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1. Introduction. We denote by œ the linear space of all sequences of real 
or complex numbers. A linear subspace of œ is called a sequence space. A 
sequence space E is a BK-space (9) if it is equipped with a norm under which: 
first, £ is a Banach space and second, each of the coordinate maps x —» xt is 
continuous. Let 2 be the group of all permutations of Z + = {1, 2, 3, . . .}. If 
x G œ and a G 2, the sequence xa is defined by (x„) t = x^). A sequence space 
E is symmetric if xa G E whenever x G E and a G 2. Accounts of symmetric 
sequence spaces occur in (3; 7; 8). The well-known spaces F (1 < p < oo ) are 
examples of symmetric BK-spaces which are also reflexive (as Banach spaces) ; 
our aim in this paper is to describe a class of reflexive symmetric BK-spaces 
closely related to, but distinct from, the lp spaces. Special cases of spaces of this 
class occur in the theory of Fourier coefficients (theorems of Paley and of 
Hardy and Littlewood, 10, pp. 120-131). 

2. Notation and terminology. We shall, in general, use the notation and 
terminology of (3) ; we follow (7), however, by defining the reduced form of a 
sequence x in c0 as the sequence x = (xi, x2, . . .) defined by 

xn = inf sup \xt\. 

\J\<n 

Thus x — [x], in the notation of (3). If E is a symmetric sequence space, 
E++ = {x: x G E, x = x). If 1 ^ p ^ oo, we denote by q the associate of p; 
Ç = P/(P — 1) if 1 < £ < oo, g = 1 if £ = oo, and q = oo if p = 1. We 
denote the unit ball of V by BQy and denote by Mq the set (/5)++ O BQ. We 
denote by e* the sequence with 1 in the ith position and 0 elsewhere; if x G co, 
we denote by Pn(x) the sequence S l = i xiet- If X is a sequence space, Xx 

denotes the a-dual of X: 

Xx = \x:x G co, 22 I^Ctl < oo, for each y in X r . 

Finally, if (E, F) is a dual pair of vector spaces, the weak topology on E of the 
dual pair (E, F) is denoted by <r(E, F). 

3. The space jLta,p. Suppose that a G £o++, and that a G Z1. If 1 ^ p < oo, 
then the space jua>p is defined as the space 
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Let bi = a?1*, and let b = (bt). Then 

Va,p = )# :# € Co, sup X x o ^ i < °° ( = Ms» 

where B = {(y*&i): y ë Mq). Thus /ia,p is a linear space and a Banach space 
under the norm 

/ oo \l/P oo 

I a.2» = l X) £ / a j = sup X) &tyt 

(3, Theorems 6 and 7). Note that if p = 1, then /xa,p = /za; from now on we 
shall assume that p > 1. I t is clear that if x £ Ata,P

++, there exists an element y 
in Ma,P

++ for which tfï/y* —* 0 as i —> oo. It therefore follows from (3, Theorem9) 
that Pn(x) —> x for each x in jj>a,p'i that is, in the terminology of Zeller (9), jj>a,p 
is an AK-space. In particular, this means that Ma,/, the topological dual of 
IJLa>p, may be identified with the sequence space fMatP

x. Since na,p is a Kôthe space 
(3, Theorem 6), to show that ^,a,p is reflexive it is enough to show that fMa,p

x is 
also an AK-space (6, p. 421, § 30, paragraph 7(5)). This is done in the next 
section, by giving an explicit characterization of iJ.a,p

X> 

4. The space va,p. We now introduce another space va,p which we shall 
eventually identify as y.a,p

X> va,p (where a, b, and p have the same meaning as in 
the preceding section) is defined to be the collection of those sequences/ in c0 

for which it is possible to find k in MQ such that 

sup -~ir- < °o • 

PROPOSITION 1. vaiP is a linear space, and the function 

n 

11 l/l I !„,„ = inf s u p - l r 

is a norm on va>p. Under this norm, va>p is a BK-space, and the unit ball of va,p is 
compact under the topology of coordinatewise convergence. 

If/ € va,p, then clearly af 6 va,P, and |||a/|||aiJ, = M • |||/|||a,p, for any scalar a. 
Suppose t h a t / and g belong to va,p, so that given e > 0 there exist k and I in 
Mq for which 

and 
i=l \ *=1 / 

îlèié (\\\g\\\a,v + e)(ihb), 
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f o r a U » . L e t « = ( | | | / | | | . , + | | | g | |U + 26)- ' ( ( | | l / | | | . J ,+ 6 ) * + ( | | | « | | U + e ) / ) ; 
m belongs to Mq. lî h = f + g, then 

