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GROTHENDIECK GROUPS OF BASS ORDERS
KLAUS W. ROGGENKAMP

Commutative Bass rings, which form a special class of Gorenstein rings, have
been thoroughly investigated by Bass [1]. The definitions do not carry over to
non-commutative rings. However, in case one deals with orders in separable
algebras over fields, Bass orders can be defined. Drozd, Kiri¢enko, and
Roiter [3] and Roiter [6] have clarified the structure of Bass orders, and they
have classified them. These Bass orders play a key role in the question of the
finiteness of the non-isomorphic indecomposable lattices over orders (cf. [2; 8]).
We shall use the results of Drozd, Kiricenko, and Roiter [3] to compute the
Grothendieck groups of Bass orders locally. Locally, the Grothendieck group of
a Bass order (with the exception of one class of Bass orders) is the epimorphic
image of the direct sum of the Grothendieck groups of the maximal orders
containing it. Using this, one can compute the local Grothendieck groups.
However, globally, the above property does not hold any more, as can be seen
by considering hereditary orders. Nevertheless, there exists a positive integer #,
depending only on the algebra, such that the n-fold of the Grothendieck group
of a Bass order is contained in the image of the Grothendieck groups of the
maximal orders containing it.

1. Preliminaries on Bass orders. Let R be a Dedekind domain with
quotient field K, and A an R-order in the separable finite-dimensional K-
algebra A. A is called a left Gorenstein order if the injective dimension of A as
left A-module is finite or equivalently (this property is more useful in praxis)
A* = Homgpg (A, R) is a projective right A-module. As for hereditary orders, A is
left Gorenstein if and only if it is right Gorenstein. Thus we may simply talk
about Gorenstein orders.

A is called a Bass order it A and every R-order in 4 containing A is
a Gorenstein order. A Bass order is characterized by the property that the full
two-sided A-ideals form a groupoid with respect to the proper multiplication.

Let R be a complete discrete rank-one valuation ring with quotient field K,
and A an R-order in the finite-dimensional separable K-algebra A. Moreover,
we assume that R has a finite residue class field.

We list without proof some essential properties of Bass orders. The proofs
may be found in [2] or [9, IX, §§ 5, 6].

LEMMA 1. Let A be a Bass order in A. If I is an indecomposable A-lattice, which
is not a lattice over an R-order Avin A, with Ay D A, Ay 5% A, then M isa projective
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A-lattice. In addition, if M is faithful, then itis a progenerator for the category of
left A-lattices.

For the convenience of the reader, let us recall some of the definitions. A
A-lattice M is a left A-module, which is finitely generated and projective over R.
M is faithful if K ® 3 M is a faithful A-module. M is called a progenerator if it is
a projective lattice, and if Homj (M, —) is a faithful functor. We say that A is
completely primary if A is indecomposable as left A-lattice. Because of the
method of “lifting idempotents’”, A is completely primary, if modulo its
radical, it is a division algebra.

TuroreM 1 (Classification theorem). Let A be a Bass order in A, which is
indecomposable as a ring. Then one of the following cases must occur:
(1) 4 is simple and A is hereditary;
(I1) A is simple, say A = (D),, where D is a separable division algebra and A
is Morita-equivalent to an R-order of the form

(gg d

where Q with rad @ = N is the maximal R-order in D (rad Q is the Jacobson
radical of );

(I11) 4 = (D), is simple, and A is Morita-equivalent to a Bass order in D;

(IV) 4 = (D), is simple, and A is Morita-equivalent to a completely primary
Bass order in (D)s;

V) A = (D1)n, ® (Do), D; a separable division algebra over K,i = 1, 2,
and A is Morita- equwalent toa completely primary Bass order in Dy ® D, which
1s a subdirect sum of Q@ 92, where Q is the maximal R-order in Dl, 7 =1,2.
(We recall that two R-orders Aiin A, 1= 1,2, are Morita- -equivalent, if there
exists a Ay-lattice My which is a progenerator for the category of Ay-lattices such that
Endz, (J1,) = X,. Being Morita-equivalent is an equivalence relation, which
preserves Bass orders.)

(%

2,

LEMMA 2. Every non-maximal completely primary Bass order A in A is con-
tasned in a unique minimal over-order Ay D A such that Ay rad A C rad A.

