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STANDARD ELEMENTS IN A NEARLATTICE

WiLLiam H., CornisH AnD A.S.A. Noor

Nearlattices, or lower semilattices in which any two elements
have a supremum whenever they are bounded above, provide an
interesting generalization of lattices. In this context, we
study standard, neutral, and central elements, as well as
standard ideals. A new perspective is obtained in the well

established case of lattices.

1. Introduction

Standard elements and ideals in lattices were first studied in depth
by Gratzer and Schmidt [8]. Since then little attention has been paid to
these notions. Some additional work has been done by Janowitz [11], while
Fried and Schmidt [6] have recently extended the idea of a standard ideal

to a convex sublattice. As a good reference, we cite Chapter 3 of Gratzer

£71.

A lower semilattice is said to have the upper bound property if the
supremum of any two elements automatically exists when they share a common
upper bound. Here, we follow the terminology of Cornish [3, Section 3] and
Noor [13] by describing a lower semilattice with this property as a near-
lattice. Alternatively, a nearlattice can be thought of as a lower semi-
lattice (4; A) such that each initial segment (t] ={a €4 : a =t} is
a lattice, or as a lower semilattice for which the new semilattice, that is
obtained by the adjunction of a largest element, is actually a lattice. A

nearlattice is distributive if each initial segment is a distributive
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lattice, or equivalently if the infimum distributes over existent finite

suprema.

A nearlattice-homomorphism is a semilattice-homomorphism between two
nearlattices which also preserves existent finite suprema. A nearlattice-
congruence ¢ on a nearlattice A is a congruence of the underlying lower

semilattice such that, whenever a, = bl » a, = b2(®) and a, va,,

bl v b2 exist, a; vVa, = bl % b2(®) . For an alternative description,

see [3, Lemma 3.2]. Quite a lot of information on nearlattice-congruences
is contained in the third sections of both [5] and [3]. A subset B of a
nearlattice (A4; A, =) is called a subnearlattice if (B; A) is a sub
semilattice of (4; A) such that, whenever ¢ =a Vvb of a, b, ¢ €B ,

¢ 1is also the supremum of a and b in 4

In the second section of [10], a fundamental contribution was made by
Hickman. He showed that the category of nearlattices (4; A, =) and their
nearlattice-homomorphisms is isomorphic to a variety of ternary algebras
(4; J) and their homomorphisms, in such a way that isomorphism commutes
with the forgetful functors which ground these categories in the category
of sets. Moreover, the isomorphism takes subnearlattices to subalgebras
and nearlattice-congruences to congruences of the corresponding ternary
algebra. These ternary algebras were called join algebras by Hickman and
his ternary operation J 1is given by Jj(z, y, 8) = (x Ay) v (x A 2) on
any nearlattice. Its existence is ensured by the upper bound property;

actually, Hickman preferred (x Ay) V (y A 2) for his ternary operation.

Hickman's work shows that nearlattices or join algebras can be
regarded as the subreducts of lattices (L; A, V) with respect to the
derived operation J(x, y, 8) = (x Ay) v (x Az2) . For a simplification
in the case of distributive lattices and also the subreducts of lattices

with respect to the operation x A (y Vv 8) , see Baker [1] and Cornish [4].

Most importantly, Hickman's work enables us to consider free near-
lattices. 1In particular, the free nearlattice FN(x, ¥, 3) on three
generators &, ¥, 2 can be found inside the free lattice FL(z, ¥, 38) as
the J-subalgebra generated by X, ¥, 2 . The lattice TFL(x, y, 3) is
extremely complex; it is pictured in [7, p. 283]. However, FN(z, y, 2)
has only ten elements, namely =, y, 2, J(x, ¥, 2), Jdly, =, 2), J(2, =, ¥),

T ANY,YyA3, 2AZT,and x Ay A3 . Its diagram is given in Hickman
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{10, Figure 2, p. 1668]; it also occurs in a slightly different context in
Baker [71, p. 143]. It should be observed that the nearlattice FN(x, y, 2)

is distributive. Hence, any three-generated nearlattice is distributive!

The upshot of this last observation is that at least three arbitrary
elements must be involved in any first order descriptions which extend the
notions of standard and neutral elements from lattices to nearlattices.
For, the very conceptions of standard and neutral elements in a lattice are
concerned with the distributive behaviour of these special elements and two

other elements.

In Section 2, we extend the notions of standard element and standard
ideal to a nearlattice. The emphasis is on the behaviour of the

congruences associated with them. The congruence Os , associated with a

standard element & of a nearlattice A , can be neatly described in terms

of the j-operation by:
x = y(@s] if and only if, for all ¢ € 4 ,
(tax) v(tas)y=(tAay)v I (tas)

Section 3 is concerned with neutral and central elements. Section k4
deals with characterizations of these special elements, x , in terms of
the properties of their traces, ¢ A x , in initial segments, (t] . 1In
this way, we are led to the notion of a strongly distributive element.
Also, it turns out that an element 7 of a nearlattice, or lattice, is

neutral if and only if, for all ¢, x , and Yy ,

(tAnAz) v(EAanAy) v (tAxAYy)
=((tan)yveax))a{tan)vieay)a{(tEarz)v(tay).

Thus, in the process of generalizing the notions of standard element
et cetera, and their properties to nearlattices, we obtain new insights and
results about these notions in the case of lattices. In writing this
paper, the authors have in mind the application of the idea of a neutral
element to the study of isotopes of nearlattices; a summary of part of
that study can be found in Noor [73]. Also, nearlattices occur naturally
in the investigation of reducts of certain algebraic structures, see for
example {4] and [3, Section 3], and the notion of a standard ideal might

well prove useful there.
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2. Standard elements and ideals

Recall that an element & of lattice is standard if
xA(yve)=(xnay)v(zxas), forall x and y . There are important
equivalents of this definition. For ease of comparison, we summarize them
in the following proposition; for proofs, see Gratzer and Schmidt [§] and
Gratzer [7, Theorem 3, p. 139].

PROPOSITION 2.1. The following conditions upon an element s of a
lattice L are equivalent.

