
NOTE ON GALOIS COHOMOLOGY

TADASI NAKAYAMA

Let K/k be a Galois extension. Formerly the writer studied, in [3], [4], a
certain correlation of factor sets in K/k with the norm class group of Klk, and ex-
tended it, in Lol, to 3-dimensional cocycles. The present note is to study the same
relationship for general ^-cocycles. As a matter of fact, the constructions which
underlie the relationship have become common places in cohomology theory,
through the works of French and American authors, and indeed the construction
to bring certain (non-Galois) cocycles into the ground field k has been discussed
by Baer [1, Theorem C] for general dimensions n under the setting of general
group cohomology. Since, however, to assume the triviality of the 2- (and
higher) cohomoίogy groups is too strong (and rather meaningless) in the Galois
cohomology case,11 what we may do is, firstly, to assume certain (w — 2)-, (n
-3)-, . . . , 2-cocycles appearing successively in the reduction, rather than the

corresponding whole cohomology groups, to be -^1, as was briefly indicated in
[5], or, secondly,, to construct, in an also rather well-known way, 2- or 3-cocycles
from the original given w-cocycles and apply our former results to them. For
an even n these are about all we shall discuss in the following. But, for an
odd n there is a certain construction which is similar to the latter of the above
constructions but is more general. The writer assumes that this last is somehow
worth while to report (Theorem 2); even the above constructions do not seem
to the writer to be contained in what has been explicitly stated formerly, in
[1] for instance.2' We shall also extend our former 3-dimensional generalization3*
of the Witt-Akizuki formula to higher dimensions such possibility being rather
expected. The note is a preliminary for a succeeding one in which the writer
wants to study the obtained correlations in arithmetical case.

1. Preliminary observations. Let K/k be a Galois extension and G be its
Galois group. We consider a Galois cocycle aiσL, σ-2, . . . , <?«)(tfi, σ%9 . . . , βn

taking values in the multiplicative group K* of K\

Received August 30, 1952.
1 If the 2-cohomology group in K/k vanishes, so do all (1-, 2- and) 3-, 4-, . . . , w-cohomology

groups; see HochschiJd-Nakayama [2], §4.
2> Observe, for example, that the subgroup of K* 'N^/k consisting of all elements left invariant

under G is in general greater than k~*!N^jK,
3) See a correction at the end ox the present note.
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(da)(σi, #2, . . . , <x«fi) =a(σ-2, 0z, . . , 0n\

. . . a(σu ΰi, . . . , σn<JnriY~l)na(σί9 σ2, . . . ,0n)
{~l)"^nnVX = 1 *

For an i = 2, 3. . . . , n we let σi run over G in (1), to obtain1*

tf(<72, . . . , <7/-l, G, tfι + i, . . . , 0n+l)a(0i029 . . . , (7»~l, G, <7/+i, . . . ) " *

( 2 ) flK^lj - 9 <7ί-2., G, 0i+l9 . . . V #(<7l, . . , (Tf-1, G, <Tί + 2j - Y

. . . * ( * , . . . , 0i-u G, σi+i, . . . , σn)
{~1)njrίθn» = l,

where a(σ2, . . . , <J/-I, G? <;/+I, . . . , </w+i), for instance, denotes the product

ίloizGa{oι9 . . . , tf, -i, <;? <;/+1, . . . , 0n+i). This means that the product of the

value at <7i, . . . , <7, -i of the coboundary of the (ι-2)-cochain a(σι, . . . , <7ι-2,

^, <7/+i, . . . , (7»+i) with respect to jj, . . . , c i-2 in the non-Galois sense (G

operating trivially on K*) (with parameter values σi+1, . . . , σn+i) and (—l)1-

times the value at σi+i, . . . , σn+i of the coboundary of the (n - ί)-cochain β(<jj,

. . . , <τι-i, G, <7, +i, . . . , <7W) with respect to (7/+i, . . . , σn in the usual Galois

sense (with parameter values β\, . . . ,<J/-I) is equal to 1. (As a matter of fact,

this fact, with varying *', can best be formulated in terms of a double cochain,

whose ( i - l , ft —/)-component is Λ(<7I, . . . , </ι-i, G? <j, + 1, . . . , ern) ί cf. CU

for instance.) For *' = 2 our relation shows that a{σl9 G, 0*, . . . 9 σn), with a

fixed <7i, is an (n — 2)-cocycle on 03, . . . , an. It is easy to see that if the

original w-cocycle a(σi, 02,..., σn) is ^ 1 then our a(σu G, σz, . . . , σn) is ^ 1 ,

for every au For ί = 3 our relation shows that aiσ z, G, σu . . . , 0n+ι)a{0ia->,

