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BOUNDEDNESS OF SOLUTIONS OF PARABOLIC EQUATIONS
WITH ANISOTROPIC GROWTH CONDITIONS

YU MINGQI AND LIAN XITING

ABSTRACT. In this paper, we consider the parabolic equation with anisotropic
growth conditions, and obtain some criteria on boundedness of solutions, which gener-
alize the corresponding results for the isotropic case.

1. Introduction. The boundedness of solutions of elliptic equations with aniso-
tropic growth conditions has been investigated by many authors (see [1]–[11]). However,
according to our knowledge, there is no paper, the purpose of which is to study parabolic
equations with anisotropic growth conditions. In this paper, we will consider the bound-
edness of its solutions, which generalize the corresponding results for the isotropic case.

Let G be a bounded domain in the n-dimensional Euclidean space En. Consider the
following equation.

(1. 1) ut �
X

i

∂
∂xi

Ai(x, t, u,ru) + B(x, t, u,ru) ≥ 0,

where (x, t) 2 Q ≥ G ð (0, T), 0 Ú T Ú 1, Ai(x, t, u, ò) and B(x, t, u, ò) are defined
on Q ð E1 ð En, measurable in x, t and continuous in u, ò, and satisfy the following
conditions:

X
i
òiAi(x, t, u, ò) ½

X
i
jòijpi , ò ≥ (ò1, ò2, . . . , òn)

(1. 2) jAi(x, t, u, ò)j � î1

�X
j
jòjjpj

�1� 1
pi , (i ≥ 1, 2, . . . , n)

jB(x, t, u, ò)j �
X

i
ci(x, t)jòijçi + îjujl�1 + f (x, t),

where î1 ½ 1, î ½ 0, pi Ù 1, i ≥ 1, 2, . . . , n. p, l, ri and çi are constants and satisfy

(1. 3) 1 Ú p Ú n,
1
p
≥

1
n

X
i

1
pi

pi � p(1 +
2
n

);
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1 �
n + p

p(n + 2)
�
çi

pi
� 1 �

n
p(n + 2)

,(1. 4)

l ≥ p(1 +
2
n

),(1. 5)

ci(x, t) 2 Lri (Q),(1. 6)

(1. 7)
1
ri

≥ 1� 1
l �

çi
pi

, if 1 � n+p
p(n+2) �

çi
pi
� 1 � 1

l ,

ri ≥ 1, if çi
pi
≥ 1 � 1

l ,

(1. 8) f (x, t) 2 Ls(Q), s Ù
n + p

p
.

Let W1
(pi)(G) denote the anisotropic Sobolev space, in which the norm of u is

kukW1
(pi)

(G) ≥
X

i
kuxikLpi(G) + kukL1(G),

and
0

W
1

(pi)(G) denotes the closure of C1
c(G) in W1

(pi)(G),
�
C1

c(G) is the set of C1-functions

with compact support in G
�
. And for u 2

0
W

1

(pi)(G), the following inequality holds.

(1. 9)
�Z

G
jujp

Ł

dx
� 1

pŁ

� C(n, pi)
�Z

G

X
i
juxi j

pi dx
� 1

p
.

The function u is said to be a generalized solution of (1.1), if u 2 C
�
0, T; L2(G)

�
\

Lp

�
0, T; W1

(pi)(G)
�
\ Lp(Q) and satisfies

Z t

0

Z
G

�
�vtu +

X
i

vxi Ai(x, t, u,ru) + ùB(x, t, u,ru)
�

dx dt(1. 10)

+
Z

G

�
v(x, t)u(x, t) � v(x, 0)u(x, 0)

�
dx ≥ 0

8t 2 (0, T); ù 2
0

W
1

2

�
0, T; L2(G)

�
\ Lp

�
0, T; W1

pi
(G)

�
.

For the case of pi ≥ p andçi ≥ ç, it is known that when p Ù 2n
n+2 and p� n+p

n+2 � ç � p�
n

n+2 , (in which we do not demand p Ú n), the generalized solution u 2 C
�
0, T; L2(G)

�
\

Lp

�
0, T; W1

p(G)
�

of (1.1) is locally bounded in Q; But for the case of 1 Ú p � 2n
n+2 , we

need the following restriction for the local boundedness of u:

(1. 10) u 2 Ll̃,loc(Q), l̃ Ù
n(2 � p)

p
.

