NOTE ON GALOIS COHOMOLOGY

TADASI NAKAYAMA

Let K/k be a Galois extension. Formerly the writer studied, in [3], (4], a
certain correlation of factor sets in K/ with the norm class group of K/k, and ex-
tended it, in [5], to 3-dimensional cocycleé. The present note is to study the same
relationship for general n-cocycles. As a matter of fact, the constructions which
underlie the relationship have become common places in cohomology theory,
through the works of French and American authors, and indeed the construction
to bring certain (non-Galois) cocycles into the ground field & has been discussed
by Baer [1, Theorem CJ] for general dimensions # under- the setting of general
group cohomology. Since, however, to assume the triviality of the 2- (and
higher) cohomology groups is too strong (and rather meaningless) in the Galois
cchomology case,” what we may do is, firstly, to assume certain (7 —2)-, (n
-3)-, ..., 2-cocycles appearing successively in the reduction, rather than the
corresponding whole cohomology groups, to be ~1, as was briefly indicated in
[5], or, secondly. to construct, in an also rather well-known way, 2- or 3-cocycles
from the original given »n-cocycles and apply our former results to them. For
an even n these are about all we shall discuss in the following. But, for an
odd » there is a certain construction which is similar to the latter of the above
constructions but is more general. The writer assumes that this last is somehow
worth whiie to report (Theorem 2); even the above constructions do not seem
to the writer to be contained in what has been explicitly stated formerly, in
[1] for instance.” We shall also extend our former 3-dimensional generalization®
of the Witt-Akizuki formula to higher dimensions; such possibility being rather
expected. The note is a preliminary for a succeeding one in which the writer
wants to study the obtained correlations in arithmetical case.

1. Preliminary observations. Let K/k be a Galois extension and G be its
Galois group. We consider a Galois cocycle aloi, 02, « « <, 0u)(01, 02, « « «, On
€ G) taking values in the multiplicative group K™ of K;

Received August 30, 1952.

' I{ the 2-cohomology group in K/ vanishes, so do all (1-, 2- and) 3-, 4-,..., n-cohomology
groups ; see Hochschild-Nakayama [2], §4.

: Observe, for example, that the subgroup of K* 'Ng ;. consisting of all elements left invariant
under G is in general greatec than k*/NV§ ..

%) See a correction at the end of the present note.

)
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a -1
(1) (0(1)(0], G2y o « o » dnn) =a(o'2, T3y o o s o dn'fl)d(dxo‘z, T35 o « o » 0'7”1)
- —1)nkt N
vevaloy 0y v ooy onone) "V alon, 02y v o v o) T =1,

For an i=2,3...., n we let ¢; run over G in (1), to obtain”

(l(O'za « ooy Tim1, G, Ti+1s o o o ()‘n+1)(l(0‘x02, e e ey Ti~1, G, Ti+1s o o )_1
. (-pi-t . (-1
(2) vovaloy, ooy Gima, G, o0iv1, + . ) TV T alor, oo ., Giet, G, dive, o2 )

(-17tig
«..alo, ..., di-1, G, git1, - . ., 0n) ntl=1,

where a(os, . .., oi-1, G, i+1, . . . » du+1), for instance, denotes the product
Nsecalor, .. ., 6i-1, 0, Git1, -« ., ous1). This means that the product of the
value at gy, . . ., gi-1 Of the coboundary of the (i~—2)-cochain a(si, ..., gi-o,
G, Gi+1, - . ., onr1) With respect to oy, ..., vi-2 in the non-Galois sense (G
operating trivially on K*) (with parameter values gi+1, . . . , on+1) and (-1)'-
times the value at ¢i+1, . . . , on+1 Of the coboundary of the (n — 7)-cochain a(a;,
e vy 0i-1, G, Gi+1, . . ., on) Wwith respect to gi+1, . .., on in the usual Galois
sense (with parameter values o, . . . ,0i-1) is equal to 1. (As a matter of fact,
this fact, with varying 7, can best be formulated in terms of a double cochain,
whose (4 —1, n—{)-component is aloy, . . . , 0i-1, G, dGit1, « « « 5 on); cf. [1]
for instance.) For ¢=2 our relation shows that a(sy, G, 03, . . ., gn), With a
fixed g1, is an (n—2)-cocycle on a3, ..., an. It is easy to see that if the
original n-cocycle aloy, 03, . . ., 0n) is ~1 then our a(ai, G, 63, . . . , gn) iS ~1,
for every oi. For Z=3 our relation shows that a(e:, G, 01, ..., dn+i)aloi0s,
G, 045+ .., 0nr1) '@y, G, 04, . . ., on+1), as an {n—2)-cocycle with respect to
the last # — 2 arguments, is ~1, or, the cohomology class of our (7 — 2)-cocycle
alay, G, 3, . . ., 0n) depends multiplicatively on the parameter a;.

