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Finite-amplitude hydromagnetic Rossby waves in the magnetostrophic regime are studied.
We consider the slow mode, which travels in the opposite direction to the hydrodynamic
or fast mode, in the presence of a toroidal magnetic field and zonal flow by means of
quasi-geostrophic models for thick spherical shells. The weakly nonlinear long waves
are derived asymptotically using a reductive perturbation method. The problem at the
first order is found to obey a second-order ordinary differential equation, leading to
a hypergeometric equation for a Malkus field and a confluent Heun equation for an
electrical wire field, and is non-singular when the wave speed approaches the mean flow.
Investigating its neutral non-singular eigensolutions for different basic states, we find the
evolution is described by the Korteweg–de Vries equation. This implies that the nonlinear
slow wave forms solitons and solitary waves. These may take the form of a coherent
eddy, such as a single anticyclone. We speculate on the relation of the anticyclone to
the asymmetric gyre seen in the Earth’s fluid core, and in state-of-the-art dynamo direct
numerical simulations.

Key words: magnetic fluids, waves in rotating fluids, geodynamo

1. Introduction

Linear waves in an inviscid perfectly conducting fluid permeated by a uniform magnetic
field B0 in a frame rotating with rate Ω satisfy the dispersion relation (Lehnert 1954)

ω = ±Ω · k ±
√
(Ω · k)2 + |k|2(B0 · k)2/(ρμ0)

|k| , (1.1)

where ω is the frequency, k is the wavenumber vector, ρ is the density and μ0
is the magnetic permeability. This yields a wide variety of magnetic Coriolis (MC)
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waves, including fast (modified inertial) and slow (magnetostrophic) waves, the latter
being unique to rotating magnetohydrodynamics (MHD). In this paper we consider
magnetostrophic waves for which (Ω · k)2/|k|2 � (B0 · k)2/(ρμ0): in particular, one
class which has the relation

ω ≈ −(B0 · k)2|k|2
ρμ0βk

. (1.2)

Here β denotes the beta parameter, k is the azimuthal wavenumber, and the minus sign
indicates that waves travel opposite to the hydrodynamic Rossby wave, ω = βk/|k|2. This
class is sometimes referred to as slow hydromagnetic–planetary or magnetic–Rossby (MR)
waves (Hide 1966). Relation (1.2) indicates that they are dispersive, and depend on the
background field and the wavelength; these waves have been suggested to be important
in the Earth’s fluid core and for the geomagnetic westward drift (e.g. Hide 1966; Malkus
1967; Canet, Finlay & Fournier 2014; Hori, Jones & Teed 2015; Nilsson et al. 2020).

Other classes of MC waves include torsional Alfvén waves, for which Ω · k ≈ 0 and
(Ω · k)2/|k|2 � (B0 · k)2/(ρμ0) (Braginskiy 1970; Roberts & Aurnou 2012; Gillet, Jault
& Finlay 2015). More recently inertial–Alfvén waves (Bardsley & Davidson 2016) have
been suggested to account for the geomagnetic jerks (Aubert & Finlay 2019). Laboratory
experiments have identified several types of magnetostrophic waves in spherical Couette
flows with a dipolar magnetic field being applied (Schmitt et al. 2008). We note that
the wave dynamics relies on both the direction and the morphology of the background
magnetic field, as illustrated in the simple planar model (1.2). Here we focus on the
problem with a purely azimuthal basic field; for this case (1.2) reduces to ω ∝ k|k|2,
indicating its linear and cubic relationship to the azimuthal wavenumber.

The linear theory for MC waves in stably stratified thin layers has been well studied
(e.g. Braginskiy 1967; Gilman 2000; Zaqarashvili et al. 2007; Márquez-Artavia, Jones &
Tobias 2017) as observational exploration of the geomagnetic field and the solar corona
has developed to reveal periodic patterns (Chulliat, Alken & Maus 2015; McIntosh et al.
2017). Stratification in general introduces a correction term to the dispersion relations of
MC waves, whilst in a thin layer the direction of travel is usually reversed; however, this
is not always true in spherical geometries. The unstratified thick-shell problem considered
here is sufficient to provide some fundamental understanding of the nonlinear problem.

Theoretical investigation is expanding to consider their nonlinear properties such as
turbulence (Tobias, Diamond & Hughes 2007) and triadic resonances (Raphaldini &
Raupp 2015). London (2017) found a couple of cases in which nonlinear equatorial waves
in the shallow-water MHD should be governed by Korteweg–de Vries (KdV) equations
and so behave like solitary waves. They were mostly fast MR modes, recovering the
equatorial Rossby wave soliton (Boyd 1980) in the non-magnetic limit, but he reported one
case in which the wave would slowly travel in the opposite azimuthal direction. Hori (2019)
investigated magnetostrophic MR waves in a Cartesian quasi-geostrophic (QG) model. The
slow, weakly nonlinear waves led to evolution obeying the KdV equation unless the basic
state – all the magnetic field, topography and zonal flow – is uniform. Slow MR waves
have been seen in spherical dynamo direct numerical simulations (DNS) travelling with
crests/troughs that were isolated and sharp, unlike the continuous wave trains that might
be expected (Hori et al. 2015; Hori, Teed & Jones 2018).