Moreover if u is bounded on the parabolic boundary of Q, i. e., there is a constant M Ù 0,
such that

(1. 11) (juj � M)+ ≥ max(juj � M, 0) 2 Lp

�
0, T;

0
W

1

p(G)
�
,

https://doi.org/10.4153/CJM-1997-040-2 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1997-040-2
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(juj � M)+jt≥0 ≥ 0,

then for p Ù 1, the generalized solution u 2 C
�
0, T; L2(G)

�
\ Lp

�
0, T; W1

p(G)
�

of (1.1)
is globally bounded on Q (even for the case of 1 Ú p � 2n

n+2 , any additional integrability
for u is unnecessary).

In this paper, we extend the above results to parabolic equations with anisotropic
growth conditions. In the definition of the generalized solution, we require u 2 Lp(Q),
which is different from the isotropoic case because it does not ensure

Lp

�
0, T; W1

(pi)(G)
�
!̈ Lp(Q),

is smooth sufficiently but the boundary of G. In addition, we restrict p Ú n because the
embedding inequality for p Ú n is different from the one for p ½ n.

In Section 2, we give some lemmas as preliminaries. In Section 3, we prove the local
boundedness of solutions and the global boundedness is proved in Section 4.

2. Preliminaries.

LEMMA 1. Let u 2 C
�
0, T; L2(G)

�
\ Lp

�
0, T;

0
W

1

(pi)(G)
�
. Then there is a constant

C Ù 0, depending only on n and pi, such that

(2. 1)
�ZZ

Q
jujl dx dt

� n
n+p

� C
²

ess sup
t2(0,T)

Z
G
juj2 dx +

Z Z
Q

X
i
juxi j

pi dx dt
¦

PROOF. Clearly, pŁ ≥ np
n�p Ù p(1 + 2

n ) = l Ù 2, for p Ù 2n
n+2 , and pŁ Ú l Ú 2 for

1 Ú p Ú 2n
n+2 . So setting ã ≥ n

n+2 2 (0, 1), we get from the interpolation inequality and
(1.8) that

Z
G
jujl dx �

�Z
G
juj2 dx

� (1�ã)l
2
�Z

G
jujp

Ł

dx
� ãl

pŁ

� C
�Z

G
juj2 dx

� (1�ã)l
2 Z

G

X
i
juxijpi dx;

hence

(2. 2)
Z Z

Q
jujl dx dt � C

�
ess sup

t2(0,T)

Z
G
juj2 dx

� p
n Z Z

Q

X
i
juxi j

pi dx dt.

If p ≥ 2n
n+2 , then l ≥ p(1 + 2

n ) ≥ 2. By taking ã ≥ n
n+2 , we have

Z
G
jujl dx ≥

�Z
G
juj2 dx

�1�ã�Z
G
juj2 dx

�ã

� C
�Z

G
juj2 dx

�1�ã Z
G

X
i
juxi j

pi dx,

which implies (2.2) again. By using Young’s inequality and (2.2), we deduce (2.1). The
proof of Lemma 1 is completed.
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LEMMA 2. Suppose f (x1, x2, . . . , xn, t) is a nonnegative and bounded function. If for
any ö1

i � yi Ú zi � ö0
i and t�1 � ú0,Ú ú1 � t0, there holds

(2. 3) f (y1, y2, . . . , yn, ú1) � íf (z1, z2, . . . , zn, ú0) +
X

i

Ai

(zi � yi)pi
+

B
úi � ú0

+ D

where í 2 (0, 1), pi Ù 1, Ai, B, D ½ 0 are constants, then there exists a constant C,
independent of y1, . . . , yn, z1, . . . , zn, ú0, ú1, such that

f (y1, y2, . . . , yn, ú1) � C
�X

i

Ai

(zi � yi)pi
+

B
úi � ú0

+ D
�

(2. 4)

8 ö1
i � yi Ú zi � ö0

i , t1 � ú0 Ú ú1 � t1.

