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SUPERRESOLUTION RATES IN PROKHOROV METRIC

P. DOUKHAN AND F. GAMBOA

ABSTRACT. Consider the problem of recovering a probability measure supported
by a compact subset U of R™ when the available measurements concern only some
of its ®-moments (& being an R¥ valued continuous function on U). When the true
®-moment c lies on the boundary of the convex hull of ®(U), generalizing the results
of [10], we construct a small set Ry, 5 such that any probability measure . satisfying
| fy ®(x)du(x) — c|| < € is almost concentrated on R, 5). When @ is a pointwise
T-system (extension of T-systems), the study of the set R, 5) leads to the evaluation
of the Prokhorov radius of the set {y : || [, ®(x)dp(x) — c|| <€}

1. Introduction. Let o be a probability measure supported by a compact subset U
of R™. The measure 0 may model scientifically interesting objects (e.g. an electronic
density in a crystallographic problem [19]). Suppose we only obtain a finite number of
noisy generalized ®-moments of o:

) &= jU O(x)do(x) + .

Here, ® is a given R¥-valued function on U and  is a (possibly random) perturbation
of magnitude e. Typically, in applied areas @ is a trigonometrical system [19]. A re-
construction method ®_ is a mapping that associates to each c¢ a probability measure
R (c*) whose ®-moments are close to ¢¢. In different applications ([13], [19]) it has
been observed that, for particular o, any reasonable reconstruction method X leads to a
probability measure K (c%) which is very close to o. This is the so-called superresolution
phenomenon.

Motivated by this previous work, the aim of this paper is to give, when superresolution
occurs, and for small magnitudes e, precise rates on the distance between o and R (%)
(for any method X). Our answers will deepen and broaden the partial information
about superresolution scattered about the literature. In [12] the phenomenon is studied
qualitatively whereas in [11] numerical examples are given. In [5], [7] and [6], rates
are given in the case where U is a discrete set and for trigonometrical systems. In [8]
and [17], the rates given concern the Markov problem (i.e. there is an extra restriction
involving bounds on the reconstructed measure [15]).

First of all, let us describe more precisely the mathematical background of the problem.
The convex hull X of the hypersurface ®@(U) is also the range over probability measures
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on U of the ®-moments:

K = { [ 0w ducex € PO},
P(U) := {probability measures on U}.

For ¢ € X there exist only two possibilities for the set S(c, 0), of probability measures
whose ®@-moments are c:

1) ¢ € X (the interior of X), the set S(c, 0) contains absolutely continuous measures
with respect to P, the uniform probability on U. Moreover, there exists a continuous
density f such that the probability measure fP lies in S(c,0) and Vx € U, f(x) >
0. Generally speaking, S(c,0) contains measures that may be very different, (e.g. if
U =[0,27], k=1, ®(x) = cosx, ¢ = 0 then P, 5 andésT, lie in S(c, 0)).

2) ¢ € 3 X (the boundary of X)), the set S(c,0) contains only singular measures
(with respect to P). Moreover, the support of any member of $S(c, 0) lies in the zero set
of a particular nonnegative (1, ®)-polynomial (that is on {x € U : (a, ®(x)) + 1 = 0},
for some particular vector & of R* such that Vx € U : (o, ®(x)) + 1 > 0).

In the second case we will say that ¢ is weakly determined. In this paper we focus on
weakly determined points. For such a point ¢ and € > 0, we study the size of the set

Q) Sie,e) = {u €PU): " [U D) dpu(x) — c" < e}.