G, 04, . . . , 0n+ι)~1a(σι, G, 0^ . . . , 0n+i)9 as an (w-2)-cocycle with respect to

the last « —2 arguments, is ~*Ί, or, the cohomology class of our in — 2)-cocycle

aiai, G, 0s, . . . , σn) depends multiplicatively on the parameter 01.

2. 1- and 2-cocycles in the norm class group associated with an n-cocycϊe.

Let again a(σι, 02, . . . , 0n) be a (Galois) w-cocycle in the Galois extension K/k,

with Galois group G. Set n ~2 m or w = 2 w f 1 according as n is even or odd.

By the construction of the preceding section we get an (n - 2)-cocycle a(σi, G,

02, . . . , σn) for each <τi (provided n^3). Applying the same construction to

this (ft-2)-cocyde, we get further an (w —4)-cocycle, depending on two pa-

rameters (provided n^5). Thus, after applying the same construction m — 1

times, we arrive at a 2- or 3-cocycle, which depends on m — I parameters, ac-

cording as n is even or odd. Then we apply either the construction in [3] or

the one in [5] to this (2- or 3-) cocycle according asw = 2 w ι o r 2 m + l , t o obtain

either a 1-cocycle or a 2-cocycle in the norm class group k^/Nκ/k (where Nκ/k

denotes the tolality of norms of the non-zero elements of if with respect to K/k).

Explicitly it is given by a(ai, G, 0-, G, . . . , G, σn-ι, G) in case n = 2 m9 where au

ύz, . , . , an~z are parameters and σn-i is the cocycle variable. Since this de-

On the other hand, if we let σn+ι run over G in (1), we are led to a non-Galois (M—1)-
cocycle modulo N%Sk (which underlies our passage to the norm class group), while the
relation obtained by letting σi run is rather well-known.

https://doi.org/10.1017/S0027763000015476 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000015476


NOTE ON GALOIS COHOMOLOGY 99

pends also multiplicatively on each of the parameters 01, . . . , 071-3, we have

THEOREM 1. If n = 2m ive have

(3) Cl\0ι, G, 03, G, • . . , 0n-i, G/GA?*

for every 01, 03, . . . , 0«-i, and for each ί = 0, 1, . . . , m the mapping 0^>a{βu

G, . . . , 02/-u G, 0, G, 021+3, . . . , G) is a homomorphism of G into the norm

class group k*INκιk9 which is determined uniquely by the cohomology class of

As for n = 2 mΛ 1 our 3-cocycle is 0(01, G, 03, . . . , G, 0^-2, 0^-1, 0«), where

01, 03, . . . , 0»-4 are parameters, and to this we may apply the construction in

[5]. It was to form the 1-cocycle 0(01, G, 02, . . . , G, 0n-2, G, 0n) on 0n, to set

\4) a\0\, Gr, 03, . . , G, 0n-2, G, 0n) = C\0ι9 03, . . . , 0»-2/ '*

by virtue of the Hilbert-Speiser theorem, and to form 0(01, G, 03, G, . . . , G,

0n-2, 0n-i, G)C\0ι, 03, . . . , 0n-4, 0n-2) c( . . . , 0w-20n-l)^( . . . , 0«-i) ( G: & ).

But here we want to make an a little more general construction, which contains

this as a special case. Thus, let 02, . . . , 02/, 02/+3, 02/+s, . . . , 0n ( = 02m+i) run,

independently, over G in (1), for each i = 0, 1, . . . , m - 1 , to obtain a(G9 03,

G, . . . , 02/-1? G, 02/ + 1, 02/ + 2, G, 02/ + 4? . . . , G, 0n+l)a\G9 03, G, . . . , 02/-1? G, 02/ + 1,

j 02/ + Ί, , *-*•? 0n + \> o * a\0\, Lr, 03, . . . , 02/-1, O , 02/ + 2, C-»", 02/' + 4, , Cr,

0n+\)a\0\, G, 03, . . . , 02i-ί, G, 02/ + 102/ + 2, G, 02/ + 4, . , G, . ) d\019 G, 03, . ,