PROOF. Let ï 2 ( 1
2 , 1) satisfy

(2. 5) íï�pi Ú 1, i ≥ 1, 2, . . . , n; and íï�1 Ú 1.

Setting r(m)
i ≥ zi � ïm(zi � yi), t(m)

i ≥ ú0 + ïm(ú1 � ú0), we have

f (y1, y2, . . . , yn, ú1) ≥ f
�
r(0)

1 , . . . , r(0)
n , t(0)

�
� íf

�
r(1)

1 , . . . , r(1)
n , t(1)

�
+
X

i

Ai�
r(1)

i � r(0)
i

�pi
+

B
t(0) � t(1)

+ D

� Ð Ð Ð

� ím+1f (r(m+1)
1 , . . . , r(m+1)

n , t(m+1))

+
X

i

Ai

(zi � yi)pi

mX
j≥0

(íï�pi )j(1 � ï)�1

+
B

ú1 � ú0

mX
j≥0

(íï�1)j(1 � ï)�1 + D
mX

j≥0
ím.

By (2.5) and letting m !1, we get (2.4). The proof is completed.

3. Local boundedness of solutions.

THEOREM 1. Let conditions (1.2)–(1.8) and 2n
n+2 Ú p Ú n be satisfied. Let u 2

C
�
0, T; L2(G)

�
\ Lp

�
0, T; W1

(pi)(G)
�
\ Lp(Q) be a generalized solution of equation (1.1).

Then u is bounded locally in Q.

PROOF. Let K(öi) ≥ fjxij Ú öi, i ≥ 1, 2, . . . , ng, öi ≥ ö
p
pi , and 0 Ú ö Ú 1 be so

small that
K(öi)ð (t0 � öp, t0) ² Q.

We claim that u is bounded in K( 1
2öi) ð (t0 � 1

2ö
p, t0). To prove this, take ö1

i , ö0
i , ú0 and

ú1 such that
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1
2
öi � ö1

i Ú ö0
i � öi, t0 � öp � ú0 Ú ú1 � t0 �

1
2
öp.

Let êi(xi) and †(t) be piecewise linear continuous functions of xi and t respectively
and satisfy

êi(xi) ≥
(

1, for jxij � ö1
i

0, for jxij ½ ö0
i ,

†(t) ≥
(

1, for t ½ ú1

0, for t � ú0

Then, we have

0 � jê0i j �
1

ö0
i � ö1

i

, 0 � †0(t) �
1

ú1 � ú0
.

Let k Ù 0, q Ù pi

pi�1 (i ≥ 1, 2, . . . , n), and set

(3. 1) ù ≥ êq†q(u � k)+, ê(x) ≥
Y

i
êi(xi).

For convenience, we assume ut 2 L2(Q) (otherwise, we may substitute the Sleklov time-
average of ù for ù and deal with its similarly). Thus we may take ù as a test function.
Inserting it into (1.10)and integrating by parts with respect to t, we obtain

0 ≥
Z t

0

Z
G

�
ùut +

X
i
ùxi Ai(x, t, u,ru) + ùB(x, t, u,ru)

�
dx dt

½
1
2

Z
G
êq†qj(u � k)+j2 dx �

q
2

Z t

0

Z
G
êq†q�1†0j(u � k)+j2 dx dt

+
Z t

0

Z
G
êq†q

²X
i
juxi j

pi

� (u � k)+
�X

i
ci(x, t)juxi j

çi + Kjujl�1 + f (x, t)
�¦

dx dt

�
X

i
î1q

Z t

0

Z
G
êq�1†q(u � k)+jrêj

�X
j
juxj j

pj
�1� 1

pi dx dt.

