.4 There are only finitely many isomorphism classes in each S-equiva-
lence class.

Now we fix V' € rep A such that 6V = nf for some n € N and ¢V # 0. We
show that V € addR and dimV = nh. Indeed, write V = P& RO Qfor P €
add®, R € addR and Q € add Q. If P # 0, then #”(d) < —(dimP,h)o < 0 by
Proposition 2.I|(i), hence ¢V = 0 by Lemma.2l{l). Consequently, P = 0 and, dually,
Q = 0,thusV = R € add R. In particular, pdim, V = 1, hence —(nh, —)a = 6" =
—(dim V, —) A, and this implies that dim V' = nh.

For A € Xwe denote by A,(d) the set of alli € [0, ry—1] such that pﬂ_i = 0. Next,
for i € A,(d) we denote by n, ; the minimal n € N such that p?\,(ifn) modr, = 0 and
putVy, := R;i’?'i). Observe that V% (d) = —(dim V) ;,d)a = 0 for any A € X and
i € Ax(d). Weputcy; := ¢ for A € Xand i € A,(d). More generally, if A € X
and | C A,(d), then we put V) ; := @ieJV/\-i and ¢y j := "V = Hie]CM' In
particular, we put V) := V), 4,(q) and ¢y := c) 4, for A € X. Then ¢y € SI[A,d]s
for each A € X. Observe that Lemma [£2|[0l) implies that ¢\, = &Y for any A € X
and i € A, (d). More generally, ¢} = cR(;:A) foranyn € N, A € Xand i € A,(d).

We have the following information about Agy(d).

Proposition 4.5 The algebra Ag(d) is generated by the functions cy, A € X.

Proof First we show thatif A € X,i € Z,n € N,, HR(;'? (d) =0, and cR(;') # 0, then
Pil,imodrA = p()\i,(ifn) modr, and pi,jmodn > Pi,i modr, foreach j € [i—n+1,i—1].
Indeed, the former condition follows from the equality (e&i’?, d)a = — R (d) =o.
Moreover, if there exists j € [i — n+ 1,i — 1] such that pj’j modry, < pg’imod . then

Homa (R()\’fg, R) # 0 for each R € R(d), hence P r—
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We have the following important consequence of the above observation. Assume
(nry)
that A € X,i € [0,ry, — 1], n € N; and R # 0. Then Pg,j = P‘;\i for each

(nry)

j € 10,7y — 1], hence i € Ay(d). In particular, R = =
Now assume that R € rep A, % = nf for some n € N and c® # 0. We know
that R € addR and dimR = nh. If R = @, R\ for Ry € R\, A € X, then

dimR, = pfh for each A € X. We show that ¢® = ci* for each A € X, hence the
claim will follow from Lemmal[4.2]

Fix A € X and write Ry, = @]e Lm] R/\l’ form € Ny, i,...,i, € Z and
ny, ...,y € Npo If n; = 0 (mod ry) for each] € [1,m], then the claim fol-
lows. Thus assume n; # 0 (mod r)). Since dimR, = pfh, we may assume that
i, = i; — n;. Then we have an exact sequence 0— R&"l — R("‘Jr"2 — R(A";I) — 0,
hence Lemmal£2() implies that c® = R, where

(m+ (nj)
=R e P R
j€(3.n]
Now the claim follows by induction. ]

As a consequence we get the following.

Corollary 4.6 IfM,N € R(d), then M and N are S-equivalent if and only if there
exists 1 € k such that cx(M) = pc)(N) for each A € X.

