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ON THE CORRELATION BETWEEN
THE VOLUMES OF THE TYPICAL
POISSON-VORONOI CELL AND
THE TYPICAL STIENEN SPHERE

VIKTOR OLSBO,* Chalmers University of Technology and Géteborg University

Abstract

In this paper we consider a tessellation V generated by a homogeneous Poisson process
@ in R? and, furthermore, the random set of spheres with centres being the points in &
and having radii equal to half the distance to their closest neighbouring point in ®. In
R? we give an integral formula for the correlation between the volume of the typical cell
and the volume of the sphere in the typical cell, and we also show that this correlation is
strictly positive. Furthermore, on the real line we give an analytical expression for the
correlation, and in the plane and in space we give simplified integral formulae. Numerical
values for the correlation ford = 2, ..., 7 are also given.
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1. Introduction

Let ® be a homogeneous Poisson process in R¢ with intensity A € (0, 0o) and let 'V denote
the tessellation generated by ®. This means that, for each pointx € ®, we let 'V, be the cell that
has the point x as its nucleus (or generator), i.e. V, = {y € RY: ||y —x|| < |y —zll, z € ®},
where || - || denotes the Euclidean norm, and then V = {V,: x € ®}. The tessellation V is
known as the Poisson—Voronoi tessellation and was introduced by Meijering [5]. For a more
in-depth view of Poisson—Voronoi tessellations, the reader is referred to [6] and [7]. Calka [1],
[2] investigated the size and the form of Voronoi cells in the plane. Hug et al. [4] investigated
the shape of large Voronoi cells.

In order to describe the statistical properties of 'V it is useful to introduce the typical cell.
Following the approach introduced in [6], we let I" denote the set of polytopes in R¢ equipped
with a ‘suitable’ o-field . For a set A € +A, we define the following distribution:

1
o) E|: Y AV -xe A)}

xe®NB

Q(A) =

for an arbitrary Borel set B such that0 < v;(B) < oo. Here, vy denotes the Lebesgue measure.
The typical Voronoi cell is defined as the random polytope V; on (I, +A) having distribution Q. It
is known (see, e.g. [6]) that 'V, has the same distribution as V,,, where V,, denotes the cell whose
nucleus is the origin. This means that the distribution P of ® is given by the Palm distribution
at the origin. To emphasize this we use the notation ®,. On the real line vi(V,) ~ I'(2, 2A)

Received 19 January 2007; revision received 6 September 2007.
* Postal address: Mathematical Sciences, Chalmers University of Technology and Goteborg University, SE-412 96
Goteborg, Sweden. Email address: vikol @chalmers.se

883

https://doi.org/10.1239/aap/1198177230 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1198177230

884 @ SGSA V. OLSBO

0.10 P N
\\/ P
Ve
N Ve
0.06 \/\\/ -
- |
0.02 ~— _ ,
I - =
, ]
—0.02 2N ~
/ . /
- 3 s |
\
—0.06 \ !
. |
\ | A
-0.10 \ .
0.10 B J \
0.06
PA
/ <
0.02 \ = >~ 7
< /
—0.02
> —
—0.10

—0.10 —0.06 —0.02 0.02 0.06 010 —0.10 —006 —002

FiGurE 1: Examples of realizations of V,, and 4.

and, for R?, Calka [2] gave an expression for both the density of the number of neighbours and
the conditional distribution function of the area of the typical cell, conditioned on the number
of neighbours. For d > 3, the distribution of the volume of the typical cell is unknown.

Around each point x € & we place a sphere with diameter equal to the distance to the
closest neighbour of x. The random closed set made up of the union of these spheres is
known as the Stienen model and was introduced by Stienen [11], motivated by an application
in materials science. Conditioning on @ with a point at the origin, we call the sphere having
the origin as its centre the typical Stienen sphere (or the typical sphere) and denote it by
4,. Distributional properties of the Stienen model were studied by Schlater and Stoyan [10].
Although the distributions of the volumes of the typical sphere and the typical cell (at least for
d = 2) are known, the correlation between them is not available in the literature. At first it
seems obvious that this correlation must be positive, but examining the selected realizations in
Figure 1 suggests that the answer is not this obvious as, for example, two neighbouring points
lying close together often produce small spheres and large Voronoi cells.
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2. Main results

In this section we state and discuss the main results while the proofs are postponed to Sec-
tion 3. In Proposition 2.1, below, we give a closed-form expression for the correlation between
v1(V,o) and vy (4,). In Theorem 2.1, below, we give an integral formula for corr(vg (V,), va(8,))
in arbitrary dimensions, d > 2.