0zi-i, G, 02/+1, G, 02/+4, ) * aκ0ι9 G, 03, . . , G , G , 0n+ι) a\0\9 G , . . . , G,

G , 0« + l)(2(0J, G, 03, G , . . . , 02/-1, G, 02i + l , 02/ + 2? G, 02/+4, , 0Π-1, G ) Λ\01, G ,

7̂3, G, . . . , 02/-1, G, 02/+1, 02/+2? G, 02/+4j . . . , 0n-i, G) w f l = 1, t h a t i s

^ ( ^ 1 , G, 03, . . . , 02/-1? G , 02/+1, . . . , G , 0« + l ) β ( . • , 02/-1, G ,

VO/ 02/ + 102/ + 2? / # \ , 02/-1, ίj", 02/ + 2, / r = t*V01, *J> 03, *-r? >

G /^1 /^\1""σn+i

, 02/+1, 02/ + 2, tr? 02/fl, . . . , 0/1-1, Lr /

In view of (4) we put

<γ (01, 03, . . . , 02/-1 > 02/+1* 02/ + 2 > 02/+1? ? 0«-l) ~ tf\01, vT, 03,

ί2s G, , 02t-l? G, 02/i-l? 02ί + 2? G, 02ί + 4? . . . , 0W-1, G ) c ( 0 1 , 03, »

02/-1, 02i + l, 02ί + 4, - , 0n-l) C{ . . . , 02/-1, 02/+ 102!+ 3, 02/ + 4, )

C\ . . . , 02i-l, 0'liϊ ϊ , 0 ?Λ + 4f . - . ) ,

and find

(7) CC{i\β\, 03, . . . , 02/-1 > 02/+1, 021 + 2 ϊ 02t + 4ί , 0n-l)€Ξk' .

F u r t h e r , l e t t i n g 02, 01, . . . , 02/, 02/ft, 02/1-6, . . . , 0n-u 0n+i r u n o v e r G in ( 1 ) ,

we get, after cancellation,

a((J\, G, 03, . . . , 02/-1, G ? 02/ + 2, 02i + 3, G, 02i + δ9 ' ' 9 <*tl9 G)θ{ . . . , 02/-1,

, G, 02/+-102/+2, 02/f 3, G , . . .)~ a( . . . , 02/-1, G , 021+1, 02ίr202ίr3,

G, . . . )a{ . . . , 02f-l, G , 02/+1, 02/ + 2, G , . . . ) ~ 1 i V θ ( 0 1 , G , 03, . . . ,

G , 02/4 1, 02/ + 2? 02/ + 3? G , . . . , G", <7n/ = 1
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In view of the form (6) of ccω we see that

OC % ( 0 1 , 03, . 9 tf2ι-l > 0, T 9 02i+i9 9 <Jn-l)θC ( . . . ', pa, 7 I . . . )

( 9 ) a { i ) ( . . . ; p,στ; . . . ) a U ) ( . . . ; p , a l . . . r ^ N i t k .

Thus we have obtained a 2-cocycle aω(. . . a, τ; . . . ) in ft* modulo Nκιk,

depending on the parameters 01, as, . . . , 02/-i and 021+4, . . . , an-i in G. We

want to see that the cohomology class of this 2-cocycle is determined uniquely

by the cohomology class of a(ai9 . . . , an). For that purpose, we first observe

that c(ai, 03, . . . , on-z) in (4) is determined up to a factor γ{aι, a*, . . . , an-i)

in ft*.- Then the form (6) of a{t) shows that this factor γiai, . . . , <7«-2) gives

to it a factor γ{. . . , a, . . . )~V(. . . , 0τ, . . )r(. . . , r, . . . Γ 1 which is a

coboundary (in ft*). Thus the cohomology class of <x{t) (mod Nκιk) is determined

uniquely by a( . . .), and the dependency is clearly multiplicative. Now, if a(au

. . . , an) = (δb)(ai, . . , an) with some (n — D-cochain ft(cri, . . . , <;«-i), then

(10) a(au G, a*, G, . . . , G, an) = ί(<n, G, 03, G, . . . ,. G ) W n

as we calculate readily. So we may put, in this case, c(ai, a*, . . . , an-i) —b(o\9