An interesting case is when S(c, 0) reduces to a singleton. It is in this case that su-
perresolution occurs, and we say that c is strongly determined. Indeed, the knowledge
of ¢ suffices to reconstruct the unique element o, of S(c, 0). This notion is connected
with Korovkin Theorems (see [1], Chapter 2). Now, if a strongly determined point c is
corrupted by a small perturbation of magnitude e and if p is a probability measure with
this corrupted ®-moment; how far is u from o, ? First, we have to specify a measure of
the size of S(c, €). We will use in this paper the Prokhorov distance [20]. Recall that for
i, v € P(U) the Prokhorov distance between p and v, m(u, v), is defined as the smallest
1 > 0 satisfying p(4) < v(4") + i for any closed subset 4 of U, where A" denotes the
n-neighborhood of 4 (4" = {x € U : d(x,a) < 7, for some a € 4}).

In [3], Anastassiou calculates, in the case of the real line for ®(x) = (x,x*) and £ € R,
the Prokhorov radius 7, of § (({ ,€2), e) , where the Prokhorov radius is defined by

3) me = sup w(p,0c)
neES(ese)

(here S(c,0) = {o.} = {0¢}, in the same frame the Levy radius is calculated in [2]).
Anastassiou obtains the exact asymptotic Const €3 for 7. Our main result is a gen-
eralization of the behavior found by Anastassiou (see Corollary 4.2): if @ is smooth
pointwise T-system (see Section 3.2) then in most cases 7w, = O(e i)and €3 = O(r.). The
main difficulty in extending Anastassiou’s result (only concerned with one point mass
measures) is to specify the behavior of masses repartitions at each x;’s neighborhood
for any p € S(c, €) where xi, . .. ,x; denote o.’s masses. The whole paper is devoted to
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provide a suitable framework (pointwise T-systems and superconcentration notions) in
order to achieve this goal.

The paper is organized as follows: in Section 2, we introduce our main notations
and assumptions, we then locate, when c is a weakly determined point, the support of
any measure lying in S(c, €). Roughly speaking, for small ¢ any such measure is almost
concentrated on a same small P-measure set R 5) (see Theorem 2.3). In Section 2.3
rates of concentration depending on the regularity on @ are calculated. This improves the
previous rates given in [10]. In Section 3, we first introduce in subsection 3.2 a suitable
extension of the notion of T-systems while subsection 3.3 introduces a notion of strong
superconcentration yielding an extension of the weak superconcentration theorem of
Section 2 in terms of metric size (instead of P-measure size) of the set R, 5(). Using the
set Rq 5() yields upper bounds for .. Finally, in Section 4, we provide lower bounds for
m, directly.

2. Support of weakly determined points.

2.1. Assumptions and notations In the paper, U is assumed to be a compact subset of
R™ with non empty interior; when it is not specified, the induced topology of R on U
is used (e.g. U is open for this topology). We assume throughout the paper that (1, @) is
pseudo-Haar, that is:

@) V(e, &) e R*1\ {0}, P({x€ U: (a, @) =£})=0.

Here, (-, -} is the scalar product on R¥, || - || = 1/(-, -) will be the usual Euclidean norm on
R* or R™ and B(¢, ) will denote the open ball centered at ¢ and with radius 7. For o € R,
we set go(x) == (o, D(x)) + 1, g, is the normalized (1, ®)-polynomial constructed with
a. We define for ¢, @ € R¥ and § > 0 the following sets:
P, = {a € R*: go(x) > 0,Vx € U},
Pi(c) = {a € P, (a,c) +1 =0},
Ros = {x € U: ga(x) < 6}.
It is well known (see [15], Chapter III) that a point ¢ € R¥ is weakly determined if

and only if for all @ € P, (@, c) + 1 is nonnegative and P;(c) is non empty. An other
characterization of weakly determined points is developed in [9] and [16].

