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On the rate of convergence of
interpolation polynomials

of Hermite-Fejér type

J. Prasad

For the interpolation polynomial of Hermite-Fejér type An[f] of

degree less than or equal to U4n - 1 constructed on the nodes.

x;, = cos 2k2;l n, k=1,2, ..., n , it is shown that for

f e CM(Q) the inequality

e n l—x2 1
IAn[f](x)-f(x)I < Tkgl 7+ k—2 , -lsx=<1,

holds where CM(Q) is the class of continuous functions on

[-1, 1] satisfying certain conditions, £ is a certain modulus

of continuity,and e and M are positive constants.

3

The Hermite-Fejér interpolation polynomial Hn[f] of degree less than

or equal to 2n - 1 of a function f defined on [-1, 1] is given by

n 7 (z) ]?
n
(1) H [fl(x) = kgl f'(xkn) (l'mkn) I;{x—xkn J

where

2k-1
(2) xkn=cosznn,k=l,2,...,n,
are the zeroe of the Chebyshev polynomial Tn(:c) = cos(n arccos x) . Fejér
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[2] proved that Hh[f] converges uniformly to f on [-1, 1] provided F

is continuous on [-1, 1] . For the rate of convergence Moldovan [6]

obtained the estimate

- < 2‘2@ >

(3) 171 = e (2] s

where (|fll = max |[f(x)| and We is the modulus of continuity of f(z) .
-1=r=1

This estimate was also established by Shisha and Mond [§].

Let § be an increasing, subadditive, and continuous function on

{x : = 0} with Q(0) = 0 ,and let CM(Q) be the class of continuous
functions on [-1, 1] defined by

Ff € CM(Q) = wf(h) < MQ(R)

or equivalently, f € C,(Q) iff |Flx")-f(z")| = M |x'-z"|) for all
x', " € [-1, 1] . We have then the following result due to Bojanic [1].

THEOREM 1 (Bojanic). There exist constants ¢ and C
(0 < e < C<w) such that for nz 2,

n n
(%) R EA 17 (717l =L ¥ g l)
n kgz [k) er;?sz) n n kZ=:l [k

Saxena [7] showed that a better local approximation can be obtained at

the end points of the interval by proving the following:

THEOREM 2. There exists a constant C* such that for n = 2 and

-l1=zx=1,

4y B A%
(5) |2 [£1()-fla) | < €2 Lo L], k_lé

Recently Stancu [9] has considered the polynomial An[f] of degree

less than or equal to Un - 1 uniquely determined by the conditions:

(6) a (5=, )

foin) , k=1,2, ..., n;

1]
(@]

Af’ti)[f](xkn) i=l9 2,39 kzl’ 2’ sees M
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Stancu showed that An[f] converges uniformly to f on [-1, 1] if f

is continuous on [-1, 1] . He also proved that
(1) 4, F1-F1 = 0(Dag(n¥)

where the O(1) 1is independent of f and n . Later Florica [3] improved
the above result (7), showing that

(8) 1,111 = 020,228 | or m> 1

°f

This result of Florica was further improved by Mills [5] who proved the

following:

THEQREM 3 (Mills). There are positive constants ey and e, such

that for n > 1,

c n e n
(9) Ly n[i) < la_[F1-fll < -2 QI;)
nopm2 P fescu(l;z) n i rgl r

Our aim here is to show that a better local approximation can be

obtained in this case also. For this purpose we shall prove the following:

THEOREM 4. There exists a constant ey such that for n = 2 and

-1=x=1,

n 2%
(10) 14, [F1(2)-F(z) | 3” L® =zl L
k=1 x
Stancu [9] has proved that
n
(11) A [fl(z) = kéi f(xk)pk(x) ,
where
(12) pp(x) = w(x) + v (2) +wy (),
in
T (x)
(13) w(z) = n-h[l—xi]{l—xg)[;ixk} ,
' 4
-4 T (x)
(14) (2) = 2= (Wn°-1) (w2, ) ? (12, ) [Z’.xk] )
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-4 Tz(x) 2
_n n
(15) w lx) == [;_ka ,

and x, =&, are as in (2). Now we shall prove the following:
LEMMA, If

lil-n <=9 = %’ﬂ (7=21,2, ..., n), x =cos 8,

then
19, if k=g,
p, (x) =
k 70
—z,if J<k=g+i1=n or 1=2k=j-171<g.
(i-%)

'l = < =
Proof. Putting x cos 8, 0=08=m1m, xk cos ek N X on

k=1, 2, ..., n , and using the definition of j we see that

1 <_n .
(16) sivgle, 6] - (i-%) * 17 kK#J -

Further from (11), (12), (13), (14), and (15) it follows that
L
-l 2 2 cosnb
(17) pk(x) =n Il - cos ek)(l - cos 6][%3;5:23;52}

cosf-cos8

2
. E:E cosnd
2 cose-cosek

L
-4
* Eg_ (hne-l)(COS 6 - cos ek]E[l - cos O cos ek)[}_ggiﬂg—éJ

=7 + I2 + I3
Since
(18) sin 0 < sin 6 + sin Sk < 2 sin %(6+6k)
and
(19) sin 6, < sin ek + sin 0 £ 2 sin %(6+9k),
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we have after simple computations,

|cosn6-cosn6k|h

(20) I =
U [sink(6,-6)] b

16 [sivdm(e, -8 b
- sin%lak—ei :