72. 71 7b / 71 \ 

E ^ E A + E l < ^ (111/111..,+ lll«lll., + 26)( £*<&«); 
i= i i=i i=i \ i=i / 

since this is true for any n, f + g Ç va,P) and since e is arbitrary, 

lll/+g|IU^I!!/IIU+lllg|IU 
Thus ï>a,p is a normed linear space under ||| |||a,p. Further, \ft\ S fi ^ &i|||/|||o,p» 
so that the coordinate functionals are continuous. Thus the unit ball C of va,p 

is coordinatewise bounded, and is therefore a relatively compact subset of œ 
in the topology of coordinatewise convergence. Since œ is metrizable in this 
topology, if/ belongs to the closure of C in œ there exists a sequence (f(r)) in C 
such tha t / ( r ) —•»/ coordinatewise. Note that 

fn ^ lim sup fnT\ for any n. 
r 

Given e > 0, there exists, for each r, k(r) in MQ such that 

E fj(r) ^ (1 + e) E jfe/%, for all n. 
3=1 3=1 

Since the unit ball of lQ is a(lQ, lv) compact, we can suppose (by taking a 
subsequence, if necessary) that &(r) converges coordinatewise to an element k 
of Mq. Then 

£ / , ^ lim s u p E fn
(r) ^ (1 + e) lim s u p ^ i / % = (1 + e) £ */>,. 

j=l T j=l r j=l j=l 

This holds for all n, so t h a t / Ç ẑ ,*» and |||/|||a,p ^ 1 + e. Since e is arbitrary, 
/ € C. Thus C is compact under the topology of coordinatewise convergence. 
In particular, C is complete under the topology of coordinatewise convergence, 
and is also closed in va,v under the topology of coordinatewise convergence. 
Thus, C is complete under the norm topology (2, Chapitre 1, Proposition 8), 
so that va,v is a BK-space. 

We denote by ira,p the collection of those sequences / in c0 for which it is 
possible to find k in MQ such that 

n 

__i __> g as w —> oo. 

PROPOSITION 2. z>aj> = ira,p, and va,v is an AK-space under the norm ||| |||a,P. 

Proof. Clearly, va%v 2 7ra>3?. Suppose t h a t / G vatP, and that & is an element of 
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Ma for which 

sup — j - 1 - — - < oo. 
n T,ktbt 

We consider two cases. If first/ G Z1, then since b G lp, there exists kf in ikfff 
such that £?=i &/&* = oo. Then 

ft 

> 0 as n —-> oo. 

E */&< 
If secondly/ G / \ then S ? = i ^ ^ t = °°- Furthermore (3, Theorem 9), there 
exists kf in MQ such that ki/k/ —> 0. A straightforward argument then shows 
that 

ft 

—i —> 0 as w —> oo. 

Hence / G xa,p, and *>a,p = 7ra,p. 
Further, given e > 0, there exists n0 such that 

ft 

-—" ^ e for n ^ w0. 

E */*< 
Also, since/ G £o, there exists i0 such that \ft\ S #<f ̂ I'&IC» for i ^ i0. Suppose 
that & ̂  i0, and let q = f — Pk(J). Then, if n ^ n0, 

and if w ^ w0, 

ft / ft \ 

E ôi = nn<Tlki'bie S el E * / M 
t=i \ *=i / 

ft ft / ft \ 

E ô« ̂  E /* ̂  4 E */& J -
Î = I Î = I \ *=i / 

so that HI/ — P*(/) | | | ^ e, for & ̂  i0, and j>a,p is an AK-space. 

PROPOSITION 3. vaJ, the topological dual of va,p, may be identified isometrically 
With fiatP. 

Let us denote the dual norm of vaJ by ||| \\\a,p - Since va,p is an AK-space 
and a Banach space, vaJ may be identified with va>p

x. Further, since b G lp, 
va,v ÇL ll, and therefore va,p

x ~£>_ Z°°; thus, since va,v
x is symmetric, va,p

x Ç c0 

(3, Proposition 6). Suppose that h G pa,p
X. Then clearly h G J V / ^ and 

" | a , / . If * G l«, (kfii) G ?«,„ and |||(é,&,)lll«., ^ 11*11.- T1™s 
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Ysl^ihikibi g |||A|||a,j/||^llff- However, as this is true for any k in lq, this 
implies that (hfii) 6 (/*)' = lv and that 

/ °° * \1/p 

I(*i&<)I\v = \jLhfat) ^ \\\h\\\atP: 

However, this means that h 6 Ma,?> and that ||&||af3> ^ \\\">\\\a,v 
Conversely, suppose that g 6 /xa,p. If / G *Vp, and e > 0, let k Ç Affl be such 

that 

É /* ^ (I Il/l IU + 0( Ê W for all 77. 

Let sn = £ 1 - 1 / i , k = £ ! - i *i6 t. Then 

re w 

Z l/<g«l ^ 2 /it* 
n 

z = l 

^ on/nu + o(g tidi - tin) + u.) 
re 

= (I I l/l I \a,V + O Z ) l«**6< 
* = 1 

(̂111/llla.p + e ^ g l ^ j Vg*«V 

^ (lll/IIU + OI^IU. 
Thus g 6 Pa,/, and |||g|||a,j/ ^ I \g\ \a,P. 