2.2. Weak superconcentration theorem

LEMMA 2.1. Ifc is weakly determined then for any o € Pi(c) and b > 0
€
swp_p(Rsg) < el
HES(cye)

where R{, 5 denotes the complement of R, 5 relative to U.
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PROOF OF LEMMA 2.1. Letd € B(c,¢) and o € Pi(c), then
1+(a,d) = (a,d —c) < la|| [|d - c|| < el|e],

so that for p € S(c, €), Jy g«(x)(dx) < €||a||. This integral of a nonnegative function
yields the result using the Markov inequality on the set Rf, 5 = {xeU:gux)>6} =

Define for§ > 0, ¢ > 0 and a € RF

Fo(6) = P(Rqp),
. o€
) hr(e€) = inf{ £l + Faf®))-
LEMMA 2.2. For each ¢ > 0 there exists 6(c) > 0 such that hi(a,€) = {@I[a" +
Fa((S(e)) } moreover lim._g+ hp(a, €) = 0.

PROOF OF LEMMA 2.2. As (1, ®) is pseudo-Haar, F(0) decreases to 0 with §. Since
§ increases to infinity as § decreases to 0, we obtain the first point. Choose now 5(e)
with 8(e)F«(8(c)) = ellal, then hr(ar,e) < 2Fo(8(c)), moreover 5(e) > el|at|| since
Fa(S(e)) < 1. Assume now that d(e¢) is bounded below by some constant g > 0,
uniformly with respect to €: the monotonicity of F, implies 6(¢)Fa(q) < €||c||; now
Fa(q) > 0yields a contradiction. So §(¢) converges to 0 with ¢, and the lemma follows. m

The following weak superconcentration inequality is now a consequence of the pre-
vious Lemmas 2.1 and 2.2:

THEOREM 2.3. Assume that c is weakly determined and let a € P;(c), then

(6) P (Raﬁ(e)) + sup M(Rfr,ﬁ(e)) < hF(aa 5)'
BES(c,e)

REMARK. Note that the previous result implies in turn,
lim sup Ra,g(e) = Ra,O-
e—0*

2.3. Rates of weak superconcentration

DEFINITION 2.4. Let 6,Cy > 0. A nonnegative function f on U is called (Co, 0)-
weakly concentrated, if for # > 0 small enough:

0 P(44f)) < Cott.

with 4(f) := {x € U: f(x) < t}. If Cy is not explicit, we will only say that the function
[ is 8-weakly concentrated.
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EXAMPLES. 1) Denote v = 2%%),_1)2, where p is the Lebesgue measure on R™. Let
h be a positive continuous function on U and xy € int(U). Then the function f(x) :=
llx — xo||™h(x), is (Co, )-weakly concentrated for any C > v[A(xo)] .

2) Letf; be (C;, 6;)-weakly concentrated on U; in R™ (i = 1,2). Define f on U; x U,
by f(x1,x2) = fi(x1) + fo(x2) if x; € Uy, i = 1,2, then, setting 0~ := 67! + 651, fis
(C,C, 6)-weakly concentrated on U; x U, (indeed, 4,(f) C A«fi1) X A(fr)); e.g., if
(0,0) € Int U C R?, then f(x1,x2) := |x1|% + |x2|% is (4, §)-weakly concentrated on U.

3) Let f be (Co, 8)-weakly concentrated on U. Then, fi(x,y) = f(x),x e U,y € V'is
also (Cy, 6)-weakly concentrated on U x V whatever V is.

4) On U =[—1,1], set f(x) := (—x)*1,<0 + ) 1,>0 With 0 < w < W' < 1, then, for
Co > 1, f is (Cp, w')-weakly concentrated and w-Holderian. The w-weak concentration
condition is not identical to the w-Holderian condition.

The main example we shall use in the sequel is given in the frame of the following
lemma.

LEMMA 2.5. Let f be a nonnegative C*>-function on U such that the zero set of f,

Z(f) = {x € U: f(x) = 0},

has a finite cardinality p, and is not included in d U (boundary of U for the usual
topology). Assume that the m x m symmetric matrix D*f(x) is nondegenerated for all
x in Z(f) and let 1) be the minimum on Z(f) of the smallest eigenvalue of D*f. Then, if
Co > vp(%)%, fis (Co, 2 )-weakly concentrated.