In case 4 is a skew field with maximal R-order €, there is a unique strictly
ascending chain of orders

A=XChC...Ch =9

such that Ki is the unique minimal over-order of ﬁi_l, 1 £ 1 £ s; moreover,
A/rad A = Ay/rad A;, 1 £4 =< s — 1. For 4 = s, one of the following cases
must occur, which are subcases of (III):

(I111a) ©/rad 0~ A/rad A, or

(ITIb) &/rad & = f, is a two-dimensional extension field of A/rad A = .
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2. Local theory of Grothendieck groups of Bass orders. Again R with
quotient field K is a complete discrete rank-one valuation ring with finite
residue class field, and A is an R-order in the finite-dimensional separable
K-algebra 4. By ®(A) we denote the Grothendieck group of the A-lattices
relative to short exact sequences, and by &y’ (4), the Grothendieck group of all
finitely generated A-modules, relative to short exact sequences; ®7(A) is the
Grothendieck group of all R-torsion A-modules of finite type, relative to short
exact sequences, and £:(4) denotes the Whitehead group of 4. For the
computation of the Grothendieck group of A, ®,(A), we may assume that A is
indecomposable as a ring.

THEOREM 2. Let A be a Bass order, which is indecomposable as a ring. If
{T} (1 £ 1 = 5) are the different maximal R-orders in A containing A, then the
map

&: 9 Go(I:) — Go(h),

induced by restriction of the operator domain is an epimorphism, unless A is
Morita-equivalent to an R-order of type (111b).

Proof. We first recall that there are only finitely many different maximal
R-orders in A contammg A (cf [10]). To _prove the theorem we shall first
establish that no R-order in 4 containing A can be Morita-equivalent to an
order of type (IIIb), unless this is true for A. Once this is shown, we can use
induction. Let us therefore assume that A; is an R-order in 4, which is Morita-
equivalent to an R-order £, of type (IIIb). Then 4 = (D), and @, is an
R-order of type (IIIb) in the separable division algebra D. If A C Ay, it follows
from the classification theorem that A must also be Morita-equivalent to an
R-order Qs in D. (For otherwise A would contain the maximal order in D.)
Then we may assume that A; = (1), and A = a(@,),a~! for some regular
element a in 4. We have to show that Qs is of type (I11Ib) if this is true for ;.
Let & be the maximal R-order in D and put fl/rad Q) = f1, where f; is a two-
dimensional field extension of f = {/rad @y, &, being of type (I1Ib). We
assume now that {s is of type (111a). Then Qs/rad &, = f1. If £ is an s-dimen-
sional extension field of R = R/rad R, then for a simple left A;-module U, we
have

dimz(U) = us.

But U is also an R-torsion A-module since A; D &, and if it has a composition
series of m terms as A-module, then

dimz(U) = 2msn,

and we have obtained a contradiction to the assumption that A; is Morita-
equivalent to an R-order of type (IIIb).
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Therefore it suffices by induction to show that

¢': D Go(1) — Gu(R)
A

is an epimorphism, where the sum is taken over all R-orders in 4, properly
containing A. It should be observed that this sum is finite since A is noetherian,
and since there are only finitely many maximal orders containing A. (More-
over, I'/A is a finite ring for every maximal order T containing A.) It is even
enough to show that for every irreducible A-lattice M7, [#] € Im ¢, where [M]
denotes the class of 17 in &, (A). In view of Lemma 1, we may assume that M is
an irreducible projective A-lattice, which is not a lattice over an R-order Ay
properly containing A.In particular if annz (K ® 3 M) A/Aefor some central
idempotent ¢ of 4, then e € A and M is faithful, A bemg mdecomposable as a
ring; i.e. M is a progenerator by Lemma 1. Thus A = (©,),, where {;isa Bass
order of type (IIla) in a division algebra D, I being a progenerator,
0, = End;(I). Since A =2 M™ as left A-lattice, where M ™ denotes the direct
sum of # copies of M, we have Aa = ™ for some regular element « € A.
But then ¢~'Aa = (©1),, and conjugation with ¢ transforms the R-orders
containing A into the R-orders containing ({;),. Therefore we may assume that

= (@), and M = (&1),C11, where G,; is the matrix with 1 at the (z, _7)
posmon and zeros elsewhere. Let Q be the maximal R-order containing ;.
Since Q; is of type (I111a), we have

*) Q/rad @ = Qy/rad &, 2 ¥,

where f is a finite field. In particular, fis an ¢-module. Moreover, by Lemma 2,
there exists a unique Bass order Q, properly containing {0 such that rad &, is an
Qs-module. (We point out that our theorem is only of interest if &, is not
maximal.) Then