Proof Follows immediately form Propositions A.IK{il) and L5 [ ]

We list some consequences of the description of the maximal orbits in rep 4 (d)
given in [[10, Proposition 5] (see also [35, Theorem 3.5]). Recall that M € R(d) for
each maximal orbit O(M) in rep, (d). Next, if O(M) is maximal in rep 5 (d), then
dim O(M) = aa(d) — p4. In particular, the maximal orbits in rep A (d) coincide with
the orbits of maximal dimension. Moreover, if A € X, then there exists at most one
i € A)(d) such that ¢y ;(M) = 0. We put

(M) = {(\ i) : A eX,ie Ay(d)andc)y;(M) =0}

and denote by X(M) the image of X(M) under the projection on the first coordinate.
If A € X, then A € X(M) if and only ifp])\f # 0. In particular, [X(M)| < p9. Finally,
if M,N € rep,(d) are S-equivalent, the orbits O(M) and O(N) are maximal, and
X(M) C X(N), then O(M) = O(N).

For a representation V of A such that " (d) = 0 we denote by " (d) the zero set
of ¢V, i.e., HV(d) :== {M € rep,(d) : Homa (V, M) # 0}. Moreover, we say that an
exact sequence 0 - M — N — L — 0is V-exact if the induced sequence

0 — Homa (V, M) — Homa (V,N) — Homa(V,L) — 0

is exact. We need the following version of [34} Corollary 7.4].

Proposition 4.7 LetV be a representation of A such that 6V (d) = 0.
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(i) IfM € 3" (d) and dimy Homa (V, M) = 1, then
Ker Oc” (M) = {Z € Ty repa(d) : my(Z) is V-exact}.

(ii) IfM € HV(d) and dimy Homa (V, M) > 2, then Ker 9c” (M) = Ty repa (d).

5 Auxiliary Lemmas

Throughout this section we fix a tame bound quiver A and a sincere separating exact
subcategory R of ind A. We use freely notation introduced in Section[2l We also fix
d € Rsuch that p := p¢ > 0.

Lemma 5.1 If),..., )\, € Xare pairwise different, then

N 7™ @=5"d= |J @uR@) ed).

1€[0,p] AeX d’eP+R,d"’€Q
d’+d’’=d, d"’'#0

Proof Obviously, (. (0] H(d) 2 Nyex H ().
Now fix A € X,d’ € P+Randd” € Qsuchthatd’ +d”’ = dandd’’ # 0. If
Pe (PUR)(’) and Q € Q(d"’), then Proposition 2. I¥{i) implies that

dimy Homa (Vy, P& Q) > dimg Homa (V, Q) = (h,d"")a > 0,

hence (PUR)(d’") @ Q(d"") C H(d).
Finally, assume that R € fR(d)ﬁﬂle (0,p] FHV(d). Then pi > 0foreachl € [0, p].
Consequently, pR > Ele[O,p] pi > p, a contradiction. ]

Corollary 5.2 Let )\, ..., )\, € X be pairwise different. If C is an irreducible compo-
nent Ofﬂle[o.p] HYN(d), then dim € = aa(d) — p — 1 and there existd’ € P + R and

d’ € Qsuchthard’ +d"" =d,d” #0and C = (PUR)(d’") & Q(d").

Proof It follows from Lemmal[5.Tlthat € is an irreducible component of

(PUR)@) @ Qd")

for somed’ € P+ Rand d” € Qsuch that d’ + d”” = d and d”’ # 0. Since
(PUR)(A) ® Q(d") is irreducible by Proposition[3.3] € = (P U R)(d’) & Q(d"").
We know from Proposition 32|l that dimrep , (d) = aa (d), hence Krull’s Prin-
cipal Ideal Theorem [30, Section V.3] implies that dim € > aa(d) — p — 1. On the
other hand, dim € = dim( (PUR)) @ Q(d”)) < aa(d)— p— 1 by Corollary[3.4
and the claim follows. [ |

Lemma 5.3 Let )y, ..., )\, € X bepairwise different and J; C Ay /(d), I € [0, p]. If
C is an irreducible component of (e (o ,) HVwi(d), then € is an irreducible component

of Nierop I (d).
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Proof Similar to the proof of Corollary[5.2] we show that dim € > aa(d)—p—1. On
the other hand, € C ), cl0,p] " (d), hence there exists an irreducible component €’
of Nie (o) 3" (d) such that @ C €’. Corollary[5.2says that dim €’ = aa(d)—p—1,
hence € = C'. [ |

Corollary 5.4 Let Xy, ..., \, € X be pairwise different and J; C Ay (d), I € [0, p].
If C is an irreducible component ofﬂle[o,p] HY¥i(d), then dimC = aa(d) — p — 1
and there exist d’ € P+ Rand d” € Q such thatd’ +d"’ = d, d” # 0 and
C=(PUR)) e Qd).

