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On the rate of convergence of

interpolation polynomials

of Hermite-Fejer type

J. Prasad

For the interpolation polynomial of Hermite-Fejer type A [f] of

degree less than or equal to kn - 1 constructed on the nodes.

2k—1
x, = cos -n , k = 1, 2, . .., n , it is shown that for

f € C(fi) the inequality

n n k=l

holds where C.lQ.) is the class of continuous functions on
M

[-1, l] satisfying certain conditions, S is a certain modulus

of continuity5and a and M are positive constants.

The Hermite-Fejer interpolation polynomial H [f] of degree less than

or equal to 2n - 1 of a function f defined on [-1, l] is given by

2

(1)

where

(2) x^ = cos ^ ^ T , k = 1, 2, ..., n ,

are the zeroc of the Chebyshev polynomial T (x) = cos(w arccos x) . Fejer
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30 J . Prasad

[2] proved that H [f] converges uniformly to f on [-1, l ] provided f

is continuous on [-1, l ] . For the rate of convergence Moldovan [6]
obtained the estimate

(3) \\Bjf]-f\\ S 2mo'f
lorn Yl > li

J n — H »

where ||/|| = max \f(x) | and io» is the modulus of continuity of fix) .
-15x51 T

This estimate was also established by Shisha and Mond [8].

Let n be an increasing, subadditive, and continuous function on
{x : x > 0} with ft(0) = 0 , and let C,, (ft) be the class of continuous

M
functions on [-1, l ] defined by

/ e cM(n) *=* ulh) s m(h)

or equivalently, f € C^il) iff |/(x')-/(x") | 5Affi(|x'-x"|) for all

x', a;" € [-1, l] . We have then the following result due to Bojanic [1].

THEOREM 1 (Bojanic). There exist constants a and C

(0 < a < C < °°) such that for n 2 2 .,

(U) f I nfe] 5 sup \\H[f]-n 5 f

Saxena [7] showed that a better local approximation can be obtained at

the end points of the interval by proving the following:

THEOREM 2. There exists a constant C* such that for n 2 2 and

- 1 5 x 5 1 ,

(5) \Hn[f)ix)-fix)\ 5 ^ I ft

Recently Stancu [9] has considered the polynomial A [f] of degree

less than or equal to kn - 1 uniquely determined by the conditions:

(6) A [f](x. 1 = f [x. ] k = 1 2 . . . n •
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Stancu showed that A [f] converges uniformly to f on [-1, l] if /

is continuous on [-1, l] . He also proved that

(7) \\An[f]-f\\ = ( ^

where the 0(l) is independent of f and n . Later Florica [3] improved

the above result (T)> showing that

(8) Un[f]-f\\ = 'f
log" , for n > 1 .

This result of Florica was further improved by Mi I Is [5] who proved the

following:

THEOREM 3 (Mills). There are positive constants a and c~ such

that for n > 1 ,

(9)

Our aim here is to show that a better local approximation can be
obtained in this case also. For this purpose we shall prove the following:

THEOREM 4. There exists a constant c_ such that for n 2 2 and

(10) \An[f](x)-f(x)\ <-^-

Stancu [9] has proved that

* * 2

(11)

where

(12)

(13)

n k=1 K K.

pAx) = uAx) + vAx) + wAx) ,

u^x) = n
- i t

x-x.

-k

'~*k
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(15) wk{x) = —

and x, = x, are as in (2 ) . Now we shall prove the following:

LEMMA. If

^ i n 5 8 S ^ n (j = 1 , 2 , . . . , n) , x = cos 8 ,

then

19 , if k = o ,

70

(i-%) 2 ' or

2k-l
Proof. P u t t i n g x = cos 9 , O £ 9 S T T , X, = cos 87 , 8, = „__" IT

k = 1 , 2 , . . . , n , and us ing the d e f i n i t i o n of j we see t h a t

1 ^ T ^ T T V T . f o r * * 3 •

Further from ( l l ) , (12), (13), [lh), and (15) i t follows that

(17) 2. 1 /•- 2_i cosnS
- cos 9, (1 - cos 91 cos9-cos9.

-h
V (^- i ) (cos e - cos efc)^i - cos e c o s

cos
cos9-cos8.

* I2 * I3 •

Since

(18)

and

(19)

sin 9 2 sin 9 + sin 8, 5 2 sin %(9+9,)

sin 9, 5 sin 9, + sin 9 5 2 sin %(9+9,)
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we have after simple computations,

|cosn9-cosn9, |
(20) J 5

16

Hext we have

(21) I 5 \ (l - cos 9 cos 6 j cosn9
cos9-cos9,

S —p ( l - cos 9 cos 9. + s in 9 s in 9. J

,-e)l2

cos«9-cos>29,

cos9-cos9,

Similarly,

(22) J •=3 -
|cosM9-cosn9,

—
Cos9-cos9fe

Consequently from (17), (20), (21), and (22), it follows that

sin%i9+9fcJsin%i9fe-9j

Thus if k i- j , on using the inequality

1 - 1 __

and (16) we obtain, from (23),
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2*0 P t < * > - - n

T° , f or

Further if k = j then from (23) we have on using the inequality

|sin n6| 5 n|sin 6| ,

(25) p.(x) S 19 .

Hence, from (2*0 and (25 ) , the lemma fol lows.

Proof of t he theorem. For any f € CAQ.) and x € [ - 1 , l ] we have

P u t t i n g x = cos 0 , 0 < 6 5 IT , x, = cos 0, , 6, = —-— IT ,

k = 1, 2, . . . , n , w e then have

n
\A [ f ] ( x ) - f ( x ) | ±M I ^ ( | c o s 8 - cos 6 | ) p A x ) .

7,_-j K K

Since

cos 8 - cos 0, = (9^-6) sin 9 - %(0,-0) cos n , 6 < 1 < 0, ,

i t follows that

f2(|cos 0 - cos 0, |) 5 ft(|0,-0|sin 0) + £2 |8 , -8 | ,
K K { K j

and we obtain

(26) \A [f](x)-f(x)\ 5M X [fi(|e.-e|sin 6) +
n k=l L K

Now i f

ir S 6 — ir , j = l , 2 , . . . , n ,

then from [4] i t i s known t h a t
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k - e \ < £ , i f k = j ,

From (26), (27), and the lemma i t follows that

irsinS

or 1 5 fc =

(28) \A [f](x)-f(x)\ 5 19M
2

+ 10M
U-hY

where X is a positive constant. On using the inequality (6) of [7] for

m = n + 1 , we find that

and

(30)

•n/n+1 t'

(r+l)2Tr2

(n+1)"

Hence (28), (29), and (30) yield

(31) \An[f](x)-f(x)\ < 8 i ™ ' f ^

ir/rc+l
,2

dt +
TI/M+1 tc

But

(32) r n(tsin9)

n/n+1 t
dt = - fl

s 2

TTsin0

sine d t

< 8 sin6
k=X
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(33)

< 16 i a -% .

k=l <* '

Consequently from (31), (32), and (33) it follows that

\AH[fUx)-fix)\ <
n

I a

v l-x2

k

k

+

, 2

!

¥ -

k

•

This completes the proof of the theorem.

Since the modulus of continuity o)» of any continuous function /

[-1, l] has the same properties as ft , we also conclude from the above

theorem that for any continuous function f on [-1, l] the estimate

5 n

C* n
\Ajfl(x)-f(x)\ ̂  I

k=i

is valid for -1 s x < 1 .
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