2. 1- and 2-cocycles in the norm class group associated with an n-cocycle.
Let again a(oy, 02, . . ., 91) be a (Galois) n-cocycle in the Galois extension K/ k.
with Galois group G. Set #=2m or n =2 m+ 1 according as » is even or odd.
By the construction of the preceding section we get an (n — 2)-cocycle a(oi, G,
03 « v ., an) for each o; (provided n=3). Applying the same construction to
this (n# —2)-cocycle, we get further an (s~ 4)-cocycle, depending on two pa-
rameters (provided z=5). Thus, after applying the same construction m —1
times, we arrive at a 2- or 3-cocycle, which depends on m —1 parameters, ac-
cording as » is even or odd. Then we apply either the construction in [3] or
the one in [5] to this (2- or 3-) cocycle according as # =2 m or 2 m + 1, to obtain
either a 1-cocycle or a 2-cocycle in the norm class group #*/Ni. (where Nz
denotes the to-ality of norms of the non-zero elements of K with respect to K/k).
Explicitly it is given by a(s1, G, 02, G, . . . , G, on-1, G) in case n =2 m, where a1,
T3, « . . , gn~g are parameters and gx-; is the cocycle variable. Since this de-

4 On the other hand, if we let osy1 run over G in (1), we are led to a non-Galois (n—1)-
cocycle modulo N’,\}/k (which underlies our passage to the norm class group), while the
relation obtained by letting o3 run is rather well-known.
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pends also multiplicatively on each of the parameters o1, ..., gu-3, we have
TueoreMm 1. If n=2m we have
(3) alo, G, 63, G, . .., on-1, G)EE*
for every a1, g3, . . ., on-1, and for each i=0, 1, ..., m the mapping s~ a(o,
G, ..., 0i-1, G, 0, G, 2iv3, ..., G) is a homomorphism of G into the norm
class group k*/Ngmw, which is determined uniquely by the cohomology class of
al...).
As for »=2m+ 1 our 3-cocycle is alai, G, 03, . . . , G, 0n-2, dn~1, o), Where
o1, 03, . . . , On—y are parameters, and to this we may apply the construction in
[5). It was to form the 1-cocycle a(ai, G, 02, - . ., G, dn-2, G, on) On an, to set
(4) alo, G, 03, ..., G, on-2, G, an) =¢(a1, d3, « « « , On2)'"%"

by virtue of the Hilbert-Speiser theorem, and to form a(si, G, o, G, .. .,G,
On-2, on-1, G)clay, a3, « o oy On-a, On=2)"¢(.. ., Onoson-1)c(. .., an1) (EE®).
But here we want to make an a little more general construction, which contains
this as a special case. Thus, let o2, . . ., 02, 02i+3, G2i+5, « « . , 0n ( = 02m+1) TUND,
independently, over G in (1), for each 1=0,1, ..., m~—1, to obtain a(G, o,
G, e ..y O2—1, G, 024+1, 02 +2, G, O2%+dy o o o » G, o‘n+1)a(G, 03, G, e ey O2-1, G, 02i+1,y
U2{+24 G, O2+d4y o o o » G, O'n+1)-1- . .a(al, G, 03, « o « 5 O02{-1, G, 02(+2, G, O2i+4y o o o » G,
1771+1)a((71, G, 03y « « « 5 O2i—1, G, 02 +102i +2, G, O2%+49 o o o » G, .« e )"a(ax, G, O3y o o oy
Jsi-1, G, G2 +1s G, 02 +4y o o o ) . .a(al, G, O35 ¢ o o o G, G, an+1)’la(¢n, G, e o a s G,
G, o‘nu)d(m, G, a3, G, e ooy O2-1, G, 021y O2+2, G, O2i+4y « » « 5 On-1, G)"‘a(m, G,
a3, G, .o oy O2i=1, G, 02 +1s 024 +2s G, T2 449 o o o 5 On-=-1, G)“"“=1, that is