(1) s <s standard.

(i1) The relation G)s » defined by =z y(@s) if and only if

for some s, < s , is a congruence relation.

xvy=(xAry)Vvs 1S

1

(ii1) & 1is a distributive element, that is
svi(izxay)=(svz)ynl(svy) foray z,y €L, ard b = ¢ whenever
s Ab=s8sANc and svb=8Ve.

(iv) For each ideal K , (s]vK={slvk:3153,k€K}.

(v) (8] is a standard element of the ideal lattice of L .

An element & of a nearlattice A 1is called standard if for all
x, Yy, t €4,

tan(zay) vizas))=(trznay) v(itaznrs).
(Notice that both sides exist because of the upper bound property.)

Obviously, any element of a distributive nearlattice is standard. Now
suppose 8 is aystandard element of a lattice L . Then, for all
r, y, t € L ,

tA(zay) vicas)) =taxnalyve)=(trznay) v(taxnrs).

This and a part of the next proposition show that the two concepts coincide

in a lattice.

PROPOSITION 2.2. The following two conditions on an arbitrary

element s of a nearlattice A are equivalent.

(i) Forany x,y €A, xAlyves)=(zxnAy)v(sAzx) whenever
y Vs exists.
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(i) (a) If xzVvs and y vs exists forawy x,y €S , then

(xAy) vs existsand (x Ay) vs=(xve)alyvs);
(b) forany =z,y €A, forwhich zvs and y v s
exist, xAg=2yAs and xvs=z2yvs imply =2y .
Moreover, both (1) and (ii) are necessary for s to be standard but

are not sufficient.

Proof. (i) = (Z1). Suppose x, y € A are such that x v s and
y vs exist. Then (x A y) V 8 exists because of the upper bound

property. Due to (Z),

(zve)al(yvs)=[(zvs) aylv [(xvs)as]
=(xAy)visny) ve=(xAy) vs.
Also, if xA8=2Yy A8 and £V S8S=ZYy Vs, thene
z=zxAlzvs)zxzalyvs)=(xnary)viznas) (vy (¢})

(x Ay) viyans)=ynA{xvs) (vy (i))
ynlyvs)=y.

v

v

(i2) = (7). Suppose x,y € A and y Vv s exists. Let
p=xA(yve) and g=(xAy) Vv (xAs) . Now

pres=xzAnssq=(xry)vizas)sza(yvs)=p.

Hence p As =g As=pAs ,that is p As =g As . Observe that as

P, 8<y Vs, pVs exists and since p=p A (y v &) ,
pve=[pa(yvs)lvs

v
(p vs) aly vs) (vy (i) (a))
(p Ay) ve (vy (ii) (a))
v
v

(z A y)
(x A y)
q Vs .

8

(x A8) vs

Then by (iZ) (b), p = q , that is, (Z) holds.

Now suppose 8 is standard in 4, x, ¥y € A and y v s exists. Then

letting y v s = r we obtain

zA(yve)=xar[{ray)viras)l

={(xzAarAy)vicaras)=(xary)vizas),

as & is standard; thus (Z) and (ZZ) hold.
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Finally, consider the nearlattice S in Figure 1. Here, for all

x, y € A , the condition (Z) holds; but
dnrnflena)vieans)I>(daena) vidaens).

N s

FIGURE 1

The following lemma is useful when verifying that a binary relation is
a nearlattice-congruence; it is an extension of a characterization of
lattice-congruences; cf. Gratzer [7, Lemma 8, p. 20] and Gratzer and
Schmidt [&].

LEMMA 2.3. A reflexive, symmetric binary relation O on a near-
lattice A 1is a nearlattice-congruence if and only if, for any

-'L‘,y,Z,tEA,

y(©) ifand only if x Ay = x2(0) and x Ay = y(O) ,

() =z
(i) z=y=z, xzy(0) ad y = 2(0) imly x = 2(0),

(iii) x <y and z = y(@) imply that 2z At Sy A t(0) and
xVvtzyvt@), vhenever x vt and y vt exist.

Proof. The only if part is trivial. So assume that a reflexive and

symmetric relation © satisfies conditions (Z)-(74Z).

To prove the transitivity of O , suppose x = y(0) and = 2(0) so
that x Ay = x(0) , Ay =y(0), yaz=y(©O and y Az = 2(0) .
Then by (i22), x Ay A2 =y A2(0) . But y Az = 2(0) and so by (i),

x Ay Az Z2(0). AMso, xAyAz2<xA2<2z andso by (iii),

[T

x Az =2(0) . Similarly, x A 2 Zx(0) . Then by (<), x = z(0) ; 0 is
transitive and so an equivalence relation.

Suppose & = y(0©) so that £ Ay = x(0) and = Ay = »(O) . By
{(iitj), € Ay ANEZ2AEO) and Ay At=yAt(O) forany t €S .
Thus £ At 2y A t(0Q) by transitivity. It follows that © has the

substitution property for A .

Suppose x Z y(0) and x vi, y vt both exist for some t €S .
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Clearly, (x Ay) vt exists. Now x Ay = x(0) and x Ay = y(6)
Hence, by (ii2), (x Ay) vt Zxz v t(0) and (zAy) vizZyv o).

1]

Consequently, « VvV t =y v t(0) . Finally, suppose x = y(0) and

z = yl(O) and x V& , yVy, exist. Then z =z Ay = y(0) and so

xva = (x Ay) v z = (x Ay) v VR yl(O).

Before proceeding to our first main result, we recall the notion of a
nearlattice-ideal , or simply an ideal. An ideal K of a nearlattice A4

is a non-empty subset such that
(i) x € K if x =k € K, and
(ii) kl v k2 € K whenever kl v k2 exists for given

kl’ k2 €K .

The ideals of a nearlattice form a lattice. Set-intersection is the
infimum. The supremum is, in general, awkward to work with. If J and X

are ideals of 4 , SO =J v K, and

s, = fr€eda:zsyva; yvazexists andy, 2 € Sn—l} for n=1, 2, ...,

then

S

J VK= .
n

=}

n=0

In effect, this is a case of Exercise 22 in Gr&atzer [7, p. 45]; it has an
easy inductive proof. Of course, the initial segment (x] is the smallest

ideal containing <« .