Proof Immediate from Lemmal[5.3and Corollary[5.2] ]

Lemma 5.5 Ifd e P+R d" € Qd' +d”" =dand(d”’,d)a = —p — 1, then
there exists M € (P U R)(d") ® Q(d"") such that Exty, (M, M) = 0.

Proof Before we start the proof we recall that the functions
repa(d) = Z, M — dimy ExtzA(M, M),

and
repa(d’) X repa(d’’) — Z, (P, Q) — dimy Exti (Q, P),

are upper semi-continuous, see [5, 3.4] and [22} Lemma 4.3], respectively.

Proposition[3.3]implies that (P U R)(d’) @ Q(d’’) is an irreducible set of dimen-
sion aa(d) — p — 1, hence (P UR)(d’) @ Q(d"’) is an irreducible component of
Miex H*(d) by Lemma[5.1land Corollary5.2) Let M € (PUR)(d’) ®Q(d"’) be such
that O(M) is maximal in [, o HMd) and

dimy, Ext4 (M, M) = min{dimy Ext4 (N,N) : N € (PUR)(d’) @ Q(d")}.

Write M = P@® Qfor P € (PUR)(d’) and Q € Q(d"").

There exists an exact sequence £: 0 — P — R — Q — 0 with R € R(d).
Indeed, since M ¢ addR, O(M) is not maximal in rep, (d), hence there exist in-
decomposable direct summands X and Y of M such that Exth (Y, X) # 0. Since
O(M) is maximal in ﬂAeX HMA), it follows that O(P) and O(Q) are maximal in
(PUR)(A’) and Q(d’’), respectively, hence either X is a direct summand of P and Y
is a direct summand of Q or Y is a direct summand of P and X is a direct summand
of Q. However, the latter case in not possible, since Exth (P, Q) = 0. Consequently,
we obtain an exact sequence of the above form. Finally, since O(M) is maximal in
Miex HA(d), it follows that R ¢ Miex HMd), hence R € R(d) by Lemma[5.1l Note
that pdim, R < 1, hence the map ®: Extl (P, P) — Ext3(Q,P), &' + £/ 0 &, isan
epimorphism.

Minimality of

dimy Exti (M, M) = dimy Ext4 (Q, P) = dimy Exth (Q,P) + (d”/,d")a
implies that the set

€:={(U,V) € (PUR)A) x Q(d") : dimy Ext} (V, U) = dimy Extl (Q, P)}
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is an open subset of (P U R)(d’) x Q(d""). However, (P U R)(d’) x Q(d"’) is an
open subset of rep, (d’) X rep, (d’’) by [5, Lemmas 3.7 and 3.8] (these lemmas
are formulated in the case of canonical algebras, but the proofs transfer without any
changes to arbitrary concealed-canonical algebras). Consequently, € is an open sub-
set of repp (d’) x rep(d’’), hence Tpo€ = Tprepa(d’) x Torepa(d’’). On the
other hand, [6} Proposition 3.3] implies that

Tpg€ C{(Z',Z") € Trrepp(d’) x Torepa(d”) : mp(Z") 0 £+ E 0 ma(Z") = 0}.