G, a$, . . , an-2τ G). Then αr (<τj, . . . ί (7, rj <T2ί+i, . ) = Λ(<?Ί, G, . , G, a,

τ,G, . . . )b(aι, G, . . . , G, a, G, . . . )""1M<;i? G, . . . , G, aτ, G, . . . )#Ui, G, . . ,

G, T, G, . . ) =-b{G, 03, G, . . . , G, <j, r, G, . . . )b(G, a%, G, . . . , G, <;, r,

G, . . Z)"1. . .b(au G, 03, . . . , G, τ, G, . . . )^(JI, G, . . . , G, aτ, G, . . . )~1^(0i,

G, . . , , G, 0, G, . . . ) . . . Nb(au G, 03, . . . , G, 0, τ, G, . . . , G, an-ι)b(au G, . . . ,

G, 0 , G , ' . ' . . ) " x f t U , G , . , . , G, aτ, G, . . . )b(au G, . . . , G, τ, G, . . . ) ~ ι = Nb(au

G, . . . , G, 0, r, G? . . . )&N%/k. Thus the cohomology class of α ( I ) depends

only on the cohomology class of a(. . . ), in fact multiplicatively.

Next we show that the cohomology class of a{t) depends multiplicatively

on each of the parameters 01, 03, . . . , 02ί-i, 021+4, . . . , 0«-i. To do so, we let

i n ( 1 ) #2, 04, . . , 02/, 02t + 3, 02/ + 5y , 02./ +1, 02j + 49 02J+6, . . . , 0n+ί TXXϊϊ OVβΓ G

(where. > >ί ) , and obtain, after cancellation,

&{aι, G, 03, . . . , G, 02/+2, G? . , G, 02j+2, 02j+z, G, . )Λ( . , G,

Qi\ 021 + 1021+2, G, . . . ) έ?( . . . , G, 021 + 1, G, . . . )fif(01, G, 03, . , G,

02ί + l, 021+2, G, . . , G, 02J + 3, G, . . . ) tf( . . , G, 02/ + 202,/+3,

G, . . . ) Λ ( . « . , G, 02.Z+2, G , . . . )~ιNa{ai, G, 0 3 , . . . ) = 1 .

O n t h e other hand, l e t t i n g 02, 04, . . . , 021, 021+2, . • . , 02/, 02/+3, 02.7+5, . . . , 0«

run over G in (1), we obtain, again after cancellation, a(aι, G, 03, . . . , G, 02y+«,

G, . . . ) « ( . . . , G, 02/+1, 0sy+2, G, . . . ) α ( . . . , G, 02^+1, G, . . . )<z(0i, G, 03, . . . ,

G? <;2y+1, <;2y+2, G, . . . )" 1 + o«^ = 1. This shows that

β(01, 03, . . . , 02.7 + 1, 02>+2, 02/+4, . . . ) = <j( 01, G, 03, . . . , G, 02/+1,

(12) 02/ + 2, G, . . . )c(0i , 03, . . . , 02/-1, 02.7 + 1, 02J + 4 9 . . . ) " c( . . . ,

. . )c( . . . , 02/+2, . . . ) " X G f t * .
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On combining (11) and (12) we have

ac{t){ . . . a, τ] . . . , <72i + i ? . . , )a{t)( . . . <J, τ \ . . . ,

(13) 02j-i02j-2' . . )~ ocU)( . . . ', σ, τ I . . . , 02j+29 . . . ) = e( . . . , a,

r, . . . , ^ v i , <T2y-2? . . . )Na(oι9 G, . . . ) ~ ι .

T h u s a: ( l ) ( . . . , σ, τl . . . , 02j+iβ2j+2, . . . ) - ^ t f ( ί ) ( . . . i <7? r . . . , <72/+i,

. . . )α l ί J( . . . a, τ . . . , ^ - 2 , . . . ) mod Λrί/^ (in A*). Similarly we see

that the cohomology class of <x{l: (mod ΛΓ£//>) depends multiplicatively on any

one of the first / parameters σ\, oz, . . . , σ^-:. and we have

THEOREM 2. Let n-2 m-rlbe odd. For every Galois n-cocycle a(σj, . . . ,
an) in K!k and i = 0, 1, . . . . rn — 1. a[t)(σi, az, . . . , <T2/-i J <τ, T J <72/+4, . . . , ΰn-ι)

defined by (6) {ivhere ciai, az, . . . . ^-2) /s defined by (4)) g*>£s α 2-cocycle in

the norm class group k*',Nκιk Kin the ground field). Its cohomology class is

determined uniquely by the cohomology class of aKσi, . . . , an), depends multi-

plicatively on the latter, and depends multiplicatively on each of the parameters

O\, . . . , aii-j, O2i-i9 . . . , ΰn-ι.