PROOF OF LEMMA 2.5. A Taylor expansion writes, for y € U and x € Z(f)

1
®) )= DIy — )+ 3 D)0 = %,y =) + ol — yI[P):

Any x in Z(f) is a minimum of f on U hence Df(x)(y — x) > 0 and now as D?*f(x) is
positive, there exists s(x) > 0 such that if x > %

© Vy € UNB(x,s(x)), fO) > x|lx|I*

Z(f) is a finite subset {x},...,x,} of U, so

(10 Z(Hcv=J B(x,sx)).
1<i<p

(A,(/)) is a family of compact subsets of U such that ()¢ 4:(f) = Z(f) and increasing
with # > 0. Now a compactness argument proves that for ¢ small enough 4,(f) C V. Use
the previous points (9) and (10) yields

(11) anc U B(x,-,\E)

1<i<p

which implies setting Co = vx? the (Cy, %)—weak concentration of f. ]
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We are now in position to precise the rate of weak superconcentration, through trivial
calculations, according to the weak concentration of g, (Where a € Pi(c)), this is the
aim of the next Theorem.

THEOREM 2.6. Assume that
1) c is weakly determined.
2) There exists a € Pi(c) and positive real constants 0, Cy such that g, is (Co, 0)-

weakly concentrated.
LetC := (0||a||Cg)# (1+3), then setting §p(e) = (i]"lcfjl);f—, yields, for e small enough,
the following bound

P(Rasxe) + sup M(Rapf(e)) < Cemr.
HES(cse)

EXAMPLES. 1) Set U = [0, 1] and let ¢ be a weakly determined point. Assume that
there exists o € Pi(c) with g, satisfying assumptions of Lemma 2.5. This is true for
example if @ is analytic and g, does not vanish on Rq ¢ {0, 1}. Then, g, is 2-weakly
concentrated and the weak superconcentration rate has order €. Note, that this improves
on previous results of Gamboa and Gassiat ([10]) where the rate obtained was e for any
A<

2) Let U := [0, 1]and ®(x) := (x, x?). Here, the sets of weakly and strongly determined
points coincide (see Section 3.2) and are given by:

AK={(c1,) ER*:0<¢c; <l,c,=6}, orc; =y},

ifc; #0,1 and ¢, # ¢; the previous theorem provides the weak superconcentration rate
e3. For ¢, = 0, note that o := (1,0) lies in P.(c), for this ch01ce of a, g, is 1-weakly
concentrated, so that the weak superconcentration rate becomes ¢ 1,

REMARK. Notice that if we know some 7 > 0 such that inequality (7) holds for any
t < tp, then the conclusions of Theorem 2.6 hold for 6(€) < %. For example, that is true
if for some o € Pi(c) a uniform bound on the third derivative of g, is known.

3. Upper bounds for the Prokhorov radius.

3.1. The Prokhorov metric The Prokhorov distance is the metric of the weak topology
on P(U), we refer to [20] for the general properties of this distance. When U C RF is
compact and for a single delta measure d¢, £ € U, we have that for any p € P(U),

12) m(w,8¢) = inf{r > 0: u(BE,HNU) >1—r}.

The following lemma will be useful in the sequel.

LEMMA 3.1. Let p;,0; € P(U) be probability measures on U and §; € [0,1] for
i=1,...,pwith§ +---+§,=1 then,

a) m(§ip + (1 —&)p2,01) < &+ w(pz, 00).

b) m(€pr + -+ Eppip, E101 + -+ +Ep0p) < max(m(1, 01), - ., T(itp, 0p))-
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¢) Assume that 0,0 are discrete probability measures:

01 :=p15x1 + e +pl6.X1

02 = q1§X| +e.o+ qléxn

wherexi,...x; € U, x; Zx; if i #j. Then,

Ho1,0) S o= 3o —ail+ -+l — .

Moreover, equality holds if e < min;y d(x;, x;).