Since 7p is an epimorphism (as pdim, P < 1), this implies that ® = 0. Since ® is an
epimorphism, Ext4 (Q, P) = 0, and the claim follows. [ |

Proposition 5.6 Let \y,..., A\, € X be pairwise different and J; C Ay (d), | €
[0,p]. Ifd’ €e P+ R, d” € Qand (PUR)(A’) & Q(d") is an irreducible component
of Miefo,p) FHVwi(d), then (dimVy, ;,d”"Ya > O for each | € [0, p]. Moreover, if
(dimVy, j,,d")a = 1foreachl € [0, p], then there exists M € (P UR)(d’) @ Q(d")
such that Exty (M, M) = 0 and Oc), j,(M), . .. ,0cy,.,(M) are linearly independent.

Proof We know from Lemma[5.3] that (P U R)(d’) ® Q(d’’) is an irreducible com-
ponent Ofmle[o,p] FH%(d). In particular, dim( (fPUfR)(d')EBQ(d”)) =aa(d)—p—1
by Corollary[5.2l Consequently, Proposition [3.3] implies that (d"/,d’)a = —p — 1.
Using Lemma[5.5lwe may choose M € (PUR)(d’) & Q(d"’) such that O(M) is maxi-
mal in ﬂle[o,p] 3% (d) and Exty (M, M) = 0. Write M = P@ Q for P € (PUR)(d)
and Q € 9(d”).

First we prove that Homa (V) j,, P) = 0 for each I € [0, p]. This will imply in
particular that

<d111‘1 V)\IJH d”>A = dimy HOIHA(V)\[,]I, Q) = dimy HOIHA(V)\IA’]I,M) >0

for each I € [0,p]. Write P = P’ ® R for P’ € add? and R € addR, and as-
sume Homa (V),;,R) # 0 for some I € [0,p] and i € J;. Then qi’i > 0. If
pR > 0, then (dim Q,dimR)a < (d”/,h)a < 0 by Proposition ZIIfii) (recall that
d”’ # 0 by Corollary[5.4). Otherwise, we fix n € N such that qf’( = 0 and
dx (i1 jymoar, > 0 foreach j € [1,n —1]. Then

i+n) mod r)

<d”7 e?\;,i+n—l>A = <d - dlmP, - dlmRa e;;.i+n—l>A
d . I R
< 7PA1.(i+n) modry <dlmP ’eﬁ,i+n—1>A - q)\l,i <0.

This again implies that (dim Q,dimR)a < 0, hence Exth (Q,R) # 0. If0 — R —
Q' — Q — 0 is a non-split exact sequence, then P’ & Q’ € ﬂlG[O.p] FHV(d), since
dim; Homa (V, Q') > (h,dimQ")a = (h,d”’)a > 0 for each A € X. Moreover,
M e O(P'®Q’)and M # P’ & Q’, which contradicts the maximality of O(M).

Now we assume that (dimV), j,d”’)a = 1 for each I € [0, p] and we prove
that under this assumption dcy, j,(M), . . ., dcy, 7,(M) are linearly independent. Our
assumption implies that

dimy Homa (V) j,, M) = dimg Homa (Vy,, Q) = 1
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for each I € [0, p]. Let K := nlE[O,p] Ker ¢ i (M) C Ty rep (d). We have the

canonical inclusion Exth (Q,P) < Exth (M, M), which sends an exact sequence
£:0— P — N — Q — 0 to the sequence

&:0—-M—->N&M—M—0.
Using Proposition L.Zlfl) we obtain that £’ € m(K) if and only if
dimy Homa (V) 5, N) =1 foreach I€ [0,p].