Next we shall see briefly that the vanishing of certain cohomology classes
(other than automatically vanishing 1-dimensional ones) enables us to obtain
cocycles in the norm class group k~'''!Nκιk higher than 2-dimensional, as has
been indicated in [5] (cf. Baer [1] too). Namely, assume that each (w —2)-
cocycle aKai, G, a$, aίf . . . , σn) on <τ3, a A, . . . , an Iwith parameter aθ is — 1, i.e.

(14) a{ai, G, a%, a\, . . . , an) — ( o c v)Ka%9 . . . , an)

with an (n - 3)-cochain c^Us, . . - , an-0 (depending on ax). Then we con-
struct

\Lo) a\ai, <72? Cr, <74, - . . , a?ι)/\0C\a4, . . . , an)) ~ 9

where d is the non-Galois cobundary operation with respect to the parametr ical

a r g u m e n t aL (whence (3c(eri, . . . . an)y°ι'°2 =c'Π2)(ai9 . . . , an)cnu Γj2'Kai, . . . ,

on)~ιέnι\a\, . . . , t7«)). On account of the case / = 3 of (2) we find that this (15) is

an [n ~ 3)-cocyle. o n ^ i , . . . , j n . Assume that this {n — 3)-cocycle is — 1 , i.e. is equal

to the coboundary {δd'Oχ'°- )Kaι, . . . , an) of an yn — 4)-cocycle d"*1'°2\aι, . . . ,

ίr«-il T h e n we form a(aί9 a*, az9 Gv a-o, . . . . an)Kod^a-ύ9 . . . , c7n))(σif °2'°", and

find, by virtue of the case f = 4 of (2), that this is an ( n — 4)-cocycle on a*9

. . . , c;«. We assume that this is ^ - 1 , and proceed similarly. Thus, on assuming

that certain successively appearing Kn-2)-9 κn — Z)-9 . . . , 2-cocycles

• . 9 a{a\, . . . , an-?.-, G* an-ι9 an)(de{an-i?

to be -̂-1, we arrive at a 1-cocycle
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a(σl9 * , . . . , on-*, G, σn)(df(σn)yσί>a2' '-σn-2){-1)n~l (on an).

Then, this is equal to (g{σit °2'~" σ ^ ) ) 1 " σ w with certain g{Oί>~" °«-*\ By the case

i = n-l of (2) we have that the 0-cochain a(σu . . . , an-i, G)(dgYσί σ»-»)(-1)M

is a cocycle, i.e.

(17) aiβu . . . , *«-i, G ) ( 3 g ) ( σ — • ^ " - " " e t * .

Here a(σi, . . . , <7M-i, G) is a non-Galois cocycle, in K*, mod Nκ/k with respect

to (7i, . . . , cr«-3, as we see by letting σn+i run over G in (1). So, putting the

left-hand side of (17) β(σι, σ2, . . . , σn-i), we see that β{σί} σ2, . . . , <7«-i) is an

in - l)-cocycle in the norm class group k':'/Nκ/k* The cohomology class of β

depends only on the cohomology class of our original cocycle a, and in fact

multiplicatively. Indeed, if a^\ and is = #&, then we may choose for c{°ι)(σz,

. . . , σn-ι\ d{ai' " 2 ) U , . . ? *»-i), . . . ? / ^ — nn-*\σn-ι), g{Oί σ"-2) successively

b((Tι, G, ύz, . . . , ίTw-i)5 ^(<7l, <72, G, 04, . . . , Un-l), . . , &(<Tl, 9 ̂ W-3, G,

<7«-i)ι~υn 2, b(ό\9 . . . , <;«-2, G) ( ~ 1 ) ? i x, and then we have β(<7i, . . . , an-u G)

σn-i){~1)n(b(σ2, . . . , tfΛ-i, G)b{σιΰ2, . . . , c;»-i, G) . . . Γ1 = Nb{σu . . . ,

Remark. Naturally we may combine these two constructions together.