M/ (rad )M = (£),6n
is an (&),-module and (rad A)M is an (Q,),-lattice. The exact sequence
0 — (rad M) M — M — M/ (rad ) — 0
shows that
(3] = [(rad 8)M] + [M/(rad R)JT] in G/(R),

and the commutative diagram (cf. [11])

D 6 (A 674)

Ak
A=A
dl Ul
¢/
D G(A) — Go(A)
A’DA;
Ars<A
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(where the vertical maps are isomorphisms) shows that [M] € Im ¢’. Now we
can use induction to conclude that ¢ is an epimorphism. (One has to distinguish
between the case that A’ decomposes as a ring and the one that A’ is indecom-
posable as a ring.)

We remark briefly what happens in the remaining case.

COROLLARY 1. If A is a Bass order in A, indecomposable as a ring, which is
Morita-equivalent to an R-order of type (I11b), then Im ¢ D 2®,(A).

Proof. In the notation of Theorem 2 and its proof, we would have instead
of (*):
fl/rad Q =1, fll/rad 0 =1,

where f; is a two-dimensional extension field of f and 2[f] = [f,] in ®,’(A). This
then shows that 2[//] € Im e.

Example 1. ¢ need not be an epimorphism if A is a Bass order which is of
type (I1Ib). Let A be of type (IIIb) in the separable division algebra D, with
maximal R-order §. The commutative diagram (cf. [5])

£1(D) — 6" (@) — Go(2) — Go(D)
I lo le I
R1(D) = G () > Go(R) = Go(D)

shows that ¢ is an epimorphism if ¢ is epic. Here ¢ is also induced from the
restriction of the operators. It remains to show that ¢ cannot be epic. The
Jordan-Hélder theorem shows that

®T (@) ~ o (Q/rad Q) ~ Z, ®"(A) >~ Gy(A/rad ) ~ Z,

and ©7 (@) is freely generated by [f;] = [Q/rad ©] and G (A) is freely
generated by [f;] = [A/rad A], where f; is a two-dimensional extension field
of f. Thus

o: [H1] — 2[f]

and o is not epic; hence ¢ cannot be epic.

3. Computation of the Grothendieck groups of local Bass orders. We
shall use Theorems 1 and 2 to compute &, (A) explicitly, in case A is a Bass
order which is indecomposable as a ring. Again we assume that R with quotient
field K is a complete discrete rank-one valuation ring with finite residue class
field, and 4 is a separable finite-dimensional K-algebra. Since Morita-equiva-
lent R-orders have isomorphic Grothendieck groups, we need only consider the
following cases (cf. Theorem 1, Lemma 2).

(I) A is hereditary of type # in 4 = (D),, where D is a separable division
algebra. (A hereditary R-order is said to be of type s if it has s non-isomorphic
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irreducible lattices, or, equivalently, if it is contained in s different maximal
R-orders.)

A Krd
a1 A:(% g) d=2,

where & with rad @ = N is the maximal R-order in D.
(I1Ia) A is a Bass order in D of type (I1la).
(I1Ib) A is a Bass order in D of type (IIIb).
(IV) A is a completely primary Bass order in (D),, and the unique
minimal over-order of A, that decomposes as a module, is either
(IVa) maximal, or
(IVb) non-maximal hereditary.
(V) A is a completely primary Bass order in D; ® D,, D; a separable
division algebra, 7z = 1, 2.
In the next theorem, (I)-(V) refer to the above list.
THEOREM 3. If A is a Bass order which is indecomposable as a ring, then one
of the following cases must occur:
(1) Go(A) = Z™;
(I1) ®(d) = Z®;
(Illa) Go(A) = Z;
(I1Ib) Go(d) = Z @ Z/2Z;
(IVa) Go(A) = Z;
(Vb)) G(A) = Z @ Z/2Z;
(V) Go(A) == Z>,
Proof. (1) Because of the Krull-Schmidt theorem and since A is hereditary of
type 7 in (D),, we have ®(A) = Z™,

(D Nd)
(1) A—<Q 5 ) d

$/rad & = tis a finite field and A/rad A = f @ f as a A-module. If

69
TG &
is a hereditary R-order containing A, then f\o/rad AXE@ fasa Ag-module,
and in the commutative diagram
R1((D)2) = G¢" (Ao) = Go(Ao) — Go(4) =0