In particular, this implies that N € ﬂle[o. V41 (d). By the maximality of O(M),
N ~ M, i.e., ¢ splits, thus PropositionBI](]g]) implies that

codimyy, rep,, (@) K > dimy Ext (Q,P) > —(d”',d")a = p +1,

and this finishes the proof. ]

Let Ao, ..., A, € X be pairwise different and J; C Ay (d), I € [0, p]. Assume that
(PUR)(A’) & Q(d’’) is an irreducible component OfﬂlE[O,p] KV (d) ford’ € P+R
and d”” € Q. We know from Corollary [5.4] that dim((fP UR)(d) @ Q(d”)) =
aa(d) — p — 1. Consequently, either ga(d’’) = 0 or ga(d’’) = 1 by Corollary[3.4
We prove that in the latter case there is always M € (P U R)(d") & Q(d’’) such that
Exth (M, M) = 0 and crg 1, (M), ..., dcy, 7,(M) are linearly independent.

Corollary 5.7 Let Xg,...,\, € X be pairwise different and J; C Ay (d), | €
[0,p]. Ifd” € P+ R, d"’ € Q (PUR)(A’) ® Q(d") is an irreducible component
Ofﬂle[o,p] HY"i(d) and qa(d’’) = 1, then there exists M € (P U R)(d") © Q(d"")
such that Extj (M, M) = 0 and dcy,, ,(M), . .., dcy,.;, (M) are linearly independent.

Proof From the previous proposition we know that (dim V), ;,d”’)a > 0 for each
I € [0, p]. On the other hand, Corollary[3.4limplies that

<dimV/\h],,d”>A § <h, d//>A =1

for each I € [0, p]. Consequently, (dim V), ;,d"')a = 1 foreach ! € [0, p], and the
claim follows from the previous proposition. ]

6 Non-singular Dimension Vectors

Throughout this section we fix a sincere separating exact subcategory R of ind A
for a tame bound quiver A and use freely notation introduced in Section 2l We
also fix d € R such that p := p¢ > 0. Finally, we assume that d is not singular.
This assumption implies, according to Proposition 23|() and Corollary B4} that
ga(d”) = 1foranyd’ € P+ Rand d” € Q such thatd’ + d”’ = d and dim((fP U
R)(d") @ Q(d”)) = aa(d) — p — 1. Consequently, we have the following.
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Lemma 6.1 Let),...,\, € X bepairwise different and ], C Ay (d), I € [0, p]. If
C is an irreducible component ofﬂle[o’p] HY3i(d), then there exists M € C such that

Exthy (M, M) = 0 and 9cr. 1, (M), ..., 0cy, 1,(M) are linearly independent.
Proof We know from Corollary[54lthat dim € = aa(d) — p — 1 and

C=(PUR)A) ®Q(d")

ford’ € P+Randd”’ € Q. Since ga(d’’) = 1, the claim follows from Corollary[5.7]
|

Corollary 6.2 If Ao, ..., )\, € X are pairwise different, then

{f € k[repp(d)] : f(M) =0foreachM € () J{V*l(d)} = (Crgy-+»60,)-
1€[0,p]

Proof We know from Proposition B2i{i) that rep, (d) is a complete intersection.
Moreover, the previous lemma implies that for each irreducible component € of
ﬂle[o o] KV (d) there exists M € € such that dcyy (M), . .., Ocy, (M) are linearly in-
dependent and dimy Exti (M, M) = 0. Then dimy Ty rep Al(d) = dimrep, (d) by
Proposition B.2w), hence the claim follows from Proposition B.IIf). [ |

Proposition 6.3 Let \,...,\, € X be pairwise different. If M,N € R(d) and
there exists i € k such that cy,(M) = pcy,(N) for each I € [0, p], then M and N are
S-equivalent.

Proof Lemma 5] implies that c) (M) # 0 for some ! € [0, p]. Without loss of
generality, we may assume that ¢, (M) # 0. Then ¢ # 0 and c),(N) # 0. For

I € [0, p] we put p; := 2{’]((11\\4/1)) Observe that ¢y (N) = pcy,(N) for each I € [0, p].
Fix A € X, and put p := C?O((MA}) and p'’ = % We know from Lemmal[5.1]that

ar(V) = 0foreach V € Mg, 21 H"*(d), hence Corollary[6.2limplies that there exist
fos-- -+ fp € klrep(d)] such that ¢y = Zle[(),p] ficy,- Put f = Zle[o.p] w1 . Then

a@-M) = Y filg-Mey(g-M)
l€(0,p]