alar, G, 03y « v v, Orict, G, G2it1y « + o » G, on+1)@( . . ., 02i-1, G,
(5) 02 +102(+25 « o « )-la( « o ey 021, G, O2/+24 o » « ) =a(01, G, J3, G, c e sy

02i—1, G, 02i+1, 02i+2, G, 02 +1y o o o 5 On—1, G)I-D"H-

In view of (4) we put

a(”(m, O3 o o o 5 O2i=1> 0241+ 0214+23 O2+1y « = « » On-1) = a(o‘x, G, as,
(6) Gs “ ey O2%-1, G> J2i+15 T2i+2, G: T2i+4s « « « 5 On-1, G)L‘(m, O35 « « o
-1 . .
O%i~15 02%+1y O2%+dy « « « » O‘n—l) C( o o ey 02—15 02+102i+9, 02 +4y » « -)

c( e ooy O2%-1y 02+25 O2+45 o o -)_1,
and find
(7) (a1, Gsy < o vy a1 Gaivi, G2ire} Oritds «« o« On-1) R
Further, letting s, 04, « « - , O2iy Gsivs, G2ty « « - » On=1, On+1 TUR over G in (1),
we get, after cancellation,

alar, G, 03, « « o, 02i-1, G, 0%i:2, 02it3, G, G2itsy « « « 5 Ony Gal. .., iy,
-1 . . .
G, O2i+102[{+2, 02 +3, G, . .) a( e« oy 021, G, 02 +1, 02§ +202+3,
-1
G,... da(. .. , Osi-1, G, 02i+1, O2i+2, G, .. )7 Nalos, G, 03, - -

G, 0311, Grit2, Gzivss Gy v v v s G, on) =1.

(8)
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In view of the form (6) of a'” we see that

3 . . (i . . -
aa1, 03y o v vy G213 Gy T3 G2itty e o sy On-)d (ot} po, T o..)t
(... pot; oo)dP( .05 0,05 o )" ENER.

(9)

Thus we have obtained a 2-cocycle a”(...; o, t; ...) in £* modulo N,
depending on the parameters o1, 03, . . . , 02i-1 and 24, . . . , on-1 in G. We
want to see that the cohomology class of this 2-cocycle is determined uniquely
by the cohomology class of a(ay, ..., gx). For that purpose, we first observe
that c(o1, 03, « « . , 0n-2) in (4) is determined up to a factor r(s1, 03, « « « , On-2)
in k*. Then the form (6) of «'” shows that this factor r(a1, . .., on-z) gives
to it a factor (..., 0, ... )07 (...,00,...07(..., 17, ...)"! which is a
coboundary (in ¥*). Thus the cohomology class of a”’ (mod N ) is determined
uniquely by a(...), and the dependency is clearly multiplicative. Now, if a(s),
wee, an)=(6b)(o1, ..., an) with some (#-1)-cochain b(sy, . .., 6s-1), then

(10) alo, G, 03,G, ..., G, on)=b(a1, G, 03, G, ...,G)I

as we calculate readily. So we may put, in this case, ¢(ay, g3, « « . , 0n-2) =b(a1,
G, a5 ...,0n-2.G). Then (a1, ...; 0,7 ®iss,...)=ala;, G, ..., G, o0,
.G, ...))bla,G,...,G G, ...)"%6,G,...,G,0t,G,...)a1, G, ...,
G t, G, ...)'=bG, o, G, ..., G o rG,.. D66, 05, G, ..., G, g, T,
G ...)) . . 06.G 3 ...,G1,G,...)0,G,...,G,ot, G, ...) (a1,
G...,Goa6G,...)...Nbo1,,G,05,...,G,0,7,G, ...,G,on-1)b(a1,G, . ..,
G,0,G, ...)"%01,G,...,G,01,G,...)be1,G,...,G,G,...)" =Nbay,
G,...,G o0 1, G ...)ENEg. Thus the cohomology class of a depends
only on the cohomology class of a(...), in fact multiplicatively.