PROOF OF LEMMA 3.1. a) If v > m(uz,01), any closed subset 4 of U satisfies
pa(A) < v+ 01(47) hence the result follows by noticing that

[+ (A = EDm)A) < &+ po(d) < & +7+01(A).
b) Lety > max(7r(u1, o1)y .oy T(lp, ap)), any closed subset 4 of U satisfies
ui(A)S’y+Ui(A7)7 i= 17'~'7p'

The result follows by considering the adequate convex combination of the previous
inequalities.

c) First note that e = max;c(; ;3 Zs(pi — ¢i). The first point follows from the
definition of 7. For equality, consider J attaining e in the previous equality then the
closed set 4 == {x; : i € J} has the property 0,(4°) = 02(4) if e < min,y d(x;, ;). This
allows to conclude to the reverse inequality. .

3.2. Pointwise T-systems Assume first that U = [0, 1]. Following [14] and [15], we say

that @ is a 7-system, if any nonzero polynomial constructed with (1, ®) has at most k£
roots. An equivalent condition is that the determinant

D (xo) D1(x1) -+ D1(xx)
(13) det| | AR

Qkixo) (Dkixl) (Dktxk)

does not vanish for any pairwise distinct xo,...,x;. A T-system possesses the nice
property that any weakly determined point ¢ is also strongly determined.

More generally, we say that @ is a pointwise T-system at some weakly determined
point ¢ € RF if

1) There exist an integer 0 < / < k, pairwise distinct points x,...,x € U and
constants py,...,p; > 0 with p; +--- + p; = 1 such that

(14 oc =p1by, +-- -+ piby, € 5(c, 0).

2) There exists o € Pi(c) such that Ry o = {x1,...,x}.
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In the sequel, the set of vectors « such that 2) holds is denoted by P:(c).
3) The following matrix has rank / (full rank)

(15) QIFXI) CDIFxZ) (Dl.(XI)

q)k&xl) d’kixz) - (Dk.(xl)

It is clear that a T-system is a pointwise 7-system at any determined point. As
we shall see in Section 4.2 the pointwise T-system assumption is sufficient for a weakly
determined point to be strongly determined. Notice that condition 2) implies the necessary
and sufficient assumption in order that the Korovkin Theorem for measures holds (see
[1] Theorem 2.2.4. p. 92).

3.3. Strong superconcentration An alternative to the function defined in (5) may be
worked out under the pointwise T-system assumption. Define for 6 > 0, ¢ > 0 and
a € Rk

Ga(6) = sup mf llx — Il

XERy 5V

ho(e,©) = inf{ £l + Gal®).

LEMMA 3.2. Assume that @ is a pointwise T-system at c. Let o € i—h(c) and) < €<
2 ming 1 <;j< ||%i — Xj||. Let Bsj == B(xj, ) NRas, G=1,..., D).
1) Foré > 0 small enough, (Bs)j=1... is a partition of Ry 5.
2) For > 0 small enough,

Go(6) = max, sup [lx x|
et x€By
3) lims o+ Ga(6) = 0.
4) Forj=1,...,l x lies in the interior of Bs ;.

Thus, G«(0) is the maximal radius of the clusters of the set R, 5. The previous lemma
may be seen as a Morse Theorem (see for example [18]). It is global while the classical
Morse Theorem is local and it is general in the sense that we do not require second order
differentiability.

PROOF OF LEMMA 3.2. 1) The set Ry5 N (Ujl-=l B(x;, §)) is compact and decreases
to the empty set as § decreases to 0. So that, there exists 6(§) > 0 such that, Ry5 C
U,I-=1 B(xj, &) as soonas § < §(§).

2) Let x € Rqp then infyeg,, ||x — y|| = minyeg,, ||x — y|| = |lx — x;|| for some
j €{1,...,I}. Therefore,

Gul®)= sup inf v~y < max, sup v~ 5.

ot XE€EBs
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From previous inequality, G,(0) < £ whenever§ < §(£), so that we may write G4(0) =
||lx — x;|| for somej € {1,...,I} and x € Bs;, which implies the reverse inequality.