= Y ufilg- Mey(g- M) = fg- Mey,(g- M)
1e(0,p]

for each ¢ € GL(d). Recall that ¢y and ¢, are semi-invariants of the same weight,

hence f(g- M) = CC;((MM)) = ' for each g € GL(d). Similarly, f(g- N) = p'’ for each
0

g € GL(d). Since O(M)NO(N) # @ (8¢ € O(M)NO(N)), u’ = p'’. Consequently,

aM) = p'er,(M) = p' ey, (N) = pex(N),

and the claim follows from Corollary .6l [ |
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Proposition 6.4 If O(M) C rep,(d) is maximal, then there exist N, ..., A, € X,
ig € Ay (d),... iy € AAp(d), and i1, ..., up € k, such that

{f € k[repp(d)] : f(N) =0foreach N € O(M)}

= (Exriy = MO+ - 3 CApiip — HpCgiio)-

In particular, O(M) is a complete intersection of dimension aa(d) — p.

Proof First, let (A\1,11), ..., (), iy) be the pairwise different elements of X(M). We
put ; := 0 for I € [1,q]. Next, we choose pairwise different Ao, Ags1,...,Ap €

X\ ()\(OUX(M)) . Finally, we put iy := 0,and i; := Oand y; := % forl € [g+1, p].
Let

V= {N € reps(d) : ¢yi,(N) — pcy,.iy(N) = 0 for each ] € [1, p]}

and V' == g0 HYvi(d). Obviously V/ C V. Moreover, every irreducible com-
ponent of V' has dimension aa(d) — p — 1 by Corollary 5.4} hence Krull’s Prin-
cipal Ideal Theorem implies that every irreducible component of V has dimension
aa(d) — p. In particular, Corollary 3.4 implies that R(d) N € is a non-empty open
subset of € for each irreducible component € of V. Note that ¢y, (R) = ;;:((AIZ)) o, (M)
for any I € [0,p] and R € R(d) NV, thus Proposition implies that R is S-
equivalent to M for each R € V N R(d). Consequently, there are only finitely many
orbits in R(d) NV by Proposition[4.4l This implies that every irreducible component
of V is of the form O(R) for some R € R(d). Fix R € R(d) such that O(R) is an irre-
ducible component of V. Since dim O(R) = aa(d) — p, O(R) is maximal in rep 5 (R).
Moreover, R and M are S-equivalent and X(M) C X(R), hence O(R) = O(M). Con-
sequently, V = O(M).

Lemma implies that there exists N € V such that Ext4 (N,N) = 0 and
9cxy.iy(N), ..., 0cy, i, (N) are linearly independent. Then obviously

6C)\I7,‘1 (N) — [Ll(?C)\o,io(N), . ,3(3/\1]7,‘? (N) — ,upaC)\o_’io(N)
are linearly independent as well. Moreover, dim Ty rep, (d) = dimrep,(d) by

Proposition 3.2I(v). Since rep, (d) is a complete intersection by Proposition B.2I(),
the claim follows from Proposition Z.I¥{i). [ ]

Proposition 6.5 If O(M) C rep(d) is maximal, then the variety O(M) is normal.

Proof We know from Proposition [6.4] that there exist
Aoy Ap €X, dg € Ay (d), ... ip € Ay (D), and  py,...,p, €K,
such that

{f € klrepp(d)] : f(N) =0foreach N € O(M)} = (cni, — tixio = I € [1, p]).
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Let
U:={N € OM) : dimy TyO(M) = dim O(M)}.

Proposition3.2)(®) implies that U is the set of all N € O(M) such that Ext4 (N, N) =
0and Jcy, i, (N) — p19cxy iy (N), . .., ey, i, (N) — p,0¢y, i, (N) are linearly indepen-
dent.