3. Generalization of the Witt-Akizuki formula. Let now H be a subset of

G which is set-wise invariant under every inner automorphism in G, and let h

be the number of elements in H. Letting σi run over // in (1), we have

a(σ2, . . . , σn+i)*— H"=iCt(H, a i, . . . , <;;<?<+i9 . > ^ n + i ) ^ ^

(18) σ2,..., on){~l)n°M = ( 5 β i ) U , . . , <tn

w h e r e « (// , <;2, . . . , σi<Ji+i, . . . , <τw+i), for i n s t a n c e , d e n o t e s Π σ e//#(t f ? ^2, . *

<7χ<7i+i, . . . , σn+i) a n d «i i s t h e (n- l ) - c o c h a i n αi(<;2, . . . , < ; « ) = «(//", <72, . . . ,

<;»). Thus

(19) a(σ2, . . . , an+iΫ^-attί, σz, . . . , on+\)~xa{Ήo2, σ?,, . . . , <7«+i).

Letting <τ2 run over //"in (1) we have

a(H, ΰz, . . . , σnhi)a(σιH, σs, . . . , Gn+\)~xa(a\, Hΰ%, a\, . . . ,

(20) <;»+j)Πf=30(<7i, H, σ*9 . . . , σiouu - - , <*n+iY~1Y*a(σu H, . . . ,

Replacing here <7i by «;2 (and observing that // is self-con jugate in G) we see

that the right-hand side of (19) is equal to

<z(</2? Haz, . . . , <τ»+i)Il3«(c;2, H, (73, . . . , σiσi+i, . . . , όn+xY'^ a(a i,

(21) i7 , . . . , σnY~l)n¥lan« = (δa3)(σ2, . . . . tfn+i)"1^^, Jff, tf4, . . . ,

^ H, ύi, . . . , (7/ι+i) a\ΰ2, He%, . * , <̂ w+1)
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where a2(σ2, 03, . . . , an) = a(σ2, H, σ3, . . . , on). Thus

( z, H, 04, . . . , an

H, 0A, . . . 9 <7n+l) Ct(ύ2, Ή.0z, . . . , 0n+l) .

Letting next σ3 run over H in (1) and putting az{θ2, . . . , an) - a{a2, σz, H,

. . . , an) we see that the right-hand side of (22) is equal to (<5tf3)(<72, . . . ,

0n + l)d(0z, 04, H9 . . . , ϋn+l) 0,(0203, O\, H, <Js, » . , 0ΠΎ\)O>\0Z, 0zU\9 H, <7π, . . . ,

0n+i)~1a(02, tfs, Ha±, σ5, . . . , 0n+i) And, continuing in this way, we obtain

(23) πy-^aiσ a Hσ)Y-1)n

, 0n+i)H^(a{0z9 . . . , 0n+i9 H)Tl2d(u2, . . . , aiOi+x, . . . , an,

aiσ* . . . , an, Hσn+i)Y-1)n.

But this right-hand side is equal to HaeRa(029 . . * , <rn+i)σ as we see by letting

0n+i run over H in (1) and replacing </i, . . . , σn by σ2, . . . , 0n+u So we get

(24) a(σ2, . . . , <rw+i)A^ΊlσeHα(ί;2, . . . , 0n+ιY.

Now we assume that H is an (invariant) subgroup of G. Choosing a re-

presentative system in G modulo H, we denote, for each element a in G, the

representative of a by <70. The right-hand side of (19) is naturally equal to

a(H9 σz, . . . , 0n+i)'1a(H(σ2)o9 . . . , <r»+i), which is, by (20) and (21), in turn equal

to (δa2)((σ2)o, - . - , an~i)~ιa(oz9 H, σι, . . . , 0n+i)a((02)o0z, H, . . . , 0n+i)~1a((02)o,

) ^ ( ( ^ ) iϊ/i (74,

l) # ( (<72^3)θ? Ή9 . . 9 0n + l) a(((72)θ(fZ, H9 . . . 9 0n+l)a\0Z, H, 04,

(02)ϋ03, H, . . . , tf« + l ) ~ tf((tf2)θ, #C?3, . . . , ίTn^-l) = (<5#2)(tf2,

H9 0\9 . . . 9 0n + l)a({020z)θ9 H9 . . . , <Tw + l)"'1«((<72)θ, H(0z)θ, . . . , <T» + l ) ,

. . . , 0n) = Λ ( ( < T 2 ) O , H, 0z, . . . , 0n). S θ

α(ίT2, . . . ? <7«+i) '^^((^3)0? H, 04, . . , 0n+i)a((^2)0(^3)0? H, 0i, . . . ,

( 2 5 ) <7n+l)"'1α((<72)θ, H(0Z)Q9 01, . . . , iTw + l ) ( « ( (^2)0(^2)0, H, . . . ,

0n + l)a{(020z)o9 H, . . . , 0n + l) ) .