Next we have

1 cosnb
(21) I2 5 (l - cos B cos ek)[;ose—coseé]

tA
|

1 cosne—cosnek 2
Eg(l—cosecos 9k+sinesin ek)—c—o-m—
.2 51n;n{6 -6)
n2 51n%‘6k-9;
Similarly,
1 cosne-cosnek 2
(22) 13 = ;;E cose—cosek
. singm (6+9, ) sinkn{e, -6
o | sink(6+8, Jsink(6,-6)

Consequently from (17), (20), (21), and (22), it follows that

_16 51n;n(6 -8 4 ° sin%n(ek—e
(23) =3 m * 2 | sink(6,-6)

L [sin%‘n[e%)k) sin!sn(ek-e)]z

+ — 7 N .
Znh 51n%(6+6k]51n%(6k-6]

Thus if k # § , on using the inequality

1 1 <
SIns(0+,) - simg[6,6] * 0 OST. 0w,

and (16) we obtain, from (23),
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17 2

(2’4) p, (x) = +
T ok (0,001 Toank(e,-0)1°
< 10 5 > for k # 4 .
(i%)

Further if k =j then from (23) we have on using the inequality

|sin n8| < n|sin 0] ,
(25) Oj(x) =19 .
Hence, from (24) and (25), the lemma follows.

Proof of the theorem. For any f € CM(Q) and z € [-1, 1] we have

n

4, F1@)f )| = T 17(m) (@) oy (o)

n
=M |z p, ()
kz=:l (Ix xkl) %

Putting x =cos 6, 0=0=Tm, x; = cos Sk . ek = T,

k=1, 2, ..., n , we then have

n
]An[f](x)_f(x)l =M kgl Q(|cos 8 - cos ekl)pk(x)

Since
cos 6 - cos 8, = {8,-8) sin 6 - %(8 -6)2 cos 1 B<n<§g
k k k ? k
it follows that

) 2
2(|cos 6 - cos ekl) < Q(Iek_elsm 8) + QIlek-e| ) ,

and we obtain
n

(26) |4 [fl(x)-f(x)| = M kz EZ(Iek-Glsin 8) + 9[|ek_e|2ﬂpk(x) .
=1

Now if

: 1 s )
%rﬂi@i%ﬁ,g=l,&.”,n,

then from [4] it is known that
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i} . - 2
(21) Iek—elsgl-,lf k=4,
<3 sp j<k=j+isn or 1sk=5-41<7.

2n

From (26), (27), and the lemma it follows that
Tsinb 1r2
sou|afreize) . ofr%)
2n lmz
3¢{mwsing) 91°7 1
+ 70M Y 9[2;1]+9[ > 5
k#j kn (i-%)

zoa [r+1 . ] [(p+1)21r2)
M — |Q|=—= ® sin 8] + Q|——""F
rz=:l r? [ n+l (n+1)2

where A is a positive constant. On using the inequality (6) of [7] for

1A

(28) ]An[f](x)—f(x)l

1A

m=n+ 1, we find that

n . .
(29) Y % Q[% 7 sin 9] < _8+1J Q(ts;ne) g
r=lr ! " m/n+l t
and
n 22 - 5
= L waera R0 R L
r=l r (n+1) T/n+l ¢

Hence (28), (29), and (30) yield

m : m 2
(1) |4 [F)(2)-f(z)| < S U Uestnd) g | 2] dt}

LR I Y R T/l
But
m . n+l .
(32) J Q(ts;ne) dt = %J Qlﬂszne)dt
T/n+l t 1
2n ind
2 J QI——SH’ )dt
1 t
n .
<8 J Q[——sme)dt
1 t
<8 % Q[sine]
k=1 Lk
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m Q[tﬂ 1 n+1 TT2
(33) J > dt = ;J QI—e)dt
w/n+l ¢t 1 t
2n
el
== Q|—|dt
hg 1 t2

1A

n
16 J Q{%}dt
t

n 1
16 Z Q ['3)
k=1 ‘k

(=]

A

Consequently from (31), (32), and (33) it follows that

N N V|

e e D Y

k
iR VAT SR
n o3 k k2

A

This completes the proof of the theorem.
Since the modulus of continuity wf of any continuous function f on

[-1, 1] has the same properties as §, we also conclude from the above

theorem that for any continuous function f on {[-1, 1] the estimate
%

c ; / l—x2

1 Viz 1
4, [f)(2)-f(=) | < o VTR T

is valid for -l<x =1 .
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