Proposition 2.1. On the real line it holds that

1
corr(v1(Vo), v1(4p)) = ﬁ
The real line is the only case where we have been able to obtain an analytical expression for
corr(vg(Vo), v4(8,)). An integral formula for corr(vg(V,), vi(4,)) in arbitrary dimensions,
d > 2, is given in Theorem 2.1, below. Lemma 3.1 in Section 3 gives an integral formula that
holds for any d > 1.

Theorem 2.1. For d > 2, the correlation between the volume of 'V, and the volume of 4, is
given by
corr(vg(Vo), va(8o))

02 [ [ yd=Tyd=Te—batWawv) gy dy — (24 — 1)/24

= , 2.1
\/ d — D) (ba/ba-1) [y [y~ sin?2(@)R4/Sq(R, @)?) dR dot — 1
where
T s
Wi(u, v) = ud/ sin? ¢t dr + vd/ sin? ¢ dr 2.2)
arccos (u/2v) arccos (2v2—u2/2v2)

and . .

Si(R, @) = Rd/ sin 7dt + (R> +1—2R cosa)d/zf sin ¢ dr, (2.3)

o T(R,a)

with

1 — Rcosa
T (R, a) = arccos .

VR?2+1—2Rcosu

Here, 64 and by denote the surface area and the volume of the d-dimensional unit sphere,
respectively.

The function by_1Wy(u,v) can be interpreted as the volume of the union of two
d-dimensional spheres with radii # and v and their centres a distance v apart. Furthermore,
bg—1S4(R, ) can be interpreted as the volume of two spheres, with their centres a unit distance
apart, where one has radius R and the other has radius VR?2+1—=2Rcosa. For any d > 2,
the integrals defining Sy (R, o) and Wy (u, v) can be evaluated in terms of elementary functions.
This means that, for example, in the plane and in space it is straightforward to use (2.1) to obtain
numerical approximations for the correlation between vy (V,) and vg(4,).

Corollary 2.1. In the plane and in space the following two assertions hold.

®
A’ -3/4
corr(v2(Vo), 12(48,)) = m ~ (0.7051,
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where
s 0 R
wm [ ok an
o Jo S2(R,a)
and
[e'e) 2v
I2:/ f uve W20V 4y dy),
0 0
with

1 5 1 — Rcosa
S$5(R,a) = =3(1 + R —2Rcosa)| m — arccos
2 V14 R2—2Rcosa

+R2(7'r —oz)—i—Rsina}

and
Ws (u v)—ﬁ 7 — arccos — +v_2 7T — arccos l—u—2 + a2 2
S ) w) 2 202 ] :
(ii)
16729, —7/8
corr(vs (Vo). v3(80)) = L2 =718 ¢ 6778,
V@&/3)d1 —1
where
q / /‘X’ R%sina dRd
o
' S3(R, @)?
and ) A ; A
o v 3 8 16
(%:/ / uzvzexp _7'[( u” + 8u’v + 16v7) du dv,
0 Jo 12v
with

S3(R,a) = L(4+9R* +4R* — 12R cos o + 4(1 + R* — 2R cos &)*/% + 3R? cos 2a1).

Table 1 displays numerical estimates of corr(vg(Vo), vg(8,)) for d = 1,...,7. The
numerical results were obtained using the NIntegrate routine in MATHEMATICA®, As can
be seen from Table 1, the correlation seems to decrease as the dimension increases. Using the
bounds in (2.4), below, it follows that corr(vz(V,), vg(8,)) — 0asd — oo.

TABLE 1: Numerical estimates of corr(vg(V,), vg(8,)) ford =1, ..., 7.
d  corr(vg(Vo), va($o))

1 0.707 107
0.705 143
0.677790
0.649 534
0.623393
0.599 667
0.578 145

NN R W
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It was questioned above whether corr(vy(V,), v4(8,)) is positive or not. As seen, we cannot
find a closed form for the correlation between vy (V,) and v4(4,) in arbitrary dimensions, but
we can give a lower bound which shows that it is strictly positive, a result which is in accordance
with intuition. Furthermore, we give bounds for the covariance between v;(V,) and v (4$,).

Proposition 2.2. For any dimension, it holds that
@ |
m < cov(va(Vo), va(4o)) < 5d30 2.4
(i)
1
corr(vg(Vo), va(80)) = m
A result which lies a little outside the main focus of this article is the following proposition,

which gives bounds on the second moment of the volume of the typical cell in arbitrary
dimensions.

Proposition 2.3. It holds that

L B = 2.
22 22

Remark 2.1. The lower bound in Proposition 2.3 is elementary since E[vg(V,)] = 1/;
see (3.3), below. Also note that, for d = 1, we have E[v; (V,)?] = 3/2A2.