I lo lo I
Rl((D)2) d @0T<A) g @0(&) —>@o(z‘1\) —0

¢ is an isomorphism. Diagram chasing shows that ¢ has to be an isomorphism,
and by (I) we conclude that ®,(A) = Z®, )
(I11a) A is a Bass order of type (IIla) in D, and by Theorem 2,

o: Go(@) — Go(R)

v

2.
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is an epimorphism, where Q is the maximal R-order in D. Since we also have an
epimorphism ®y(A) — ®,(D), we conclude that Z == &, (Q) = G, (4).
(ITIb) A is a Bass order of type (IIIb) in D. Let

A=ACMC...CA, =0

be the unique strictly ascending chain of Bass orders containing A (cf.
Lemma 2). Since

A/rad A =~ A,/rad A, 1=¢s—-1,

we conclude, as in the proof of Theorem 2, that Go(A) 2 ®o(A,_1). (Observe
thats = 1, A being of type (IIIb).) Hence we may assume that A = A,_,, and
thus, every non-projective indecomposab]e A-lattice J7 is an {-lattice, i.e., in
the homomorphism ¢: Go (@) — ®O(A) we have [M] € Im ¢. Because of the
Krull-Schmidt theorem, and since A is completely primary, A is the only
projective A-lattice, which is also irreducible. Corollary 1 and Example 1
show that [A] ¢ Im ¢ and 2[A] € Im ¢. Hence ®(A) is generated by
([, [@] — [A]) and so ®o(R) = Z @ Z/2Z.

(IV) If A is a completely primary Bass order in (D), there exists a unique
properly ascending chain of orders

A=k CAC...CA,

where A, is the unique minimal over-order of Aiz1, 1 £4 < s, and where A, is
completely primary,0 £ ¢ = s — 1 (cf. Lemma 2). A, decomposes as a module,
and thus it is hereditary (cf. [3]).
(IVa) If A, is maximal, then it is the unique maximal R-order containing A,
and since ¢: @o(A;) — ®o(A) is an epimorphism, we must have ®,(A) = Z.
(IVb) A, is a non-maximal hereditary R-order. Since the above chain of
orders is unique, the proof of Theorem 2 shows that we have an epimorphism

o Go(A,) = Go(A).

The commutative diagram

(D)) 2% 67 (4,) L% Bo(As) — Go((D)s) =0
o ¢
f2((D)2) 25 BT @R) 2 Go(R) — Go((D)s) —0

shows that ¢ is an epimorphism, ¢ being epic. Since every irreducible A-lattice
is also an irreducible f&s-lattice by Lemma 1, and since isomorphism is pre-
served, there are exactly two non-isomorphic irreducible A -lattices, M; and
M,. Then (rad A)My =2 M, and (rad A\) M, = M, (cf. [7]). If @ is the
maximal R-order in D, and &/rad & = ¥, then

Ks/rad A e, @ fes,
where M; = M,/ (rad A)M, = te,, i = 1, 2. Since A is completely primary,
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there exists exactly one simple A-module U = A/rad A, and in ®o7 (1), we have
(A1) = [Ue2],

and consideration of the dimensions shows that s; = s;. However, since ¢ is an
epimorphism, s; = s; = land o: [M,] > [U], 4 = 1, 2. Thus, diagram chasing
shows that

¢: 2([M] — [M,]) — 0.

Therefore, to prove that ®y(A) =~ Z @ Z/2Z, we need only show that
o([M1] — [M,]) # 0. Since po([M,]) = [M.] — [M,], and since o([My])
generates ®oT(A), we conclude, by letting ¢[M1] = ¢[M,], that ¢ must be an
epimorphism, say

3(x) = [A/rad A] = o ([I74]).

The commutativity_of our (_1iagram then shows that oo (x) = o([M1]). How-
ever, Ker ¢ = {n([M] — [Ms]): n € Z};i.e., 0o(x) = [M1] + n([M.] — [M,)),
and consequently

0 = poto(x) = (2n + 1)([M1] — [I3]) in Go(A,).

Since ®,(A,) is a free abelian group, and since [M1] 5 [M.] in ®(4,), we have
obtained a contradiction, i.e., ®y(A) = Z @ Z/2Z.

(V) If Aisa completely primary Bass order in D, ® D, then Gy (R) =~ Z®,
since ¢: Go(T) — @g(A) is an epimorphism, where I' is the unique max1mal
R-order containing A, and since ®,(D; @ D,) =< Z®.