By general theory, O(M) C U, hence O(M) \ U C V' U V"', where V' :=
ﬂle[O,p] HVvi(d) and V! 1= (O(M) \ O(M)) NR(d). LemmalG.I]says that U N C
@ for each each irreducible component € of V’/, thus dim(V' \ U) < dimV’' =
aan(d) — p — 1 = dimO(M) — 1. On the other hand, if R € V", then R is S-
equivalent to M by Proposition hence V"’ is a union of finitely many orbits ac-
cording to Proposition [4.4] Moreover, [48, Theorem 1.1] implies that R € U for
each R € V"’ such that dim O(R) = dim O(M) — 1. Concluding, we obtain that
dim( O(M) \ U) < dim O(M) — 1. Since O(M) is a complete intersection by Propo-
sition[6.4] the claim follows from Proposition 3.Ti{). [ ]

7 Singular Dimension Vectors

Throughout this section we fix a sincere separating exact subcategory R of ind A for
a tame bound quiver A and use freely notation introduced in Section 2l We also fix
singular d € R. PropositionZ3|{i) implies thatd = hand A is of type (2,2, 2, 2). Let
O(M) C rep 5 (h) be maximal. It follows from [[10, Proposition 5] that M ~ R(Ar‘*i) for
some A € Xandi € [0,ry — 1]. We prove that O(M) is normal if and only if r\ = 2.
Note that X(M) = {(), j)}, where j := (i — 1) mod ry. Moreover, Vyj =Ry

Proposition 7.1 We have
{f € klrepp(h)] : f(N) =0 foreach N € O(M)} = (c»,j)-

In particular, O(M) is a complete intersection of dimension an (h) — 1.

Proof We know from Proposition[3.2I(fl) that rep 5 (h) is an irreducible variety of di-
mension aa (h), hence Krull’s Principal Ideal Theorem implies that every irreducible
component of 3"*i(h) has dimension aa (h) — 1. Observe that R(h) N F"*i(h)
is a union of finitely many orbits. Since dim(iHV*‘f (h) \ R(h)) < aa(h) — 2 by
Corollary[3.4} this implies that every irreducible component of V is of the form O(R)
for a maximal orbit O(R) in rep, (h). However, [10, Proposition 5] implies that
O(M) is a unique maximal orbit in rep 5 (h) which is contained in 3"*i(h), hence
HVi(h) = O(M).

We know that dimy Exth (M, M) = 1 and the non-split exact sequences in
Exty (M, M) are of the form £€: 0 - M — N — M — 0 with N ~ Rf\zj*).
In particular, dimy Homa (V) j, N) = 1. Consequently, the sequence 0 — M —
M®M — M — 0is the only V) ;-exact sequence in Extiy (M, M). Proposi-
tions E.Z(@) and B.2U@)) imply that Oc¥*i (M) is non-zero. Since rep A (h) is a complete
intersection by Proposition B.2i) and dimy Ty rep 5 (d) = dimrep  (d) by Proposi-
tion B.2I®) (note that pdim, M < 1, since M € R), the claim follows from Proposi-

tion 3.TN({). [ ]
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Proposition 7.2 Let
U:={N € OM) : dimy TyO(M) = dim O(M)}.

(i) Ifry =1, then dim(O(M) \ U) = dim O(M) — 1. In particular, O(M) is not
normal.
(i) Ifry =2, then dim( O(M) \U) < dim O(M) — 1. In particular, O(M) is normal.

Proof Fix A € X\ (XoU{A}). Lemma[B.dlimplies that rep , (h) \ R(h) = H"*(h) N
HY> (h). By general theory O(M) C U, hence O(M) \ U C V' U V', where V' :=
(OM) \ O(M)) N R(h) and V" = H"»i(h) N F"> (h). We know that V' is a
union of finitely many orbits. Moreover, [48, Theorem 1.1] implies that R € U for
each R € V' such that dim O(R) = dim O(M) — 1. Consequently, dim(V’ \ U) <
dim V' < dim O(M) — 1.