By using Young’s inequality and taking the supremum for t 2 (0, t0), we have

ess sup
t2(0,t0)

Z
G
êq†qj(u � k)+j2 dx +

Z Z
K(k,ö0

i ,ú0)
êq†q X

i
juxi j

pi dx dt

� C
² 1
ú1 � ú0

Z Z
K(k,ö0

i ,ú0)
ju � kj2 dx dt(3. 2)

+
X

i

1
(ö0

i � ö1
i )pi

Z Z
K(k,ö0

i ,ú0)
(u � k)pi dx dt

+
Z Z

K(k,ö0
i ,ú0)

(u � k)
�X

i
ci(x, t)juxi j

çi + îjujl�1 + f (x, t)
�

dx dt
¦

,

where K(k, ö0
i , ú0) ≥ fK(ö0

i ) ð (ú0, t0)g \ fu Ù kg is the effective domain of the inte-
grations, and the constant C Ù 0 is independent of k, ö0

i , ö1
i , ú0, and ú1. By the Hölder

inequality, we have
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Z Z
K(k,ö0

i ,ú0)
(u � k)

X
i

ci(x, t)juxi j
çi dx dt

�
X

i

�Z Z
K(k,ö0

i ,ú0)
(u � k)l dx dt

� 1
l
�Z Z

K(k,ö0
i ú0)

X
i
juxi j

pi dx dt
� çi

pi èi(k)

�
1

2C

Z Z
K(k,ö0

i ú0)

X
i
juxi j

pi dx dt(3. 3)

+ C
X

i
èi(k)

pi
pi�çi

�Z Z
K(k,ö0

i ,ú0)
(u � k)l dx dt

� 1
l (

pi
pi�çi

)
,

where C is the constant in (3.2),

(3. 4). èi(k) ≥ kci(x, t)k
Lri

�
K(k,ö0

i ,ç0)
�

Combining (3.2), (3.3) and Lemma 2, we get

ess sup
t2(0,t0)

Z
G
êq†qj(u � k)+j2 dx +

Z Z
K(k,ö1

i ,ú1)

X
i
juxi j

pi dx dt

� C
(

1
ú1 � ú0

Z Z
K(k,ö0

i ,ú0)
(u � k)2 dx dt(3. 5)

+
X

i

1
(ö0

i � ö1
i )pi

Z Z
K(k,ö0

i ,ú0)
(u � k)pi dx dt

+
X

i
èi(k)

pi
pi�çi

�Z Z
K(k,ö0

i ,ú0)
(u � k)l dx dt

� 1
l

pi
(pi�çi)

+
Z Z

K(k,ö0
i ,ú0)

(u � k)
�
jujl�1 + f (x, t)

�
dx dt

)

It follows from Lemma 1 that

�Z Z
K(k,ö2

i ,ú2)
(u � k)l dx dt

� n
n+p

� C
²X

i

1
(ö1

i � ö2
i )pi

Z Z
K(k,ö1

i ,ú1)
(u � k)pi dx dt(3. 6)

+ ess sup
t2(0,t0)

Z
K(ö1

i )
j(u � k)+j2dx +

Z Z
K(k,ö1

i ,ú1)

X
i
juxi j

pi dx dt
¦

8
1
2
öi � ö2

i Ú ö1
i Ú ö0

i � öi, t0 � öp � ú0 Ú ú1 Ú ú2 � t0.

Since the constant C of (3.6) is independent of ö1
i , ö2

i , ú1, and ú2, combining with (3.5),
(3.6) and taking ö0

i � ö1
i ≥ ö1

i � ö2
i , ú1 � ú0 ≥ ú2 � ú1,we have
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�ZZ
K(k,ö2

i ,ú2)
(u � k)l dx dt

� n
n+p

� C
² 1
ú2 � ú0

Z Z
K(k,ö0

i ,ú0)
(u � k)2 dx dt

+
X

i

1
(ö0

i � ö2
i )pi

Z Z
K(k,ö0

i ,ú0)
(u � k)pi dx dt(3. 7)

+
X

i
èi(k)

pi
pi�çi

�ZZ
K(k,ö0

i ,ú0)
(u � k)l dx dt

� 1
l (

pi
pi�çi

)

+
Z Z

K(k,ö0
i ,ú0)

(u � k)
�
jujl�1 + f (x + t)

�
dx dt

¦
.