3. Proofs

A result, given in [8] and [9], that will be central in the proofs states that

E[vd(X)"]=/ / P(xi,...,x, € X)dxy--- dx, 3.D
R4 R4

for any random closed set X.

3.1. Moments of the typical cell
Equation (3.1) implies that

E[va(Vo)"] =/ ”.éd P(xi,...,x, € Vo)dxy--- dx,

R4
=/ / e MUatXn) gy dy, 3.2)
R4 R4
where Uy (x1, ..., x,) is the volume of the union of n spheres in R, centred at x1, . .., x, and
having radii ||x1]|, ..., ||x,]|, respectively. The property that
P(x1,..., X, € Vo) = e *U&ixn)
follows from the fact that the points x1, ..., x, lie inside the typical cell if and only if

o,n | Batwi, Ixil) =,

i=1,...,n
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where CDE) denotes @, \ {o} and By(x,r) = {y € R?: |lx — yl|l < r}. Itis well known that

1
E[vg(Vo)] = % (3.3)

which is straightforward to obtain from (3.2). This result was initially given in [3]. Unfortu-
nately it is the only moment known in analytical form, except for the special case in which
d = 1, where all moments are known. On the real line, V, is an interval. The distance from
the origin to the left-hand endpoint of V,, and the distance from the origin to the right-hand
endpoint of 'V, are two independent Exp(21)-distributed random variables. This means that
v1(V,) ~ I'(2, 21), which implies that

(n+1)!
@

E[v (Vo)"] = G4

3.2. Distribution of the typical sphere

Let R, denote the radius of a typical sphere in tdhe §tienen model, i.e. the sphere that has
the origin as its centre. We have P(R, > r) = e *2"%4™" as R, is greater than r if and only if
CDE) N B;(o, 2r) = &. This means that

1/d
P(wq(So) > 5) = P(bdef > §) = P<R0 - (%) ) _ efxzdg
d

i.e. vg(So) ~ Exp(291); hence,

n'

E[va(So)"] = Gy (3.5

3.3. Proofs of Proposition 2.1 and Theorem 2.1

In this section we give the proofs of Theorem 2.1 and Proposition 2.1. To prove these results
we will use the following lemma, which gives an integral formula for the correlation between
V4 (Vo) and vy (4,) for any d.

Lemma 3.1. The correlation between the volume of 'V, and the volume of 8, is given by
(1= 29/27 4 [ [y oy €4 dr1 dxs

corr (Vg (Vo), va(8o)) =
° ° \/fRd Jga €7 Vax1:¥2) dyy dxy — 1

; (3.6)

where V4(x1, x7) is the volume of the union of two spheres in R4, centred at the origin and x3,
with radii || x1|| and || x2 ||, respectively.

Proof. Define 170 as the part of 'V, that lies outside 4, i.e. 170 =V, \ 4. Now, to obtain
the correlation between vy (V,) and vy (8,) we first compute the covariance. We have

var(vg (Vo)) = var(vg (Vo) — va(8o))
= var(va (Vo)) + var(vg (8,)) — 2 cov(va(Vo), va(4o)),

which implies that

cov(va(Vo), va (o)) = 3 (Var(va(Vo)) + var(va (o)) — var(va(V,))). (3.7
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Now, from (3.2), (3.3), and (3.5) it follows that

1
var(vg (Vo)) = / / e M%) gy dxy — =
R JRA )\,

and 1
Var(\)d(’so)) = W (38)
It remains to find var(vd(fio)). The expectation is given by
. 24 1
E[vi(Vo)]l = E[va(Vo) — va(80)] = YR (3.9

This is what we would expect since the volume fraction of the Stienen model is equal to
274 We wi}l use (3.1) to find the second moment of v;(V,); then we will need to compute
P(x1, x2 € Vo). Now, for ||x1|| < ||x2]|, we have

P(x1,x2 € Vo) = P(R, < [x1]l, X1, X2 € V)
and
P(x1,x2 € Vo) =P(Ro < |lx1]l, X1, %2 € Vo) + P(Ro = |lx1 ], X1, X2 € Vo).

Furthermore, x| and x; lie in 'V, and R, > ||x{| if and only if there are no points of QDE) in

By(0, 2]|x1]]) U Bg(x2, ||x2]) and, therefore,
P(Ro > ||x1l, X1, X2 € Vo) = e *Valx1x2.2),

where
Va(x1, x2,2) = vg(Bg (0, 2|lx1 ) U By (x2, [l x2])).