4. Grothendieck groups of global Bass orders. Let R be a Dedekind
domain with quotient field K and A an R-order in the separable finite-dimen-
sional K-algebra A. We assume that the Jordan-Zassenhaus theorem holds for
A-lattices. By max(R) we denote the spectrum of maximal ideals in R, and if
p € max(R), we write Xy (X3) for the localization (completion) of X at p.

Since hereditary R-orders are Bass orders, the analogue of Theorem 2 cannot
hold globally, as shown by the following example.

Example 2. Let 4 be a central division algebra which is unramified at
q € max(R), say Aq = (Kq)s, and let Aq be a hereditary R-order of type 2 in
Aq and put Aq = A M Aq. Then Aq is a hereditary Re-order in A, and Aq is
contained in exactly two maximal Rq-orders I'q and Ty, and

¢: Go(Ta) ® Go(Td") = Go(Aq)

is not an epimorphism. In fact, let M, (J) be the irreducible I'¢-lattice
(T'y’-lattice); then

[No] = [A N (Mo ® M¢')] ¢ Im .
(We may assume without loss of generality that Kq(Mq @ M) = 4q.)
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We shall generalize this phenomenon to arbitrary Bass orders. Assume that
A =@ D)y {Di} (1 =1 = n) separable skew fields; then for p € max(R),
we have

n4i ()
DiD = @1 (Dij(p))nij(p)»
j=

where {D;(p)} are separable skew fields. We let v, be the smallest common
multiple of {#n;;(p)} A =< =n,1 =7 = n;(p)). For a given R-order A in 4,
we let &y = {p € max(R): Ap is not maximal} and let » be the smallest
common multiple of {zp} (p € Sy). If vy is the smallest common multiple of the
{p} (p € max(R)), then v, is independent of A and v < v, < 0.

TuroreM 4. Let {T';} (1 £ ¢ £ 5) be the maximal R-orders in A containing A,
and assume that for every p € Sy,

v 6_91 Go(T's,) = Go(A)

is an epimorphism. Then in the homomorphism ¢: @i Go(T;) — Go(A), we
have Im ¢ D v®(A).

As the example of hereditary orders shows, this result is best possible as a
general statement.

Proof. We may assume that A is not maximal, and hence &, # @. We first
show that the result is true for Ap, p a fixed maximal ideal in R. We have the
commutative diagram of Grothendieck groups

s @ &z s "
E—Dl ®o(T'sy) =, @1 ®o(I'y)

©p [
Go(As) —5  Go(Ay),
where {&;} (1 £4 < s) and & are induced from the functor Ry Or, — We

claim that & is a monomorphism. Let & ([M1] — [M:]) = 0. Then there exist
two exact sequences of Ap-lattices (cf. [4])

E1:0——>X——+M1D@Z—> ]
Ex0—->X—> M,y ®@Z—> V-0

However, it is easily seen that we may assume that there are Ay-lattices X, Y,
and Z with Xp =X, ¥, =~ ¥, and Zy = Z. Butif N and N’ are Ay-lattices, then

Extzpl(ﬁp, Ny) ez mat Ry @r, Exta,' (N, N),
and since Exty,! (N, N') is an Ry-torsion module of finite type, we conclude that

Exty,! (N, N') = Ext3, ' (Vs, VYY),
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and the isomorphism is induced by Ry ® r, — Applying this to our situation,
we can find two exact sequences of Ayp-lattices:

E 0> X—->M—->Y—0
Epx0—>X—>N—->Y—>0

such that Ry ®rE: = E;i=1,2. Then M»ngb @ Zy and Np =~ M% @ Zp;
e, M =M ®@Zand N = M, @ Z. Thus [M] = [N]in @¢(As) (cf. {4]), and
& is monic. To show that

Im op D v9&o(Ap),
it therefore suffices to establish that

Im( &p(él &i>> Doy Ima.

Let x € ®&¢(Ap). Then &x € Im &p; but
@0(I‘ip) ot @ (4) and @o(f‘ip) onat @o(ﬁb)-

In addition, ¢ (#») composed with the epimorphism ®(4) — ©¢(4)
(&0 (Ap) — ®o(dy)) induces the codiagonal map

® Bo(d) - Gu(d) (@ @Omw@omp)).