3) Follows from 2).

4) Ford >0andj=1---1 x lies in the set {x € U : g(x) <4, ||x — x;]| < £} which
is open and contained in B; ;. n

The previous set function yields a natural counterpart of Lemma 2.2.

LEMMA 3.3. Assume that ® is a pointwise T-system at c and let a € P,(c). Then, for
each € > 0 there exists 6(¢) > 0 such that hg(c,€) = {B@Han + Go(6(¢))}, moreover
lime o+ hg(a,€) = 0

In order to precise 6(¢), we first define an analogue of weak concentration adapted to
the present framework.

DEFINITION 3.4. Let § > 0 and Cy > 0. A nonnegative function f on U is called
(Cy, 0)-strongly concentrated, if for £ > 0 small enough:

(16) G(44) < Cot?

where we set Gp(4) = sup,, infycz) ||x — y||. If Cp is not explicit, we say that f is
#-strongly concentrated.

ExAMPLES. 1) Going back to the examples of Section 2.2. In example 1), f is
1

(Co, mb)-strongly concentrated for any Cy > - Whereas, in example 2), for strongly
concentrated functions f,f, f is (max(Cl, C,), min(6;, 02)) -strongly concentrated on
Uy X Uy, e.g., f(x1,x2) = |x1]% +|x2)? is (l,min(al,az))-strongly concentrated on U
whenever (0,0) € Int U C R2.

2) Let f be a nonnegative function on U = [0, 1] such that Z(f) is finite and is
not a subset of {0, 1}, then f is #-strongly concentrated if and only if it is #-weakly
concentrated. Indeed, the Lebesgue measure of an interval is its length.

The following lemma is simple to prove (see Lemma 2.5). It leads to our main example

in the sequel.

LEMMA 3.5. Under the assumptions of Lemma 2.5, let Cy > \/% (n is defined in
Lemma 2.5). Then, f is (Cy, 2)-strongly concentrated.

Now, we provide the strong counterpart of Theorem 2.6.

THEOREM 3.6. Assume that

1) ® is a pointwise T-system at ¢ € 3 K.

2) There exists a € Pi(c) and positive real constants 0 and Cy such that g, is
(Co, 0)-strongly concentrated.

LetC = (0||a||Cg)31‘l(l +3), then setting §6(e) = (e—ojcl%x-u)ﬂf_! yields, for € small enough,
the following bound

Gal66()) * sUp (RG gy(0) < C- €1
)

BES(ce
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3.4. Main theorems Our main result follows.

THEOREM 3.7. Let @ be an w-Holderian (0 < w < 1) pointwise T-system at some
point ¢ € 3 K. Assume that g, is O-strongly concentrated for some a € Pi(c). Then, c is
strongly determined, and there exists a > 0 such that for ¢ > eq > 0 small enough

a7 e <a-em,

REMARKS. 1) In this result it is enough for @ to be w-Holderian at the neighborhood
of Ra’o.

2) The value of ¢y involved in the conclusion of Theorem 3.7 is not simple to exhibit in
our general frame. Indeed, the proof of Lemma 3.2 uses a compactness argument which
is not constructive. In order to precise €y, we should first obtain an alternative explicit
Lemma. Assumptions for such a result imply a very strong knowledge of the level sur-
faces of g, for some a € P.(c). However, explicit superconcentration constants may be
obtained; for example, on the 1-dimensional torus let ®(x) = (cosx, sin x, cos 2x, sin 2x).
Let ¢ €]0, ], we setc = 3(1+cos &, sin €, 1+cos 2, sin 2¢) then S(c, 0) = {3@o+6¢)}
Here, P:(c) reduces to a singleton o such that 1 < ||ag|| < 3. After a few calculations

we obtain that for e < ¢y = 36@

Ga(5G(€)) + sup p(RG500) <
peS(cye)
Following the lines of the proof of Theorem 3.7 yields 7. < 28(¢ P+ 3 _Tz)e% for e < €.
A forthcoming work will be devoted to evaluate explicitly the constants ¢y and a in
(17) for the special case of trigonometric functions.