THEOREM 1. The BK-spaces fjLa>p and va>p are reflexive, and each is isometrically 
isomorphic to the dual of the other. 

Proposition 3 shows that \ka%v may be identified with the dual of va>p. On the 
other hand, fj,a,p is an AK-space, so that [xaJ may be identified with na,p

x. The 
unit ball C" of y.aJ is o-(/iflt/, ixa,v)-compact, and hence (r(^a,p

f, na>p) and the 
topology of coordinate wise convergence induce the same topology on C", and 
thus on C, the unit ball of va,p. This implies that C is <r(vatP, jj,atP) compact; 
since fxa,p = va,p', this means that va,P is reflexive, and the result follows. 

Remark. The proof of Theorem 1 would be much simpler if I could show 
directly that 

n 

Z-j fi oo 

inf s u p - ? 1 = sup £ l*tAl 
JcZMq n V ^ 7 7 l l z | | a , p = l 1=1 

t = l 

for a n y / in c0. For this would show that va,p = Ma/, and, bearing in mind the 
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remarks made at the end of § 3, it would then only remain to prove Propo
sition 2. 

5. Another representation of vatP. We now give another representation 
of va,P, which appears to be more natural than that described in the preceding 
section, but which seems to be less suitable for determining the properties of 

Suppose t h a t / Ç /xa,p, that k £ lq, and that c Ç M&X- Then 
n n 

53 \cjkifi\ ^ 53 tikiji 
2=1 i=l 

^ \\c\U'\\Pn(kf)\U 
n 

&'53 ktfibi = c 

^ c 

/ n \l/q / n \l/p 

Thus each element/ of \xa,p defines a continuous bilinear functional T(f) on 
M6X X lq\ further, T is a continuous linear map of /za,p into B(ij.b

x, lQ), the 
Banach space of continuous bilinear functionals on fj,b

x X lq, and \\T\\ ^ 1. 
Note also that 

I l / l \a,v = I [ f a l l * = S U P 5 3 ^ t f a i = S U P S U P 
TcZMq i=l Jc£Bq WcWb'^1 

53 *t/v< nnflll, 
so that r is a norm-preserving map, and (iMa,p, \\ \\a,p) m ^ y be identified with a 
closed linear subspace of B(nb

x, lq). There is a canonical norm-preserving map 
/ of the projective tensor product /j,b

x ®A lq into B' (nx
y lq), the topological 

dual of B(fxb
x, lQ). Let S be the composite map T'J from /j,b

x ®* lQ into 
ô,p = Ma,/- I t is readily verified that if c £ M&X and & G /ff, then S(c ® k) = h, 

where ht = Ciki. Thus 5 is a continuous linear mapping of nx ®~ lq onto a 
dense linear subspace of va>p. Identifying B(iJ,b

x, lq) with Gu&
x (g)" Z2)', however, 

it is easy to see that S' = T. It therefore follows, since Sf is norm-preserving, 
that S maps ixb

x ®* lq onto ^a,P, and that the norm on va,P is the quotient norm 
defined by S (4, Chapitre IV, p. 298, § 2, Théorème 3, Corollaire 1). 

The following theorem therefore follows from the characterization of the 
projective tensor product of two Banach spaces (5, Chapitre I, p. 51, Théorème 1). 

THEOREM 2. A sequence x belongs to va,P if and only if there exist X Ç I1, a 
sequence (c{i)) in the unit ball of fj,b

x, and a sequence (k{i)) in the unit ball of lq 

such that 

(*) x = 53 \iC(i)k 

Further, \\x\\ = inf 5ZT=i |X*|, the infimum being taken over all representations of 
the form (*). 
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6. Concluding remarks. We conclude by remarking that in general the 
spaces nu,p and y,a,p

X are distinct from, and indeed not linearly isomorphic to, 
the lv spaces. For example, take aT = 1/r, and suppose, if possible, that T is a 
linear isomorphism of fjLa,p

x onto Is, for some s. Clearly, 1 < s < co. Let 
Xi = T{et) ; since et —> 0 in the weak topology <r(ixatp

Xy Ma,?), x% —• 0 in the weak 
topology of Is. Thus, by (1, Chapitre XII , Théorème 3), there exists a sub
sequence (xik) such that 

X i 
y f c = l I I 

Since T is an isomorphism, it follows that 

= 0(n/s) 

k=l 
0(nVs). 

However, if k £ Mq and m is any positive integer, then 

Thus 

m / m \ 1/q / m \ 1/p / m \ 1/p 

^ - / ^iA; U,P = 

(s«-) 
1/P 

from which it easily follows that 

giving the required contradiction. 

a,p * 0{nys), 
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