Consequently,
vpéx € Im(&;j(@l&i)) ;

i.e.,, vx € Im &p. To show globally that Im ¢ D v®¢(A), we consider the
commutative diagram

s él 273 ( s
§1 Go(l's) =— peSo 1@1 ®0(Fi”)>
ﬂ"lv 1@1’660 ©p

Go(A) —2 D Go(4)

where {@;} (1 £ ¢ = 5) and « are induced from Ry ® z —. We shall show next
that for [M] € &o(A), there exists x € B;; & (T';) such that

s M] = (,@@ ogop)(gialai)x.

Rather than presenting the proof in the general case, where it is very much
obscured by a multitude of indices, we only present a proof in case &, consists
of two ideals. (Apart from the indices, this proof is the same as the general
proof.) We assume that Aq = I'q is maximal for all

g € max(R), q #= P1, P, S = {91, po.
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Let {T:(p;)} (1 =7 = n;) be the different maximal Ry;-orders containing
A, 7 = 1,2. Then

Iy = ( N rq> N Ti(p1) N T,(ps), 1=t =2n,1 272 0,

A€max(R)\So

are the different maximal R-orders containing A, and we have the commutative
diagram:

1s§nl- Go(Ty;) G—B&[JEB Go((Tip)r,) @ <§Bj @O(I‘ﬁ)%)

le @ op,
Go(A) —25  Go(An) @ Go(An,)

We observe that (Ty;)p, = (Tyy)p, and (Tij)p, = (Twrj)e, for all ¢, 7, 7, 5.
Since & (A) is generated by the irreducible A-lattices, it is enough to show that
v[M] € Im ¢, whenever M is irreducible. According to the first part of the
proof, va[M] € Im(gs, @ ¢v,); i-€., there exist T';(py)-lattices M4t and M 42,
1=1=m,k = 1,2, suchthat

o[My,] = ‘”""(IZ [M'] - [M,,f]), E=1,2.

<isnk

In @¢(4) we must have

KM - M) —olKM], B 1,2

SI1=nk
However, KM is simple, say it is a faithful 4e;-module, ¢; a central primitive
idempotent in 4. Then we may assume that KM ;' are 4Ae;-modules, for all
i, k, 1. However, the orders {T';;} are maximal, and for the sake of simplicity,
we shall assume that 4 is simple. But then there exists (up to isomorphism)
only one irreducible I';(pg)-lattice. Moreover, by adding and subtracting
suitable elements in &, (T;(p:)), we may assume that

> KMS 1= ) KMy, s=1,2
1<i=m 1< i<ng

Therefore it remains to show the following: Let A ;(p;) be the irreducible
T',(ps)-lattice; then for every pair { M ;(p1), M ;(p2)}, there exists a I';;-lattice N
such that Ny, = M;(p;) and Ny, =< M;(p,). But

N = ( N M(Q)) M My(p1) N M;(p2),

q€max(R)\So

where M (q) is the irreducible I'¢-lattice, has the desired properties. Hence we
have shown that

va®(A) C Im(t);@@}‘)m)(é af) .

i=1
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To complete the proof, we consider the commutative diagram (cf. [11])

D Go(T's/aT'y) = i&g@o(m - ® (@ @o(w)

i=1 0¢Sg PeSy

®Pats, Tal sol ®Preso ov
@ Gu(4/q1) B ®y(n) L @ Gola),

where the rows are exact sequences and the columns are induced from the re-
striction of the operators. Since A/qA = Aq/qAq = I'yo/qlw0 = T'y/qT,, for
q ¢ &), we see that 7q is an isomorphism for every q ¢ &,. Given now
o[M] € &y(A). Then we have shown above that there exists x € @,_; ®(T;)
such that ¢x — o[M] € Ker v = Im B. Since @qte, 74 is an epimorphism, we
have y € @, ©o(T:/qT,) such that gx — o[ M] = gay; i.e.,

o[M] = o(x — ay) € Im ¢.

THEOREM 5. Let A be @ Bass order in A and {T';} (1 <17 < s) the different
maximal R-orders in A containing A. In the homomorphism

¢ ® Gu(l) — Gu(A),

we have Im ¢ D 2v &g (A). Moreover, if for every p € ©o, no ring direct summand
of Ay is Morita-equivalent to o Bass order of type (111b), then 2v can be replaced
by v. If A is commutative, then v = 1.

Proof. This follows immediately from the previous theorems. We remark that

in case ¢ is an epimorphism, ®&y(A) can be computed explicitly, using a
technique developed by Heller and Reiner [5].
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