THEOREM 2.4. For an element s of a nearlattice A the following

conditions are equivalent.
(1) & 18 a standard element.

(i1) The binary relation © , which is defined by «x = y(0) <if and
only if x=(xAy) vixasg) ard y = (x Any) v (y As) , is a near-
lattice-congruence.

(ii1) The binary relation ¢ , which is defined by x = y(®) <if and
only if (xAnt) v(tas)=(ynat)vI(tAars) forall t € A, is a near-
lattice-congruence.
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(tv) For each ideal K ,
(s] vK = {sl vk: § %8, k € XK and 8 v k exists} .
(v) (8] <s a standard element of the ideal lattice of A .

Moreover, O and ¢ of (ii) and (iii), respectively, represent the same

Jjoin-partial congruence, namely Gs s the smallest nearlattice-congruence
of A having (s8] as a congruence class.

Proof., (Z) = (7). Let © be the binary relation such that

y(@®) if and only if % = (x A Yy) v (x A 8) and

= (xAyYy) v (yAas). Clearly, © is reflexive and symmetric. Now
x = y(O) implies
x=(x AyYy) Vv (xaAsg) = (x A (2 A y)) v (x A 8)
Also,

xay=(zar(zay)) v ((zay) as),

and so T Z x A ¥(O) . Similarly, ¥y = x A y¥(0) . Conversely,

x Ay Zx(0) and x Ay = y(O) certainly imply x = y(©) . Suppose
<y<2z and x=y(0) , y=20O) . Then 2=y Vv (2 Asg) and
y=zxzv(yas). So

z=xVv(yAas)v(znas)=xV (2 As)
and it follows that x = z2(0)

Now let <y, x=y(®) and xVE, y VvVt exist for some
t €A . Then yvit=[xvi(ynasg)l]vit=(xvi)v(yanas); that is
yvit=(xvit)vI[(yvi)as], vhich implies x vV ¢t Ty v ¢(0) . Also,

for any r € A4 ,

rAay=rAl(zxAry)v(yas)]
=(rAaxzAay)virayas)=(rAx)virayas),

and so »r Ay = r A x(@) . Due to Lemma 2.3, O is a nearlattice-
congruence.
(i1) = (Zii). Suppose =z = y(0®) . Since © is a join-partial

congruence, x At =y A t{(B) for any t € A . Then
zAat={(xayat)vizatas)

and

https://doi.org/10.1017/50004972700005700 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700005700

Standard elements in a nearlattice 193

ynt=(zxAyAt)viyatanas),
and hence

(xAt) vV(tEAs)y=(xAyAt)vVvI(tAas)

(y At) v I(taAas);

this implies that x = y(®) . Conversely, let x = y(%) . Then

(xAt) vt as)=(yant) v(tans) forall t €A . By letting t = x
and t =y weobtain x=(x Ay) v(xAas) and y=(x Ay) Vv (y As)
respectively. Hence z = y(®) . This implies that © and @ are the one

and the same nearlattice-congruence.
(i) = (iv). The set

T = {sl vk :8 <=8,k €¢Kands. vkexists]

1 1

is clearly closed under existent finite suprema. Suppose x = sl v k with

8) <gs and k € XK . Clearly, s) vk=k(® and so

=2 A (sl vk) =z Ak(®) . Hence for all ¢t € 4 ,

(xAt) vitas)=(xAKkAE)V(EtAS)

Choosing t = x we obtain z = (x AKk) v{x As) andso « €T . Thus T

is the ideal of A and it is clearly the supremum of (8] and X .

(iv) = (v). Let J and K be two ideals of A and suppose

x €Jn ((s] VK) . Then x €J and x = s, Vv k for some s, <=5 and

ke€k. so z=(zns)v(zak) and thus =z ¢ (7 a(s1) v (JdnKk)
Consequently, J a ((s] v K) = (J n (s]) v (J nX) , which implies that
(s8] is standard in the ideal lattice of S .

(v) = (1) is trivial.

The last part is quite clear in view of the proof of (i1Z) = (ii71) and

the definition of O .

We now turn to ideals. An ideal KX in a nearlattice A4 is standard
if it is a standard element of the ideal-lattice J{(4) . Of course,
Theorem 2.4 says & 1is a standard element if and only if (8] is a

standard ideal.

THEOREM 2.5. Let K be an ideal in a nearlattice. Then the

following conditions are equivalent.
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(1) K 18 a standard ideal.

(i) The binary relation ©O(K) , defined by =z = y(0(K)) if and only
if z=(xArAy)v(zraa), y=(xry) vi(yAabdb) forsome a,b €K, is
a nearlattice-congruence.

(1i2) The binary relation & , defined by x = y(®) <if and only if
forall t ¢S, (zAt)v(tAre) =(ynat)v(tae) forsome c €K,

18 a nearlattice-congruence.
(Zv) For each ideal H ,
KvH=1{k Vvh :kvVvhexists and k € K and h € H} .

Moreover, (ii) and (iii) represent the same nearlattice-congruence, namely
O(X) , the smllest join-partial congruence of A having K as a

congruence class.
Proof. (i) = (ii). Due to condition () the relation J = H(OK)

(7, H € J(A4)) if and only if J =(J nH) v (J n K) and

H=(JnH) v (HnK) is a congruence on J(4) . Then GK (restriction

la
to A ) is a nearlattice~congruence on A4 and x 2 y(@KlA] if and only if

(x] (x Ayl v ((x] n K) and (yl=(zArylv ((yg]n K) . Thus to prove
(i1), it is sufficient to prove that (z] = (x A y] v ((x] n K) implies

z=(xAay)v(xAaa) for som a € K . Now

(aylv (&l nk)=U 4,
n=0

where A, = (x Ayl v ((2] nk) and

An={t€S|tSqu;quexistsandp,qEAn_l} for n=1, 2,

and we show, by induction, that
(x Aylv ((x]nK) ={t: t=(xAy) Vv (zxAa) for some a € K} .