Using (3.1), the above means that
E[va(Vo)?] = / f e MUaE1x2) gy dxy — 2 / / e MV ®22) 4y dxy. (3.10)
Rd JRd Ixtll=llx2|l
Using (3.2), (3.5), (3.9), and (3.10), (3.7) now becomes

1
cov(vg(Vo), va(8o)) = / / g MUa(x1.x2) dx;dxp; —
R4 JR4

2(2‘%)2
——f / e MUax1%2) gy dx,
2 Rd Rd
—1)?

_ (24
+ // AVa(x1,x2,2) dx1 dxz +
Il H<Hx2H 2(242)2

1-— 2d _
= e MVa@22) 4y dx,. (3.11)
CD bl

Finally, (3.2), (3.5), and (3.7) imply that
(1=2D/Q2) + [y ey &4 dx1 dxs

corr(va(Vo), va (o)) =
(1/203), [ fy fa Va1 dxy dy — 1732
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The change of variables (x;1, .. ., Xig) — (yilk_l/d, R yidk_l/d), i = 1, 2, has the Jacobian
A~1, giving a factor of A2 outside each double integral. We also have

AUa(x1,x2) = Ua(y1, y2) and  AVa(x1,x2,2) = Va(y1, y2,2).
Furthermore, the change of variables
G11s - xig) > @27 227

has the Jacobian 2~¢ and it further holds that V,; (x1, x2, 2) = Vy4(z1, x2, 1) = V4(z1, x2). The
integration limits become ||z1|| < 2||x2||. This completes the proof.

Ford = 1, the integrals in (3.6) can be calculated explicitly, but instead we will use the fact
that v (4,) and v (V,) are independent, which follows from the basic properties of the Poisson
process. The above directly yields

5 I
corr(vy (Vo), v1 (80)) = % -

The last equality follows from (3.4) and (3.8). For d > 2, consider the following. Let o =
/L(0,x1,Xx2), r = ||x1 — x2]|, and R = ||x1|/||x1 — x2]|. Then, by using the results in [3], it
follows that

/d /de*U"(x"”) dx; dx;
R JR

o0 b3 o d
=d(d — 1)bgbg_; / / / sin? 2 (q)e ~Pa-15a(R.)r®, . 2d=1 pd=1 4 p 4 dr,
0 0 0

where Sy(R, «) is as defined in (2.3). By integrating over r, we obtain the double integral
of the denominator in (2.1). Furthermore, (2.2) holds since B;(o, ||x1])) U Bq(x2, [|x2]) =
S(lx1ll, t1) U 8(||x2ll, t2), where 8(||x1],#1) and 8(||x2],#2) are two disjoint, truncated
d-dimensional spheres of radii ||x|| and ||x2 ||, respectively, truncated at distances

2 2 2
llxl 221" — lle
tl = an =
2|2 2|2

from their respective centres. Geometric considerations and straightforward calculations show
that the volume of each of these spheres is equal to by_; times the corresponding term in (2.2).
Changing to polar coordinates yields the expression in the denominator of (2.1).

3.4. Proofs of Propositions 2.2 and 2.3

We will use (3.6) to obtain bounds on the covariance. All we require are bounds on
S 1=apag € V12 dxy dxa. As Va(xr, x2) < ba(llx1]|4 + [|x2]|9), we have

— _ d d
f/ Va1 g dyy > /f e—ballx 141521 g dyy
1<l <2l

1
=5 (3.12)
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To obtain an upper bound we first use the fact that

// e Vax1X2) dy) dxy = /f e~ Va¥LX2) dx) dxy
llerl=2llx2l llxtl=lx2ll

+ // e~ Valx1.x2) dx; dxp
2l <llx1 [1=<2]1x2]

and, furthermore, since Vy(x1, xp) > bd||x2||d , the facts that

d/2 llx2l
// e Va1 gy dx, < i e_dexZ”d/ " rdldrdx, =1
I l1<lx2 I'(d/2) Jra 0

df2 2nxzu
f/ e Vaxx) gy dx, < ———— 2 / / b"r dr dx»
2l <l <2012 ) F(d/z) RY Jjjxs |

=1-

and

2_d .
Using the above, together with (3.11), proves Proposition 2.2(i). Furthermore, by symmetry,

we have
/ / e V132 qx) dx, = 2// e Va2 gy dxy < 2, (3.13)
R4 JRA lx1 =[xz

where we have used the fact that Uy (x1, x2) > bgllx2]|¢. The lower bound in (3.12) and the
upper bound in (3.13) yield Proposition 2.2(ii). Finally, as

f / e Va1 dxy dxy = E[va(Vo)?],
Rd JRY
(3.13) together with Remark 2.1 yield Proposition 2.3.
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