Let jej denote the n + 1-dimensional Lebesgue measure of set e. By virtue of

jK(k, ö0
i , ú0)j �

1
kp

Z t

t0�öp

Z
K(öi)

jujp dx dt ! 0, as î ! 1,

and the absolute continuity of a Lebesgue integral and (3.4), we have èi(k) ! 0 as k !
1. Observing (1.7), there holds

1
l

� pi

pi � çi

�
½

1
l

�p(n + 2)
n + p

�
≥

n
n + p

,

then

X
i
èi(k)

pi
pi�çi

²Z Z
K(k,ö0

i ,ú0)
(u � k)l dx dt

¦ 1
l

pi
pi�çi

≥ è(k)
�Z Z

K(k,ö0
i ,ú0)

(u � k)l dx dt
� n

n+p
,(3. 8)

where

è(k) ≥
X

i
èi(k)

pi
pi�çi

�ZZ
K(k,ö0

i ,ú0)
(u � k)l dx dt

� 1
l (

pi
pi�çi

)� n
n+p

! 0 as k !1.

Hence, if k ½ k0 (k0 Ù 0 is large enough), by Lemma 2, it follows that
�ZZ

K(k,ö2
i ,ú2)

(u � k)l dx dt
� n

n+p

� C
² 1
ú2 � ú0

�ZZ
K(k,ö0

i ,ú0)
(u � k)l dx dt

� 2
l
jK(k, ö0

i , ú0)j1�
2
l

+
X

i

1
(ö0

i � ö2
i )pi

�Z Z
K(k,ö0

i ,ú0)
(u � k)l dx dt

� pi
l
jK(k, ö0

i , ú0)j1�
pi
l

+
Z Z

K(k,ö0
i ,ú0)

(u � k)l dx dt + kljK(k, ö0
i , ú0)j(3. 9)

+
�ZZ

K(k,ö0
i ,ú0)

(u � k)l dx dt
� 1

l
kfkLs(Q)jK(k, ö0

i , ú0)j1�
1
l �

1
s

¦
.
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If k Ù h, we have

jK(k, ö0
i , ú0)j �

Z Z
K(k,ö0

i ,ú0)
j u�h

k�h j
l dx dt �

Z Z
K(h,ö0

i ,ú0)
j u�h

k�h j
l dx dt,

and (3.9) can be rewritten as

�ZZ
K(k,ö2

i ,ú2)
(u � k)l dx dt

� n
n+p

� C
² 1
ú2 � ú0

(k � h)2�l
Z Z

K(h,ö0
i ,ú0)

(u � h)l dx dt

+
X

i

1
(ö0

i � ö2
i )pi

(k � h)pi�l
Z Z

K(h,ö0
i ,ú0)

(u � h)l dx dt(3. 10)

+
�

1 + (
k

k � h
)l
� Z Z

K(h,ö0
i ,ú0)

(u � h)l dx dt

+ (k � h)�l(1� 1
l �

1
s )
�Z Z

K(h,ö0
i ,ú0)

(u � h)l dx dt
�1� 1

s
¦

,

8 k Ù h ½ k0,
1
2
öi � ö2

i Ú ö0
i � öi, t0 � öp � ú0 Ú ú2 � t0 �

1
2
öp.

Let è Ù 0 be determinated. Considering the absolute continuity of a Lebesgue integral,
we take H Ù k0 large enough such that

(3. 11)
Z t0

t0�öp

Z
K(öi)

j(u � H)+jl dx dt � èön+p

For m ≥ 0, 1, 2, . . . set

km ≥ 2H �
H

2m
, ö(m)

i ≥
�1

2
+

1
2m + 1

�
ö

p
pi ,

úm ≥ t0 �
1
2
öp �

1
2m+1

öp, Jm ≥
Z Z

K(km ,ö(m)
i ,úm)

(u � km)l dx dt.

Since the constant C in (3.10) is independent of k, h, ö0
i , ö2

i , ú0 and ú2, substituting km,
km+1, ö(m)

i , ö(m+1)
i , úm and úm+1 for h, k, ö0

i , ö2
i , ú0 and ú2 respectively, we have

J
n

n+p

m+1 � C
(

2m+2

öp
(
2m+1

H
)l�2Jm +

X
i

2(m+2)p

öp
(
2m+1

H
)l�pi Jm

+
�
1 + 2(m+2)l

�
Jm(

2m+1

H
)l(1� 1

l �
1
s )J

1� 1
s

m

)
, m ≥ 0, 1, 2, . . .(3. 12)

Noting that H Ù 1 and changing correspondingly the constant C in (3.12), we can
simplify (3.12) as

(3. 13) J
n

n+p

m+1 � CJ
n

n+p
m

(
2(1+p)m

öp
J

p
n+p
m + 2lmJ

p
n+p�

1
s

m

)
, m ≥ 0, 1, 2, . . .
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and since (3.11) implies J0 � èön+p, we can prove by induction for suitable é 2 (0, 1)
that

(3. 14) Jm � émèön+p, m ≥ 0, 1, 2, . . . .