If t € AO then t € (x Ay] or t € (x] nX . 1In the first instance,

t=xAy=<(zxAy)v(xAk) for any k € K and in the second instance,
t=t Ax=(zxAy) v{(zAt) and t € K. Thus the result holds for
n = 0 . Suppose the result holds for n -1 for some n 21 . Let
t €4, . Then tSpvq with p,q €4, _, . So pS(a:Ay)V(:z:Akl)
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and g=(zAy) v (za k2) for some k., and k2 € X . Then

1
ts(zAay) v (xA kl] v (z A k2) ={(x Ay) v{(xAk) for some k €K
(since (z A kl) v {z A k2) <z and is in X , it is of the form zx A k
for some k € K ). Thus we have

(x Aylv ((x] n K) ={t:t=(xAny) v (xAk) for some k € K} ;

in effect, z = (x Ay) v (x A a) for some a € K and so

x=(xAy) v (xAa), as required.

(i) = (iii). let =z = y(O(X)) . Since O(X) 1is a congruence,
x At ZyA t(@(K)) for any t € A , and so

xAt=(x Ay At)Vv(zAtAa)
and

(zAyAnt)v(yatab)

y At
for some a, b € K . Then

(znat) v (EAl(taa) v(ieEab)]) =(zArt) v(tra) Vvt Aab)
=(zAayart)vi(itaa) v((EADb)=(yAt)vI(taa)v (tAab)
(yat) v(iegalltna) vitanl)

Observe that (t Aa) v (t AD) €K . Taus x = y(¢)
Conversely, if x = y(®) then for any ¢t € 4 ,
(xAt) vi(itae)=(yat)v(tAe) forsom c €K .

Choosing t =2 and t =y , we have z=(x Ay) v (x Aa) and

Yy
x

(z Ay) vy Ab) respectively, for some a, b € K . Thus
y(6(X)) and & is the nearlattice-congruence O(K)

(iti) = (iv). Let

T={kvh:kvhexists and k € X, h € H} .

Suppose z<kvh, k€K, heH. Clearly kv h
x=xzA(kvh) 2xA h(O(K)) . Hence, for all t €S ,

h(e(k)) and so

(zat)vitae)=(xahat)vI(tane) for some ¢ €K .

Choosing ¢t =x , we obtain == (x Ah) v(z AD) endso z €T . But T
is closed under existent finite suprema. It follows that T is closed

under existent finite suprema. It follows that T is an ideal of S and
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T=KVH,

(iv) = (i). Let x € Jn (KVH) . Then x €J and x € K VH . So
k vh for suitable kK € K and h € H. Then x = (x A k) v (x A h)

x
and so x € (J nK) v (J n H) . The reverse inclusion is obvious. Thus

Jn (KvK)=(JnK)v(JnH) ; K is a standard ideal.
The final assertion is clear in view of the proof of (71) = (1{1%).
The next result looks at the collection of all standard elements.

THEOREM 2.6. The standard elements of a nearlattice A form a

distributive subnearlattice of A . Moreover, the map s+ Os 18 a near-

lattice embedding of this subnearlattice into the distributive lattice of

all nearlattice-congruences on A .

Proof. Let s and ¢ Dbe standard elements.

Suppose x = y(@s n @t) . Then xAsZx Ay A s(@t) and by Theorem
2.4, zAas=(xAayns)vi(zAasat) . But z={xAry)vVv(zas) and
so z=(xnry)vi{ixasAart). Similarly, y=(x Aay) viy As At)
Conversely, these last two equalities clearly imply « = y(@s n Ot] . It

follows from Theorem 2.4 that s At is standard and what is more

OsAt = Gs n Ot . Here our method of proving s A ¢ 1is standard is the

same as that of Gratzer and Schmidt [8] or Gratzer [7, Theorem 9, p. 1437,

but we believe our details are essentially simpler.
Suppose s V t exists in 4 . For z,y, z €4,

(s v £))] _
zA[(xAay) vicas) vi(zxat)] (by Proposition 2.2)
zA[(zn ((zay) vienas))) vizaz)]

(z AZ A [(x Ay) v (z A s)]) v(xAznAt)

>

z A (zry)v (=

(zAazAry) vizaxzAas) viizAazxAat)
(zazAay)vEaza(svit)),

by a second application of Proposition 2.2. Hence s V ¢ is standard. It
is now clear that the set of all standard elements form a distributive

subnearlattice of 4

It remains to show that Os v @t = esvt , when s V t exists. Now
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Os v @t S-osvt . Hence, suppose x = y(@svt) . Then

cz=(zAay) Vv zal(svie)) =(zxay)vi(znas)v(xat)

Also (:c/\y)v(xAs)v(x/\t)E(:x:Ay)v(x/\t)[es] and
(xAy) vicat) 2aA y(Ot) . Hence x = x A y(@s v Ot] . Similarly,

ySxA y(Os v Ot) . Then x = y(Os v @t) , as required.

From Theorem 2.6 we can obtain the expected result about standard
ideals. Indeed, the proof of Theorem 2.5 shows that for any standard ideal

K of a nearlattice 4 , O(X) = OK|A , the restriction of the congruence

OK on the ideal-lattice J{A) to its subnearlattice of principal ideals.

For any standard ideals, H and KX it is clear that
(®H|A] n (OK[A) = OHnKIA . Of course, H V X is standard, and if

z = y(G(J v K)) then x = (x Ay) Vv (x A(h vV k)] for some A € H and
k € K, due to (iv) of Theorem 2.5. As h v k = k(O(H)] , we see that
OHvKIA E'(OH|A) Y (@KIA) . Hence (GH|A] v (OKIA] = eHVKlA , also.

Combining this with Theorem 2.6, we obtain

COROLLARY 2.7. The standard ideals of a nearlattice A form a
distributive sublattice of the ideal-lattice J(4) and the map K+ O(K)
is a lattice-embedding of this sublattice into the distributive lattice of

all nearlattice-congruences on A .