PROOF OF THEOREM 3.7. From Lemma 3.2, Ra () = Uk Bsg(e)y (for small €) and
x; € Int(Bs,)), 7 = 1,...,1. Theorem 3.6 states that for some constant Co > 0 only

depending on ® and c:

(18) sup |lx —xj|| < Ga(66(e)) < Co-em1.
XeB;G(E)’,-

(19) RS 500) < Co- €1 for p € S(c,€).

Any probability measure p € S(c, €) may be decomposed as a convex combination of
probability measures v and ' with respective supports included in R 5 ), Raso(e)

(20) =+ (=M,

with A == p(RG 5.0
Using Lemma 3.1.a) yields

1) (1, 00) < A+ (', 0) < Co - €87 +m(u', ).

Set
B = 1 Bsge, )t + - -+ + ' Bsger, )i
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and let
CI'/ = :U'I(Béa(e),l)(sn *eeot uI(BzSG(e),I)(Sx/’

where 1; is a probability measure with support in Bs ) ;. Triangular inequality gives
(22) (W', 00) < w(p',0') + (@, oc).
Now, it follows from Lemma 3.1. b), and equations (18), (12) that for some constant Cj:

I o < ) < X L.
(23) ﬂ(u,a)_{g%gvr(u,,éx,)_a €%

Uniformly with respect to p € S(c, €), from relation (19) we obtain, for small enough
€ >0, p(R 5.0) < 1. Hence,

e
(24) 1 Bso(e)j) — MBssoi)| < 21(RG see) < 2C0 - €7T.

Use now Lemma 3.1. ¢) leads with (24) to
/ 1 & 1{ o
25 mo'o) <5 21: W' Bsoos) —Pil < 5 Zl |6Bssers) —pil +1- Co - €.
= =

Let now L be the linear operator R’ — R¥ defined for r € R’ by Lr = ©1_, r;®(x)), from
the pointwise T-system assumption (see Section 3.2 matrix (15)), there exists a constant
C; > 0 with

(26) Vr e R, |7l < G|IL]).

Setnowp = (p;),q = (u(Bgc(E),,-)). Then, ¢ = Lp and since 1 € S(c,€), || [ @dp—c|| <e.
Now, by the triangular inequality

o You-uf<]j

adgle)

(©() — (x)) dut)].

5Gle)J

oa] +3])

As @ is w-Holderian, using relation (19) there exists C;3 > 0 with

'/];;.6 G©

fB.s (e).(q)(x) - q)(xj)) du(x)" < C3,J'(Béc(€),i)( sup Hx _ xj”)w

X€Bs (00

(28) |

(Ddll” < C3 . 63—1—13

29

Collecting inequalities (18), (27), (28) and (29) leads with (25) and (26) to the existence
of a constant C4 with:
(30) m(o’,00) < Cy - €1,

Now, using (21), (22), (23) and (30) leads, for a constanta > 0, to

(€2)) m(p,00) < a- €.
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COROLLARY 3.8. Under the assumptions of Theorem 3.7, if o. is a Dirac mass at
point x| then
1
(32) e <a-erl,

COROLLARY 3.9. Assume that ® is a T-system on U = [0, 1]. Let c be a determined
point. Assume that there exist a € Pi(c) and 8 > 0 such that g, is 0-strongly concen-
trated. Then, if @ is w-Holderian there exists a constant a > 0 such that for e > 0 small
enough (17) holds.

PROOF OF COROLLARY 3.8. Only notice that here o’ = o, = §;, and use inequalities
(18)~(24) to conclude.