In fact, assume that (3.14) holds for m. It follows by combining (3. 13) with (3. 14) that

(3. 15) J
n

n+p

m+1 � CJ
n

n+p
m

�
2(l+p)mé

pm
n+p

p
èn+p

+ 2lmé( p
n+p�

1
s )m
�
èön+p

� p
n+p�

1
s

�
.

In view of 0 Ú ö Ú 1, if at the beginning, we let è, é satisfy

C(è
p

n+p + è
p

n+p�
1
s ) � é

n
n+p ,

2l+pé
p

n+p � 1; 2lé
p

n+p�
1
s � 1,

it is easy to see from (3.15) that (3.14) holds for m + 1. By induction, (3.14) holds for all
m. Thus,

0 ≥ lim
m!1

Jm ≥
Z Z

K(2H, 1
2 ö

p
pi ,t0� 1

2 ö
p)

(u � 2H)l dx dt,

i.e.
ess sup

K( 1
2 ö

p
pi )ð(t0� 1

2 ö
p ,t0)

u � 2H.

So, we have proved that u is locally bounded above in Q. And moreover , substituting
�u for u, we obtain similarly that u is locally bounded below. The proof of Theorem 1
is completed.

THEOREM 2. Suppose (1.2)–(1.8) hold and 1 Ú p � 2n
n+2 . Let u 2 C

�
0, T; L2(G)

�
\

Lp

�
0, T; W1

(pi)(G)
�
\ Lp(Q) be a generalized solution of (1.1). Then if (1.10) holds, u is

locally bounded in Q.

PROOF. We can deduce similarly that (3.7) holds for 1 Ú p � 2n
n+2 , and simplify (3.7)

and (3.8), that is, we also have for 1 Ú p � 2n
n+2

�ZZ
K(k,ö2

i ,ú2)
(u � k)l dx dt

� n
n+p

� C
² 1
ú2 � ú0

Z Z
K(k,ö0

i ,ú0)
(u � k)2 dx dt(3. 16)

+
X

i

1
(ö0

i � ö2
i )pi

Z Z
K(k,ö0

i ,ú0)
(u � k)pi dx dt

+
Z Z

K(k,ö0
i ,ú0)

(u � k)
�
jujl�1 + f (x, t)

�
dx dt

¦

If 1 Ú p Ú 2n
n+2 , then l ≥ p(1 + 2

n ) Ú 2. Although we can not deal with it as in Theorem
1, by condition (1.10) and the interpolation inequality, we have
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(3. 17)
Z Z

K
(u � k)2 dx dt �

�ZZ
K

(u � k)l dx dt
� 2a

l
�ZZ

K
(u � k)l̃ dx dt

� 2(1�a)
l̃

,

where ã 2 (0,1) satisfies

(3. 18) 1 ≥
2ã
l

+
2(1 � ã)

l̃

Thus by (3.10) it follows that

�ZZ
K(k,ö2

i ,ú2)
(u � k)l dx dt

� n
n+p

� C
² 1
ú2 � ú0

�ZZ
K(h,ö0

i ,ú0)
(u � h)l dx dt

� 2ã
l

Ð
�ZZ

K(h,ö0
i ,ú0)

(u � k)l̃ dx dt
� 2(1�ã)

l̃

+
X

i

1
(ö0

i � ö2
i )pi

(k � h)pi�l
Z Z

K(h,ö0
i ,ú0)

(u � h)l dx dt(3. 19)

+
�

1 + (
k

k � h
)l
� ZZ

K(h,ö0
i ,ú0)

(u � h)l dx dt

+ (k � h)�l(1� 1
l �

1
s )
�ZZ

K(h,ö0
i ,ú0)

(u � h)l dx dt
�1� 1

s
¦

,

8k Ù h ½ k0,
1
2
öi � ö2

i Ú ö0
i � öi, t0 � öp � ú0 Ú ú2 � t0 �

1
2
öp.