Of course, results like the above corollary generalize corresponding
ones about lattices. However, they cannot be directly inferred from the
case of lattices. 1Indeed, the ideal-lattice of a nearlattice need not be
isomorphic to the ideal-lattice of any lattice. This is because Hickman
{10, pp. 1676-1677] has produced a nearlattice in which the intersection of

two finitely generated ideals is not finitely generated.

The next result might well be important in future applications; 1it
generalizes both a part of [5, Theorem 3.6] and [7, Theorem 10, p. 149].

It is a modification of Gr@tzer's proof, [7], via (Z%) of Theorem 2.5.

THEOREM 2.8. Let A be a nearlattice with a smallest element 0O 1in
which each initial segment is a complemented lattice. Then the map
K+ 0(K) 1is a lattice-isomorphism of the lattice of standard ideals of A
onto the lattice of nearlattice-congruences of A .
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Proof. Let ¢ be a nearlattice-congruence of A4 and
Jd={x €4 :x=z0(0)} . Of course, J is an ideal. Suppose a = b(9)
and let ¢ and d be respective complements of a A b in (al and
(b] . Then e=cAazZcAaAnrb=0(9¢) and d=dAaAb =0(s) . Also
a=(aAab)viane) and b={anb)v(bad with e, d¢€J.
Conversely, these last relations imply a = b(®) . Hence, by Theorem 2.5,
J 1is a standard ideal and & = O(J) . The remainder follows from

Corollary 2.7.

The situation is more complex when it comes to permutability. We

close this section with some results in this direction.

A lower semilattice (4; A) 1is called medial if the supremum
(x Ay) vi{yaz)vi(zazxz) exists for all =z, y, 2 € A . This is
equivalent to saying that the supremum of any three elements exists when
the suprema of each pair exist. Thus, a medial lower semilattice is a

nearlattice and so will be referred to as a medial nearlattice.

THEOREM 2.9. Let g and t be standard elements of a medial
nearlattice A . Then Oy and Ot are permutable i1f and only if s v t

exists.

Proof. Let ©, and O, be permutable. Since s = s A t(Os) and

8 At E t(@t) , there exists x €4 such that 8 = (s Ax) v (s A t) ,
x=(sAx)v{(zAat) and t=(xAt)v(tAars). Let
r=(sAt)v(taz)v(xAas) . Then 8, t<r and so 8 V t exists.
Conversely, suppose 8 V t exists and suppose & = y(@s) and
y = z(et] ,sothat z=(xAy) vizxas), y=(xAy)v(ynas),
y=(yaz)viyat) and z=(y Az)v(zAat). Let
p=(xAaynz)v(zas)v(zat); p exists as each pair formed from
£ AYy Az, xAs and 2 At has a supremum, due to the existence of
svit. But AL ZxAYy A t(@t) and y = z(Ot} . Hence
p=(zxAay)vizas) vizayat)=(zxay)vizAhs)s= x(et) .
Mlso xz =y(0,) and z A& =y AazAs(0) imly that
p=(ynrz)viyazAas)vizat)=(yaz)vizat)s= z(Os) )
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It now follows that Os and @t permute.

COROLLARY 2.10. The following conditions on a distributive medial

nearlattice A are equivalent.
(1) A 1is a distributive lattice.

(i1) For any two ideals J and K , O(J) and O(K) are
permutable.

(ii1) For ay s, t €S, 9, and 0, are permutable.
Proof. When A is distributive, all of its ideals and elements are
standard. Hence the corollary follows from Theorem 2.9 and the well known

fact that suprema of mutually permuting congruences also permute. See also

{7, Theorem 9, p. 149].

Finally, we would like to point out that the medial property is
essential for Theorem 2.9. For example, consider the distributive near-
lattice N which is obtained by omitting the largest element from the
8-element Boolean lattice with maximal elements a, b , and e . Let its
smallest element be O and its minimal elements be e =b A ¢ ,
f=aAb ,and g=c Aa . Actually, N is the smallest nearlattice

which is not medial. However, Oa has as its partition
{{o, £, g, a}, {b, e, c}} and ©, has as its partition
{{o, e, £, b}, {g, a, e}} , so that it is not hard to check that the

product Oa o Ob is the largest congruence of N . Thus Oa and Ob are

permutable and yet a v b does not exist.

3. Neutral and central elements

LEMMA 3.1. The following conditions on an element d of a near-

lattice A are equivalent.
(i) Forall t, xz,y €4,
da{(tax)v(eay))=(dAatAaz)vI(idatay).
(i1) For all x,y € A for which x Vy exists,
da(zvy)=(dnrazx)viday).

(ii1) PFor all ideals J and K of 4,
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(dl n (s vK)=((dl nd) v ((dl nK) .
y[‘l’d) if and only if

(iv) The binary relation \Pd , defined by =«

xAnd=y and, is a nearlattice-congruence.

Proof. (Z) = (iZ). When zx vy exists, put t=x vy in (Z) to

obtain (Z7).

(21) = (ii7). Let x € (dl n(J VK) . Then x =d and xESm for

some m=20, 1, 2, ... , where SO=JUK and

b

S ={tesa:t=avb,avbexists; a, b €85
m ‘ m=-1

when m = 1 . Suppose .'L‘ESO. Then x € (d]l ndJ or =z € (d] n K , and

so z € ((dl o J) v ((d} nX) . Now we will proceed by induction. Suppose
y €5 , and y =d implies that y ¢ ((d] nd) v ((d] nK) . sSince

x €S , x<avb for suitable a, b €5 .  Then
m m-1

z=<dafavd)=(dnara)vi{dnab)

But dAa, dADb=d and both belong to Sm—l . Hence

xz € ((dl nd) v ((d] X} . The reverse inclusion is always true.
(i21) = (i) is trivial.
Also, the equivalence of (ZZ) and (iv) is easy to see.