Next we show that the cohomology class of a depends multiplicatively
on each of the parameters a1, g3, . . . , 02~1, 0%+45 « « « » dn-1. L0 do s0, we let
in (1) g2, 04y « « ., Osiy Gsivs, G2ivsy o « « 5 G2+1s O2j+4y G2j46s « « « » On+y TUN OVEr G
(where j >1{), and obtain, after cancellation,

a(o‘1, G, a3 ... s G, 342, G, . . ., G, O2j+25 02543, G, . . . da(. .. , G,
-1
(11) 0%i+10%+2, G, . . ) al. .., G, ¢i+1, G, .. .)ao1, G, a3, ..., G,
-1
O2%+1, O02i+2, G, P G, J25+3, G, .o e ) a( e o oy G, 025 +2025+3,

G,...)a(...,G,azj+2,G,...)'1Na(m,G,aa,...)=1.

On the other hand, letting o2, g4, . . . , G2y O2i42, « = « 5 G2j, O2j+35 0245y « « o 5 On
run over G in (1), we obtain, again after cancellation, a(oi, G, g3, . . . , G, 02j+2,

G, PR )a( PP G, J2j+15 025+2, G, P )-10( oo oy G, 025 +1y G, .. .)a(al, G, 03y o o o »
G, 02j+1, 02j42, G, . . . )—Ho"“ =1. This shows that

5(01, 03y o o « 5 02541, 02j+2, O2j+450 o« « ) =a(01, G, 03y o o o » G, d2j+1,
(12) asi+2, Gy o v )c 01, 03y o ooy G2jm1, Oojt1s O2jtas oo o) €(u..,
027+1025+25 o o e, .. s 02425 o o .)‘IEk*.
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On combining (11) and (12) we have

P 0T ey e T e,
(13) ng‘—lﬁzj-vg...)_lam(-..;O‘,T; ...,0‘2j+2,...)=€(...,0‘,...,
Gajit, Gajezy o0 2 )80 iy OTy oo uy O2ji1, Ozjepy oo o) e(e..,
Ty o o s o 0251, 0’2;‘»2,...)]\/’@(0‘:, G,...)_l.

1 . { . .
Thus a@(. . v, 0, T3 oo uy 02s10gez, -« d~aP( 05 @, T3 o, O2js1,
coaP (0. et o u., 02j-2,...) mod Nip (in B¥). Similarly we see

that the cohomology class of a'’ (mod Ni,:) depends multiplicatively on any
one of the first 7 parameters o, 03, . . . , ou-:, and we have

THEOREM 2. Let n=2m+1be odd. For everv Galois n-cocycle a(o;, . ..,
on) in K'kand i=0,1,....m=1 a(g1,05, « . . , 02i-13 0,73 O2itds « « + » On-1)
defined by (6) (where cla1, 034 . . . . on-2) is defined by (4)) gives a 2-cocycle in
the norm class group k™, Niw (in the ground field). Its cohomology class is
determined uniquely by the cohomologv class of atoi, ..., on), depends multi-
plicatively on the latter, and depends multiplicatively on each of the parameters
Oly o o o o 0%~y 0% ~1y « o o5 On=1s

Next we shall see briefly that the vanishing of certain cohomology classes
(other than automatically vanishing 1-dimensional ones) enables us to obtain
cocycles in the norm class group k&% N higher than 2-dimensional, as has
been indicated in [5] (cf. Baer [1] too). Namely, assume that each (n—2)-
cocycle aloi, G, o3, 01, « « . , Gn) ON a2, 04, . . . , 0n \With parameter ¢;) is~1, i.e.