Now let € be an irreducible component of V"', Corollary[5.4limplies that dim € =
aa(h)—2and thereexistd’ € P+Randd’’ € QsuchthatC = (PUR)(d’) © Q(d"’).
Moreover, Corollary3.4limplies that either ga (d'') = L orga(d’’) = 0. Ifga(d”’) =
1, then Corollary[5.7limplies that U N C # @.

Assume that ga(d”’) = 0 (according to Proposition 2Z3|{), this case appears,
since d”’ is singular). Then (h,d’’)ao = 2 by Corollary B4 If r, = 2, then
(dim V) j,d"")a = 1. Indeed, we know from Proposition[5.6lthat (dim V), ;,d"")a >
0. On the other hand, Proposition ZIi{iv)) implies that

<dimV)\,j,d”>A = <h,d”>A — <e)\7,‘,d//>A S 2—1=1.

Consequently, Proposition[5.6limplies that also in this case U N € # &. On the other
hand, if ry = 1, then dim; Homa (V) j,N) > (h,d"")a = 2 foreach N € C. Thus in
this case U N € = & by Proposition AZ().

Concluding, dim(O(M) \ U) < dim O(M) — 1 if and only if ry, = 2. Since we
know from Proposition [Z1] that O(M) is a complete intersection, the claims about
(non-)normality of O(M) follow immediately from Proposition BII(i). [ |

We finish this section with a remark about the relationship between the degen-
erations and the hom-order. Let A’ be a bound quiver and dy a dimension vec-
tor. If U,V € repu.(dy), then we say that V' is a degeneration of U (and write
U <geg V) if O(V) C O(U). Similarly, we write U <yom V if dimy Homa (X, U) <
dimg Homa - (X, V) for each X € rep A’ (equivalently, dimy Homa, (U,X) <
dimg Homa- (V, X) for each X € rep A’). Both <4¢g and <pop, induce partial orders
in the set of the isomorphism classes of the representations of A’. It is also known
that <geq implies <j,om. The reverse implication is not true in general, however <y
implies <geg if either A’ is of finite representation type [44] or gl. dim A’ = 1
and A’ is of tame representation type [16] (i.e., R = & and A’ is an Euclidean
quiver). We present an example showing that <j, does not imply <4, for the tame
concealed-canonical algebras in general.

We return to the setup of this section and assume that ry = 2. Let R := R) ¢®R) 1.
Moreover, we fix d”’ € Q such that ga(d’’) = 0, (h,d"’)a = 2 and d’ € P, where
d' :=h—-d"”.IfN € P(d’) @ Q(d"’), then

dimg Homa (Ry i/, R) < 1 < dimg Homa (Ry 7, N)
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forany A’ € Xand i’ € [0, ry, —1]. By adapting [18| Corollary 4.2] to the considered
situation we get that R <p,m N foreach N € P(d’) @ Q(d’’). On the other hand,

dim O(R) = aa(d) — 2 = dim(P(d") @ 2(d"))

hence P(d") @ Q(d"’)  O(R), i.e., there exists N € P(d") & Q(d"’) such that R L,
N.

8 Proof of Theorem 4

Let M be a periodic representation of a tame concealed-canonical quiver A such that
O(M) is maximal.

If Exty (M, M) = 0, then OM) = rep 5 (d) by Proposition B2({). Consequently,
O(M) is a normal complete intersection by Proposition B.2(f). Observe, that dim M
is not singular in this case.

Now assume Extly (M, M) # 0. Using Proposition B2l we may assume that
M € addR for a sincere separating exact subcategory R of ind A. Proposition
B2@) implies that O(M) # rep A (d). Consequently, pM # 0 (since dim O(M) =
dimrep, (d) — p™) and the claim follows from Propositions[6.4]and [6.5]
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