With respect to this lemma and Proposition 2.2 and its associated
Figure 1, we note that the element 7 of the nearlattice S of Figure 2,
below, satisfies the equivalent conditions of Lemma 3.1, as well as the
condition that a A (y vn) = (x Ay) vV (x An) wvhenever y Vn exists,
and yet it is not standard. Indeed, from Figure 2, we see that
br(erna) viean)) =b>0=(bArcra)Vv(bArcan).

If A, in Lemma 3.1, is actually a lattice, then an element d ,
satisfying the equivalent conditions of this lemma, would normally be
referred to as being dually distributive, cf. Gratzer [7, p. 138]. But, in
the context of nearlattices, there does not appear to be a satisfactory
notion of a distributive element; see Section L4, herein, and especially
our idea of a strongly distributive element. Thus, we propose to call an

element d of a nearlattice distribuant if it satisfies the equivalents of
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Lemma 3.1.

FIGURE 2

LEMMA 3.2. An element n 4of‘nearlattice A is both standard and
distribuant if and only if there is a nearlattice-embedding (which can be
taken to be subdirect) into a direct product B * C nearlattices, where B
has a largest element 1 (and so is a lattice) and C has a smallest
element O , such that n <s mapped to (1, 0) .

Proof. When #n is standard and distribuant, we can take the

embedding as the subdirect decomposition A *-A/Wn x A/On , by virtue of

Theorem 2.4 and Lemma 3.1. The converse has an easy, but enjoyable,

computational proof. However, we omit the details.

Let us call an element 7n of a nearlattice neutral if it satisfies
the equivalent conditions of lemma 3.2. This must be a controversial

choice! However, as a first defence, we have

THEOREM 3.3. 4n element n of a nearlattice A 1is neutral if and
only if (n] ie neutral in the ideal-lattice J(A) , even when J(4) 1is
considered as a lattice and neutral is interpreted in its usual lattice-

theoretic sense.

Proof. 'This is because of Propositions 2.1, 2.2, Theorem 2.4, Lemma

3.1, and Gratzer's Theorem 3, Theorem 4 [7, pp. 139-1L0].

Still, how should we define a neutral element? The classical notion
in Lattice Theory is of an element such that it and any other two elements
generate a distributive sublattice, see Birkhoff [2, p. 69]. This is of no
use in Nearlattice Theory due to our remarks in Section 1! More recently,
Gratzer [7, p. 138] has proposed that an element n of lattice L be

defined to be neutral when
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mazy vinay) vizay)=(nvz)A(nvy) Az vy)

for any x, ¥y € L ; this is because of an elegant result proved
independently by Gratzer, lgbalunissa, and also Hashimoto and Kinugawa;
see the remark at the bottom of p. 140 in [7] for references. Of course,
this is not directly helpful to us, but we do give a supplement to it in
Section 4. The only other helpful possibilities that are supplied to us by
Lattice Theory are the lattice-versions of Lemma 3.2 and Theorem 3.3. Of
course, our nearlattice-definition takes these into account. This is our
third defence, if we allude to our remarks about Gr&tzer's definition as
our second defence. The lattice-version of Lemma 2.2 occurs in Birkhoff
(2, p. 69] and it is skilfully exploited by H&jek in [9], which
incidentally is not referred to in the exhaustive bibliography to [7].

Fourthly, we should also require a central element to be neutral. We
shall presently see that this is the case. Finally, our concept of

neutrality should have applications; this is so, due to [73].

Having finished this discussion, we can proceed to state the following

easy consequence of Theorem 2.6 and a painless computation.

THEOREM 3.4. The neutral elements of a nearlattice form a

distributive subnearlattice.

We now turn to central elements. It is customary to define the centre
of a poset only when it has bounds; ef. Birkhoff [2, pp. 66-67]. However,
Kolibiar [12] seems to be the first to have ridded us of the fear of
bounds, at least in the case of lattices. Therefore, we define an element
z of a poset A to be central if there is an order-isomorphism of 4
onto the direct product B X ¢ of posets B , with a largest element 1 ,
and (C , with a smallest element 0 , such that 2z 1is carried to the
element (1, 0) . With this notation, it is routinely verifiable that an
element 2z of a nearlattice A4 1is central if and only if there is a near-
lattice-isomorphism of A onto the direct product B X  of a lattice
B , with a largest element 1 , and a nearlattice ( with a smallest O ,
such that 2 is mapped to (1, 0) . This provides our definition of a
central element, and the subset 2Z(4) of all central-elements in A is
called the centre of A .

Before stating the next result, we define an element u of a near-

lattice A to be upper if u V x always exists for any x € 4
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THEOREM 3.5. The following conditions on an element 2z of a near-
lattice A coincide.

(Z) =z is central.

(i2) =z 1s neutral and upper, and complemented in each interval,
which contains it.

(i21) =z is standard and upper, and complemented in each interval,

which contains 1t.

Proof. (i) = (iZ). Suppose (Z) holds. Due to Lemma 3.2, 3 is

neutral: and the remainder is not hard to obtain.

(i2) = (Z). As =2 1is upper, standard and distribuant, Proposition
2.2 and Lemma 3.1 imply that the map ¢ : 4 + (2] x [2) , where [z) is
the subnearlattice {t € 4 : ¢ = 3} , is a nearlattice homomorphism. Also
¢ is one-to-one. But ¢ is onto as (a, b) € (2] % [2) says that
a<z<b,and so (a, b) = ¢(c) , wvhere ¢ 1is the relative complement of
2 in the interval f[a, b] . Thus ¢ is an isomorphism and it does the

required thing for 2 . Hence &2 1is central.

(i) = (iii) 1is obvious.

(121) = (i1). Suppose (iiZ)holds and x, y, t € A . Consider the
interval [(z Ay Az) vI(EAaxzAZ), 2V (xAy)vi{zat)], which

certainly contains 2 . Let r be the complement of 2 in this interval.

From Proposition 2.2, we infer that

zay=(xay) vizv(zay vizat)]
(xay) virvz)=(xAayar)yvizayaz).

Similarly,
zAt=(xAtAr)v(xataaz)
Thus

(xay) vizat)=(zayar)vicatar) vicayAar) vi(zataaz)

={zAayAar)vicatar)v(raz)sr,

and so

sallzay) vizat)lsraz=(xayAaz) vI(itazasz).