(14) alor, G, g3, G1s o v o, 0n) =0 "W a2, « o vy dn)

with an (% —3)-cochain ¢ ™ (os, . .., gn-1) (depending on ;). Then we con-
struct

(15) aloy, 02, G, 64y o o o5 0n)/(O(0g, « o o, an))'"

where © is the non-Galois cobundary operation with respect to the parametrical
argument ¢; (whence (ocloy, oo v, an)) ™" =™ (g4, . v v, on)c™ ™ (ogy . ..,
o) 7'¢" gy, .. ., on)). Onaccount of the case 7 = 3 of (2) we find that this (15) is
an(n —3)-cocyle,onvy,. . . .on. Assume that this (# — 3)-cocycle is ~1,1.e.1s equal
to the coboundary (8d'°” ** oy, . . ., o) Of an tn —4)-cocycle d@°" oy, . . .,
on-1). Then we form aloy, 02, 03, G, 055 « o o . o) Odlas, o o o, an)) ™ %% and
find, by virtue of the case i=41 of (2), that this is an (n-—4)-cocycle on s,

., vn. WWe assume that this is ~1, and proceed similarly. Thus, on assuming
that certain successively appearing (n—2)-, (tn —3)-, . .., 2-cocycles

d(()‘], G’ T35+« o a”)v a(‘;h g2, Gs Ty = o o & (fn)f’(a()(f)':,a «ee s O'n))mh%»;

Ceey Gpegd(m1)NT2
“ e ey (1(0'1, e e sy On=2, G, Jdn-1, Un)(ae(dn-l, O'n))\al’ 72 Tu=a (7D

(16)

to be ~1, we arrive at a 1l-cocycle
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-1)n-1

alay, doy o o vy Onez, G, ar)(Df (gy)) 0 Trere» On=2) (on an) .

Then, this is equal to (g %+ %n-2)!1"% with certain g'°'** *?, By the case
i=n—1 of (2) we have that the O-cochain a(as, . . . , gn-1, G)(Dg) ¥ +*» mv(~1"
is a cocycle, i.e.

17) aloy, « oo,y an-1, G)(0g)ow > Wy e B,

Here a(ai, . . . , on-1, G) is a non-Galois cocycle, in K*, mod Nz with respect
to o1, . . . , on-1, a5 We see by letting on+; run over G in (1). So, putting the
left-hand side of (17) B(a1, 02, . . . , on-1), we see that B(ai, 02, . . . , on-1) iS @an
(n —1)-cocycle in the norm class group %°/Nzx. The cohomology class of
depends only on the cchomology class of our original cocycle e, and in fact
multiplicatively. Indeed, if @~1 and is=db, then we may choose for ¢ (as,
e On=1), B (G4 ey One1)y o e e, SR Y (gy), &7 92 successively
b(m, G, O3y o o o o 0‘n—1), b(a;, a2, G, 04y o o o o Un—l), e o oy b(m, e oo 3 0n-3, G,
om0V by, . oL, anes, G) P, and then we have alo, ..., on-1, G)
(2g) om0 (gL Gnet, G)Boias, o v oy On-1, G) Ve . . NB(ay, ...,
0n-1) "V (B(as, . . ., Gn1, G102y o . .y On-1, G) o . ) =Nbloy, oo ., on-)"
EN;I.’:-

Remark. Naturaily we may combine these two constructions together.

3. Generalization of the Witt-Akizuki formula. Let now H be a subset of
G which is set-wise invariant under every inner automorphism in G, ard let &
be the number of elements in H. Letting ¢; run over H in (1), we have

- l._
a(dz, “ee dn+1)h= HZLla(H, 025 ¢ o o 5 Fi0i+1y o o o » dn+1)(' b 1a(I{,
(18) 02y ¢ « oy an)(_un(}"“ = (501)(0‘2, e e ey 0n+1)a(}:{, O3y ¢ o o 0‘n+1)_la(Hdz,
O3 o o « 5 0'n+1),

where a(H, os, . . ., 6idi+1, . . . , on+1), for instance, denotes Ilsena(s, o2, . . . ,
Gidit1, -+ « , on+1) and a; is the (#—1)-cochain ai(os, . .., on)=a(H, o, . ..,
an). Thus
(19) a(o‘z, c e ey an+1)h~a(H, U2y o o o o o'n+1)_la(Ho‘g, U2 o o o 5 o‘n+1) .
Letting o; run over H in (1) we have

a(f], 035 o o o 0'n+1)d(0‘1H, T3y o o oy 0‘n+1)_1a((71, Ho‘s, Tly o o oy

(20) dnﬂ)H?::;a(o'l, H, T3y o o o 5 Oi0i+1y o o o » onﬂ)('”'a(m, fI, « e ey
dn)(—h““anﬂ =1.