The product of the first three factors in the right-hand side is equal to (δaΆ)((^2)0,

(#3)0? 0\, j <7/z + l)flK(tf3)o? 0l9 H, . . 9 0n + l) ^((^2)0(^3)0? 0i9 H9 . . 9 0n+l)&\\02)o,

{0Z)Q0A, H, . . . , 0n+l)~1a((02)o, (0Z)Q, H04, . . . , tfn+i) = (fozϋ)(<;2, ^ 3 , . . . ,0n+ι)(z{(0 i)i)9

(04)0, H, . . . , 0n + l)~~1a((02(J:i)o, (04)0, H, . . . , 0n+l)a((02)θ, (^3^l)θ, / / , . . . ,

ί/n+i)~ 1^((^2)o ? (^3)0, H{0.ι)o9 . . . , cr«+i), w h e r e β Ktfs, <73, . . . , <̂ «) = ^ ( ( ^ 2 ) 0 , (0z)o,

H9 . . . , 0n)* Thus we have

H9 . . . , 0n

(26) H(04)o, . . . , tf/i + i) (^((^2)0(^3)0, (^i)o, i/, . . . , 0n+i)~1a((^2^3)0, (tfi)o,

H9 . . . ))(a((02)o, (03)0(01)0, H9 . . . )«((<TO)O, (^3^4)0,

/ / , . . . )-1)(^((c;2)o(^)o, ^ . . . )a((020*)o,H9 . . . Γ 1 ) .

Continuing in this manner we obtain
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O, . . . , (σn)o9

( 2 7 ) (^4)0, ? (0.7+2)09 i ^ i 0 / M , . . . ? 0/i + i ) β ( (0203)0? (04)0? .

i / ? 0/0.3, . . . , On+i)~i){a((o2)o, (03)0(01)0, . . . , (0.7+2)09 H,ύj

0n + l ) ~ # ( ( 0 2 ) 0 ? (0301 )θ, ? (0^ + 2)0? / / , 0.7 + 3? • 9 0n + l)) •

((73)0? , (0./+1 )o(0/+2)o ? H, 0yf3>. . 9 0 » + i ) ) Λ ( ( 0 2 ) 0 9 (03)0? . . . *

\0J/ + 10; + 2/θ9 *J? 0i-^3« 9 Gn + l) )

Here the product outside of Π is equal to ΓLe=/2<2((02)o? . . . , (0w+iW\ as fol-

lows from (1) (with (02)0, . . . , Un+i)o in place of 01, . . . , σn). Writing now

0i, . . . . 0w instead of 02- . . . , 0«+i, we get finally.

THEOREM 3. Let H be an invariant subgroup of order h in G, and L be the

sub field of K belonging to H. Then

)o(02>>o, (03)0,

. . . . v0/~i)o, //", 0y^2, . . . , (Jn)a((0203)0, (0-1^0? 9 (0^+1)0? H, <7j+29

( 2 8 ) * 0 n ) ~ 1 ) ( « ( ( c ; 1 ) ϋ , (0-2)0(03)0, . • . 9 (0y+i)o9 ^ 0j?+2? - . . ,

On) a{{σ\)o, (0203)0 < 0 ; ^ i ) o , //", 0 i ^ 2 , . . . 9 0 n ) ) .

(02)0, . . . , (0.7)0(0.7-1)0? H, 0y+o, . . . , 0 r t ) ( " " 1 ) ' ; α ( ( 0 i ) o ? (02)0

where 00 denotes the representative of a in a certain representative system in

G modulo H.

Though this generalizes the Wiΐt-Akizuki formula for 2-cocyles, we note

that the right-hand side depends (not only on the classes of 03, . . . , 0« mod H

but) on 03, . . . .on themselves in this respect there was a falsy argument in [51
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