Let è Ù 0. We can take H Ù k0 large enough such that

(3. 20)
Z t0

t0�öp

Z
K(öi)

j(u � H)+jl̃ dx dt � èön+p.

Similar to Theorem 1, we get

(3. 21)

J
n

n+p

m+1 � CJ
n

n+p
m

²2m

öp
J

2ã
l �

n
n+p

m (èön+p)
2(1�ã)

l̃

+
2(l + p)m

öp
J

n
n+p
m + 2lmJ

p
n+p�

1
s

m

¦
, m ≥ 0, 1, 2, . . . .

(3.20) implies

(3. 22) J0 � (èön+p)
l
l̃ (°ön+p)1� l

l̃ ,

where ° is the unit-ball volume in En. (1.10) and (3.18) yield

(3. 23)
2ã
l
≥ 1 �

2 � 1

l̃ � l
Ù

n
n + 2

.
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Combining (3.18) with (3.21)–(3.23), for suitable é, è, we have

(3. 24) Jm � émè
1
l̃ °1� 1

l̃ ön+p, m ≥ 0, 1, 2, . . . .

(3.24) implies that u is locally bounded for the case of 1 Ú p Ú 2n
n+2 .

If p ≥ 2n
n+2 , then l ≥ p(1 + 2

n ) ≥ 2 Ú n(2�p)
p ≥ l̃. Taking (0,1) 3 ã Ù n

n+p , we have

Z Z
K(k,ö0

i ,ú0)
(u � k)2 dx dt

�
�Z Z

K(k,ö0
i ,ú0)

(u � k)l dx dt
�ã�ZZ

K(k,ö0
i ú0)

(u � k)l dx dt
�1�ã

�
�Z Z

K(k,ö0
i ,ú0)

(u � k)l dx dt
�ã�

(k � h)l̃�l
Z Z

K(k,ö0
i ,ú0)

(u � k)l̃ dx dt
�1�ã

,

8k Ù h ½ k0.

As with (3.21), we have

J
n

n+p

m+1 � CJ
n

n+p
m

²2m

öp
(
2m

H
)(̃l�l)(1�ã)J

ã� n
n+p

m (èön+p)1�ã

+
2(l+p)m

öp
J

n
n+p
m + 2lmJ

p
n+p�

1
s

m ,
¦

m ≥ 0, 1, 2, . . . .(3. 25)

According to (3.22) and (3.25), we can prove the local boundedness of u in Q for the
case of p ≥ 2n

n+2 . The proof of Theorem 2 is completed.

4. Global boundedness of solutions.

THEOREM 3. Suppose conditions (1.2)–(1.8) hold and 1 Ú p Ú n. Let u 2
C
�
0, T; L2(G)

�
\ Lp

�
0, T; W1

(pi)(G)
�
\ Lp(Q) is a generalized solution of (1.1). If there

exists a constant M Ù 0, such that

(4. 1) (u � M)+ 2 Lp

�
0, T;

0
W

1

(pi)(G)
�

and (u � M)+jt≥0 ≥ 0,

then u is globally bounded on Q.

PROOF. Let k Ù M. Substituting k for M, (4.1) still holds. Let ut 2 L2(Q), and take
ù ≥ (u � k)+ as a test function. Then repeating the deduction process similarly as in
Theorem 1, we get correspondingly

�ZZ
A(k)

(u � k)l dx dt
� n

n+p

� C
²X

i
èi(k)

pi
pi�çi

�Z Z
A(k)

(u � k)pi dx dt
� 1

l (
pi

pi�çi
)
dx dt(4. 2)

+
Z Z

A(k)
(u � k)

�
jujl�1 + f (x, t)

�
dx dt

¦
,
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where
A(k) ≥ Q \ fu Ù kg, èi(k) ≥ kc(x, t)kLri

(A(k)).

Then the rest of proof is similar to that of Theorem 1. Noticing that the right side of (4.2)
does not appear the integral term with (u�k)2, we do not need any additional integrability
of u even if 1 Ú p � 2n

n+2 .
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