Replacing here 1 by ¢ (and observing that H is self-conjugate in G) we see
that the right-hand side of (19) is equal to

-1)2
a(dz, Ho‘a, PR Un+])H:;’a(0'z, H, O3y o o o 5 Oi0i+15 o o o o 0‘n+1)( b d(d;’.,
—pynt1 -
(21) H, “ e ey O'n)( e ontt = (5a1)(02, “ e, dn+1) ’a(as, H, Ty o o o o

0‘n+1)d(0203, H, Ty s o oy O’n—»-l)—la(dz, Hﬂs, « sy 0n+1)
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where a:(02, 03, . . . , on) =alo:, H, 05, . . ., an). Thus

0(0‘2, « .oy o'n+1)h~a(o'3, H, Oy o o oy an+1)a(aza3,

(22) H, Oy o « o o 0‘n+1)—la((fz, Ho‘a, « e ey dn+1) .

Letting next o; run over H in (1) and putting asx(os, . . ., on) =a(o, ¢, H,
., on) we see that the right-hand side of (22) is equal to (6as)(ss, . . .,

0‘n+1)a(0‘3, g4, H, c e ey 6n+1)_la(0203, a4, H, T55 « o o » an+1)a(az, dsdy, H, Oy o o o o

on+1) ‘a2, o3, Hos, 05, . . ., on+1). And, continuing in this way, we obtain

aas, o ooy one))*~(alos, . oo, ons1, H)I3a(ozy . . . , GiGist, « « « 5 On,

(23) H)(_l)‘;_la(dz, « ooy Ony H(T?H—l))(_l)n.

But this right-hand side is equal to Ilsera(os, . . . , gn+1)° as we see by letting
ogn+1 run over H in (1) and replacing g1, . . . , 0n bY 02, . . . , gn+1. SO we get

(24) alozy o . ., o'n+1)h~naelia(02, e ees on+1)°.

Now we assume that H is an (invariant) subgroup of G. Choosing a re-
presentative system in G modulo H, we denote, for each element ¢ in G, the
representative of ¢ by #. The right-hand side of (19) is naturally equal to
a(H, as . . . ,0n01) 'a(H(as)o, . . . , an+1), which is, by (20) and (21), in turn equal
to (302)((0'2)0, PP 0n‘—1)-la((73, H, Tiy o o oy 0n+1)a((0‘2)00‘3, .H, PR 0‘n+1)—la((0‘2)0,
Hos, . . ., onv1) =0a) (a2 « - « 5 one1) 'a({asdo, H, 04 . . ., on+1)alos, H, a4,

.« 0n+1)_1a( (dzda)o, H', . e ey o‘n+1)—10((0‘z)003, H, .« e ey an+1)a(ds, H, O3 o« o oy
0n+1)a((0‘2)00‘3, H, “ e oy 0n+1)-la((az)o, Ho‘a, e e ey 0‘nL1) = (6a2)(az, o e oy dn+1)a((0‘a)o,
H, Oiy o o o O'n+1)(l(((120‘:z)0, H, e o oy a;;+1)—1a((62)o, H(as)o, o« ooy 0‘n+1), where ag(ag,

., 0n) =a((a2)e, H, 63, . . ., 6n). So

0(02, « e ey an+1)h~a((as)0, H 04y..., dn+1)a( (0‘2)0(03)0, H, Oly o o o
(25) o‘n+1)—la((0'z)o, H(dc)o, Tiy o o oy 0'n+1)(a((02)0(0'3)0, H, IR
0'n+1)a((0'20'3)o, H, « e ey 0n+1)-1) .