REMARKS. 1) Lemma 3.5 provides a sufficient condition for 2-strong concentration.

2) Anastassiou ([3]) considers the set up of Corollary 3.8 in the special case ®(x) :=
(x,x?), hence = 2. He obtains the exact asymptotic C - €} for the Prokhorov radius.
Now, Corollary 3.8 gives the decay rate for this particular case.

3) Theorem 3.7 applies for the following classical 7-systems:

(33) ®(x) = (cosx,sinx,...,cospx,sinpx), (k=2I), U=][0,2n]
(34) Ox) = (x, 2%, ...,x), U=[0,1].

In the case (33) 6 = 2, w = 1 and the Prokhorov rate bound is O(e’-'f). Whereas in the case
(34), the Prokhorov rate bound can be O(e 5) or O(e %) (the second bound holds whether
the support of o, is a subset of {0, 1}).

4) A non trivial example in m dimensions is the following. Set U = [—m, n]"
and ®(x',...,x") = (cosx!,...,cosx™), then the point ¢ = (1,...,1) is such that
S(c,0)= {6} andnowa = (3,..., %) € P.(c) yields an upper bound for the Prokhorov
radius with the rate O(e’.li).

4. Lower bounds for the Prokhorov radius. The main theorem of this section
involves the following assumption:

A(x,w) Jug, K >0, Yu, |u| <up = || O +u) + O(x — u) — 20x)|| < 2K|ul“.

Notice that this assumption holds for 0 < w < 1 if ® is w-Hoélderian and for 1 < w <2
whenever @' is (w — 1)-Holderian. This condition is usually called a Zygmund condition
(see [4], p- 52).

THEOREM 4.1. Letc € X such that:

1) o, =L, pjdy, lies in 5(c,0) with p; 7 0,

2) A(xy,w) holds for some w > 0,

3) x, lies in the interior of U (for the standard topology on R™).

Then, there exista > 0, €g > 0 such that € < ¢ implies:

m(u,0.) > a- €ms, Jor some p € S(c,€).
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Using Theorems 3.7, 4.1 and Lemma 2.5 yields:

COROLLARY 4.2. Assume that ® is C* on U. Assume that ® is a pointwise T-system
at ¢ and that the support of o, is not a subset of 3 U. If there exists a € Pi(c) such that
D?g, has full rank on Rop. Then, there exist €9, A > 0 such that:

1 1
AN eI <n <46 ife<e.

Replacing now Lemma 2.5 by a general assumption implies:

COROLLARY 4.3. Assume that ® is w-Hélderian. Moreover, assume that ® fulfills
assumptions of Corollary 3.8 and Theorem 3.7, with 0 = w. Then, there exist eg,A > 0
such that:

1 1

A7 e < < A€ ife < .

PROOF OF THEOREM 4.1.. Set 1 := My +(1—\)o with =W = buew,

x":=x; —ue#,u € R ||ul| = 1 and X := K~! - 5. For e small enough, x*,x~ both
lie in U. Now, assumption 4(x},w) ensures that u lies in S(c, €) as soon as ¢ is small
enough. Therefore, m(u, 0.) > inf E, with

Ec={t>0:0({x}) < p{x1}) +1}.

But, as 7(u, o) vanishes with €, we may assume that ¢ < min4 |x; — x;|. Thus

Eo={>0:0{u}) < c{m})+ %}

This leads to the conclusion with @ = min(§, 1). [

EXAMPLE AND REMARK. 1) Any smooth T-system on U = [0, 1] such as trigono-
metric or polynomial system provides the exact rate el (as soon as the support of o, is
not a subset of {0, 1}).

2) In the case of an w-Hélderian function @ with w < 1 the previous lower bound
and the upper bound of Section 3 do not have the same rates. It seems reasonable to think
that the main hole is on the upper bound but the method used here does not seem to be
improvable up to such rates.
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