Therefore
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zAallzray) vieat)l=(zrnxznrny) vizazat),
which says that 2z 1is also distribuant and, therefore, neutral.

From the above theorem, it is clear that a nearlattice is a relatively
complemented distributive lattice if and only if each of its elements is

central. Another immediate consequence of Theorem 3.5 is

COROLLARY 3.6. In a lattice, any element which is standard and
complemented in each interval containing it is actually neutral, and so

central.

This corollary is an improvement upon Gratzer and Schmidt [§,
Corollary 3, p. 451, namely, in a relatively complemented lattice, each
standard element is neutral; ¢f. the combined effect of [7, Corollary 9,
p. 134] and [7, Corollary 8, p. 143]. We know of no reference to Corollary
3.6.

THEOREM 3.7. The centre Z(4) of a nearlattice A 1is a relatively
complemented distributive lattice and a subnearlattice of A .

¢ 2(4) . Due to Theorem 3.5, 2. V 2, exists:

Proof. Let =z 1 2

1’ %2

and it is clear that zl A 25 and zl % 22 are neutral. Also, as each of

is upper, both =z_. Az, and 3, v 3. are upper. If [a, b]

z; and z 1 M2 1V %

1 2

is an interval which contains either 2z, A z or =z then the

1M 3 1 V%

interval J = [a A 2] A2y bvaz v ZEJ contains all of a, b, 25 2, s

2, A 2, and zl A 2, - Moreover, J 1is a bounded lattice and zl, 22

are central elements of this lattice. Hence, their complements in J are
central and the infimum and supremum of these complements can be suitably

compressed to produce the desired complements of zl A 22 or zl \Y 22 in

[a, b] , as the case may be. It only remains to show that 2(4) is

relatively complemented. We now give the details.

Suppose 2, Z;, 2, € Z(A) are such that 2, 22 =2z, . Let z' be
2

the element of 4 such that 2 A 2' = 3 and z v 3' = Since 3!

5 *

is beneath the upper element the upper bound property ensures that

22,

z'! 1is an upper element.
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As 2, zl’ 22 are neutral,

tA{(zrhynz) vizazaz))
tA{((xaynz)v(za zl))

t A ((xAay)v(caz’)) az

(tAhzayaz) v (Eaza zl)

(tazAayaz)vi{itAazAaz Az)

((t Az Ay v(EAxA z')] Az
Similarly,
(tA{zay) vizaz)) vz)={((trazary) v(EAzArz)) vz .
Because of Proposition 2.2,
tA{(zray) vizgaz)) =(tAaxzay) v(tEAx Az

In other words, &z' is standard. In a similar way, we can show that =z'

is distribuant. Thus 2' is neutral.

Finally, suppose a <2' =b . Then a A N = 2 E, =bv 2, and
there exist p, q € A such that a A zl =pA zl =q A 2, and
bv B2, =P VZE =qVsa,. Let »=(((pAz)vg) Ab) va . Then
raz'={(((przaz’yvigaz)) abaz’)) viaaz')
=(ﬂpAﬁ)v(quﬂ)AzQVa
= (((a zl) vigaz)) az') va
=(gnrz')va
But g Az2'=<qgA z, =a A 2, <a . Thus r A z' =qa . Similarly, we show
that » vz' =) . That is, 2' is complemented in [a, b»] , and so is

central. The proof is complete.

4. Traces

We first introduce a new type of element and then, in our attempts to
understand it, we are led to new characterizations of our previous elements

via the notion of trace.

PROPOSITION 4.1. Let A be a nearlattice and s € A . Then the
following two conditions are equivalent.

(t) Forany =x,y, t €4,
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(tAzAy)v(tas)=((taz)v(tas)a((tay) vitas).

(i1) For any =z, y, t € 4 ,
(t Az Ay v(xA s))] Vvizas)=(tAxAy) VvV (zAs)

Proof. (Z) = (i1). Suppose (Z) holds. Let p = (x Ay) v (x A 8)
Then p A X =p and so

(t A{tzay) vizas)))vizas)
(t Ap) v (zAs)

(x At Ap) vV (xAs8)
((xArt)yvieas) a{{zAap)vizas))
(by (Z); here x, t and p play the roles of t, x and Yy ,

n

respectively)

((zat)y vizas) an{(zry)vizas))
(x At Ay) v(x As8), by a second application of (1),

where x, t and Yy play the respective roles of %, x , and Yy .
(i17) = (Z). Suppose (iZ) holds. Then

((taz) vieas) A (tay vitas)
= (((tra) vieras) A(tay) A(tAs))) v(tAs)
= (((tAz) v(tEas) A(tAy)) vI(tas)

(by (i1), where (t Az) v(t Asg), t and y play the roles of ¢, x

and Yy , respectively). Hence

((taz) vitas) a((tnay vitas)
=(((trz)vitas)) al(tay)) vi(tasy=(yataz)vitas),

by a second application of (1), where y, t and x play the roles of ¢,

x and Yy , respectively.

Now suppose A of the above proposition is actually a lattice and
8 € A satisfies the equivalent conditions. Let a, b € 4 and put

avbvese =t to obtain

(t Aa ADb)v (tnAs)
((taa) vie as)) a ((tADB) v (tas))
(avs)ave),

(aAb) vs

so that s is what is customarily called a distributive element of the

lattice A4 .

https://doi.org/10.1017/50004972700005700 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700005700

Standard elements in a neariattice 207

Thus we shall call an element of a nearlattice strongly distributive
if it satisfies the equivalent conditions of Proposition L4.1. It is clear
that a standard element is strongly distributive. Now let us look at the
lattice of Figure 3, below; +this lattice has been used by Gratzer [7,

p. 144] to show that the infimum g A b is not distributive even though
both a and b are distributive. In Figure 3, b is distributive and a

is strongly distributive. However
(ant An)viaab) < {ant)viaab))a(lanh) viaab)),
so b is not strongly distributive. In addition,
ba(ave)>(bnaa)vibace)

and so a 1s not standard.