The product of the first three factors in the right-hand side is equal to (das)((a2)o,
(03)0y 645 « o« » Onr1)@8(a2)0, 05, H, « « o, 0ne1) 'a((02)ola3)0, 04, H, . « ., an+1)a((a2)o,
(d:;)oa;, f], P 0‘n+1)-la((t72)0, (03)0, Ha4, o e ey o‘n+1) = (5(13)(0‘2, 02y ¢ o o ,an+1)d( (0‘3)0,
(oo, H, «.., anr1) 'a(lcos)o, (00)o, H, ..., on+1)a((s2)o, (o301)0, H, . . .,
on+1) 'a((02)0, (62)0, H(01)o, « « « 5 on+1), Where @i(as, g3, « « « 5 0n) = a((02)o, (03)o,
H, ..., on). Thus we have
a(oa, « v vy Gn+1)h~a((ds)0, (04)0, H ..., 0'711-1)—‘“((0'2)0(0'3)0, (04)0,

H, ..., owr1)a((a2)o, (03)i(as)o, H, . . ., an1) ra((02)0, (a3)o,
(26) fI(O‘J)o, e e ey on+1)(a((0'z)0(03)0, (0‘1)0, H, « e ey 0n+1)—la((6203)o, (64)0,

H, . e ))(a((dz)o, (03)0(0'1)0, H, . e )d((o‘z)o, (0‘30'4)03

I‘I, PR )—1)(0((02)0(0‘3)0, I{, .« . )a((dzd:x)o, H, “ e )—1).

Continuing in this manner we obtain
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alas, o ooy one1) ~((8an-1)(a2)o, o+ o, (oner)o)al(a2)o, « v o, (an)o,
H)(_Unﬂc"“a((az)o, e oo, (oo, H(anﬂ)o)(_l)n)\’l'm(H?:i(a((dz)o(da)n,
(27) (0‘4)0, o« e ey (Uj+2)o, H, Gj+3y o o o o 0‘n+1)(l((0203)0, (04)0, e e ey (Uj+2)0n
H, 07435 o o o o 0'n+1)_1)(a((112)0, (0‘3)0(01)0, o e ey (dj+2)07 Hs Oj+3s + o o s
0'n+1)_1d((02)0, (030;)0, o e ey (0j+2)0, H, Tj+3y o o o » 0n+1)) PP (a((O‘:z)Os

~1)J-1
(09)0s « « « 5 (@j+1)o(dis2)0, H, gras v o o 5 ans) ™ al(a2)o, (d3)0s <+« s

~DJ\ (=11
(Uj+10'j+2)o, H, Oj+3a o o o » O'n+1)\ )\ ) D

Here the product outside of I is equal to Ilsena((s2)o, . . . , lons1)0)’, as fol-
lows from (1) (with (g2)e, . . . , (ons1)o in piace of o1, . . ., on). Writing now
Ji, « « ., 0n instead of 2. . . .. ons1, we get finally.

THEOREM 3. Let H be an invarient subgroup of order h in G. and L be the
subfield of K belonging to H. Then

0(01, « e ey On)h"’]\/rxﬂa((d‘l)o. « e e, (O’n)o)(H';:}(d((dl)o(dvz‘n, (0’3)0,

I (D'j—x)n., H, Tj+29 o o o o Un)a((dzdg)o, (0.1)0, .« e ey (dj+1)0, H, Tj+2,

(28) « e O'n)_l)((l((u'.)(;», (0‘2)0(03)0, PP ((7j+1)0, H, Oj+2y « 2 o »
o1) 'a((o1)o, (oso3)on o v . . (gie)ay, H, gjiay v ooy on)). . .(a((a1),
(62)05 « « o s (gjd\gji=1)0, H. ity ..., an) " a((a1)o, (02)0s v o s

£ =1y =D
(J]U].‘l)(!’ Hy Tj+2; » o 0y U'n) ! ) ‘

E

wwhere o denotes the representative of o in a certain representative system in
G modulo H.

Though this generalizes the Witt-Akizuki formula for 2-cocyles, we note
that the right-hand side depends (not only on the classes of o:, . . . , 0» mod H
but) on o, . . . .on themselves; in this respect there was a falsy argument in [51.
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