FIGURE 3

It is not hard to show that any distributive atom of a lattice with a
smallest element is actually strongly distributive. Thus the atom of the
pentagon, which is covered by the largest element, is strongly distributive

but is not standard.

Thus, even for lattices, the notion of a strongly distributive element
is strictly between the concepts of distributive and standard element. How

is it possible to form a better understanding of this notion?

Let 8 be an element of a nearlattice A . If ¢ is any given
element of A , then by the trace of & in (t] or more simply, the trace
of & , when the element ¢ is understood, we mean the element ¢t A 8 of
(t] . Perhaps it should be emphasized that the trace of an element is a
member of a lattice and so lattice-theoretic ideas and results can be

applied to it.
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In this direction, part (%) of Proposition 4.1 says an element is
strongly distributive if and only if its traces are always distributive.
This observation is useful when checking whether an element is strongly
distributive. In view of the example associated with Figure 3, it is also
fair enough to say that, for lattices, the notion of a distributive element
is not trace-invariant! What can be said about the trace-invariance of the
other notions of this paper? They are all trace-invariant provided that we

only deal with an upper element when considering a central element.
THEOREM 4.2. Let s be an element of a nearlattice A . Then

(1) s 1is distribuant if and only if all of its traces are

distribuant,

(i1) s <s standard if and only if all of its traces are
standard,

(i11) s s neutral if and only if all of its traces are neutral,

(iv) s <s strongly distributive if and only if all of its

traces are strongly distributive,

(v) provided that s 1is an upper element, s is central if

and only if all of its traces are central.

Proof. (%) This is an immediate consequence of part (Z) of Lemma
3.1.

(i2) Suppose & is standard and a, b € (t] . Then

an(Bvtas) =an ((tAb)v(tars))

(anbat)viaga(tnas))=(anarbd)vianl(tas),

and so t A § is a standard element of the lattice (%]

Conversely, suppose each trace is standard. As x A 8 1is standard in
(2], tA{((zny) vizas) =(tarz)a ((zAay)vizxAs)) mustequal
((taz)a(eay) v((tax) a(zns) =(taxzAay) v(tArxAs)

Thus s 1is standard.
(21Z) This follows from (%) and (iZ).

(iv) 1If & 1is strongly distributive, then using part (Z) of
Proposition 4.1, it is easily checked that ¢ A s satisfies the same

condition in (%] . Hence, each trace is strongly distributive.
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Conversely, if each trace ¢ A 8 is strongly distributive, then it is

also distributive in the lattice (%] . Hence s is strongly
distributive.
(v) Suppose & 1is central. By (ZZZ), ¢t A s 1is neutral in (%]
Now suppose p =t As=q =t . As g 1is an upper element q V s
<

exists, and p = 8 qVe . Let r be the complement of 8 1in
[p, q Vv s] . Then it is not hard to show that ¢ A r is the complement of

t As in [p, q] . Thus each trace of & is central.

The converse is trivial, provided that we assume that 8 is upper.
This is because of (27%Z). The assumption that & is upper is necessary
otherwise every element in a nearlattice, with a smallest element and the

property that each initial segment is a Boolean lattice, would be central.

This theorem appears to be trivial, yet it does have an interesting

consequence.

COROLLARY 4.3. 4n element n of a nearlattice A 1is neutral if and
only if, for all t, x, y € 4,

(tAannaz)vitanayl v(taxzay)
={(tan)vieaz)) an((tan) vieay)) an ((tarzx)v(ta y)]

Proof. When »n is neutral, its trace ¢ A n 1is neutral in the
lattice (] and so the equality holds as t An , t Ax and t An
then generated a distributive sublattice of (t] . Conversely, the
equality says that ¢ A n 1is neutral in the lattice (t] , due to [7,
Theorem 4, p. 140]. Then Theorem 4.2 does the rest.

We conclude this paper with two observations about strongly

distributive elements.

THEOREM 4.4. Let L[ be a lattice and s € L . Then the following

conditions are equivalent.
(¢) s is strongly distributive in L .

(i2) (8] <s strongly distributive in the ideal-lattice J(L) of
But (i) does not necessarily imply (ii) when L is merely a near-
lattice.

Proof. Suppose g 1is strongly distributive. Let I, J and K be
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ideals of L . Suppose
z€[(ITnd)yv(Ta()]o ek v (Tn(s])]
<
Then X = Py v 9, > Py v 9, for some Py €I nd p, €I nK and
9,5 9, € I 0 (s8] . Let r= P, VP, V4 Vg, . Clearly r €I and

ql, q2 =r A8 . Hence

x < [bl v(rv s)] A [p2 v (r A sﬁ
[(pl Ar) v (raAs)]a |'_(p2 Ar) v (ras)]

il

(pl/\pz/\r)/\(r‘As)=(plAp2)V(PAs)
Thus x € (I nJ nK) v [I n (s]) . As the reverse inclusion always holds,
(i1) is established. The converse, (i) = (1), is trivial.

As to our final assertion, consider the nearlattice L of Figure 4.
There & 1is strongly distributive as its traces are always distributive.

Observe that J(L) 1is as given in Figure 5. Nevertheless,
(Indonk)yv(In(s])<[(Ind)yv(In(s)]nUInk) v (e (s])]

in the notation of Figure 5. Consequently (s] is not strongly
distributive in J(L)

FIGURE 4

Lastly, we observe that strongly distributive elements are not well
behaved even in a finite lattice. Indeed, consider Figures 6 and 7.

Observe that in Figure 6 both s1 and 8 are strongly distributive. But

2
(t/\a/\b)v(t/\(slfxsz])

<[t nra)v(tn(s;vs))]altab)y (t A (s; ver))] s
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(s]

FIGURE 5

FIGURE 7
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which shows that sl VvV 8

are strongly distributive. However,

2 is not strongly distributive. In Figure T, both

8 and 8

1 2
(thanb)v(tas asy)

<[ttrna)viens as)] altad)v(tnas rs)],

showing that g, A & is not strongly distributive.

1 2
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