Hydrodynamic Rossby wave solitons have been extensively studied, motivated by
atmosphere and ocean dynamics (e.g. Clarke 1971; Redekopp 1977; Boyd 1980). In the
long-wave limit it has been demonstrated that the QG soliton relies on the presence of a
shear in the basic flow or topography. Redekopp (1977) further analysed nonlinear critical
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layers arising from singularities as the wave speed approaches the basic flow speed, and
discussed their relevance for the persistence of Jupiter’s Great Red Spot.

The present paper demonstrates that weakly nonlinear slow MR waves in spherical
containers yield soliton solutions. We adopt simple QG MHD models and asymptotically
derive the evolution equation for the long waves when the basic magnetic field and flow
are both azimuthal. We demonstrate that:

(i) the amplitude at the first order is described by the KdV equation for the chosen basic
states;

(ii) the problem is dictated by an ordinary differential equation (ODE), which has no
singularities as the wave speed approaches the basic flow speed; and

(iii) the single-soliton (solitary wave) solution to the KdV equation implies an isolated
eddy that progresses in a stable permanent form on magnetostrophic time scales.

2. Theoretical foundations

We consider an inviscid, incompressible, ideal QG model of electrically conducting
fluid within a rapidly rotating shell, bounded by inner and outer spheres of radii ri and
ro, respectively (e.g. Busse 1970; Gillet & Jones 2006). We use polar coordinates (s, ϕ, z)
with rotation Ω ẑ.

For rapid rotation, the incompressible horizontal QG fluid motion can be expressed as
u ≈ ∇ × ψ(s, ϕ)ẑ, with ψ a streamfunction, so it is independent of z. When the magnetic
field is not too strong to violate the QG approximation, we further assume that the magnetic
field may be written as B ≈ ∇ × g(s, ϕ)ẑ, with g being the potential (e.g. Busse 1976;
Abdulrahman et al. 2000; Tobias et al. 2007; Canet et al. 2014). No penetration on the
spherical boundaries at z = ±H = ±√

r2
o − s2 enables us to represent the Coriolis term

of the axial vorticity equation in terms of the topography-induced beta parameter. The
equations for the z-components of the vorticity and the magnetic potential in dimensionless
form are then

∂

∂t
ΔHψ − J [ψ,ΔHψ] − 1

Le2
β

s
∂ψ

∂ϕ
= − 1

Le2J [g,ΔHg] (2.1)

and
∂

∂t
g = J [ψ, g], (2.2)

where ΔH = (1/s)∂/∂s(s∂/∂s)+ (1/s2)∂2/∂ϕ2, and J [ f1, f2] = ((∂f1/∂s) (∂f2/∂ϕ)−
(∂f2/∂s) (∂f1/∂ϕ))/s for any functions f1 and f2. Here the length, the magnetic field
and the velocity are, respectively, scaled by the radius of the outer sphere ro, the mean
field strength B0 and the MC wave speed B2

0/(2Ωroρμ0) = c2
M/cC, with c2

M = B2
0/(ρμ0)

and cC = 2Ωro. The Lehnert number Le = cM/cC, whilst the beta parameter is given by
β = s/(1 − s2). Impermeable boundary conditions are applied so that

1
s
∂ψ

∂ϕ
= 0 at s = η, 1, (2.3)

where the aspect ratio η = ri/ro. As β → ∞ at s = 1, the governing equations are singular
there; these boundary conditions ensure that the regular solution is selected.
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Of particular interest is the regime when Le−1 is large. Taking the limit leads to a balance
between the vortex stretching and the Lorentz term in the vorticity equation:

β
1
s
∂ψ

∂ϕ
= J [g,ΔHg], (2.4)

whilst (2.2) retains its same form. The nonlinear problems have two source terms acting
on the magnetostrophic wave: below, we asymptotically solve the weakly nonlinear cases.

To seek solitary long-wave solutions we introduce slow variables with a small parameter
ε (� 1) and a real constant c:

τ = ε3/2t, ζ = ε1/2(ϕ − ct). (2.5a,b)

Note that this assumes a long spatial scale in the azimuthal direction compared with the
radial direction. This is reasonable for small azimuthal wavenumbers. We then expand
variables with ε as

ψ = ψ0(s)+ εψ1(s, ζ, τ )+ · · · , g = g0(s)+ εg1(s, ζ, τ )+ · · · , (2.6a,b)

for the basic state satisfying

−Dψ0 = Ū(s), −Dg0 = B̄(s), (2.7a,b)

where D = d/ds. At zeroth order the equations of vorticity (2.4) and of electric potential
(2.2) and the boundary condition (2.3) are all trivial.

At O(ε), (2.4) and (2.2) become

β
∂ψ1

∂ζ
= −

[
B̄D2 − J̄

] ∂g1

∂ζ
, where D2 = 1

s
∂

∂s
s
∂

∂s
and J̄ = D

1
s

D(sB̄), (2.8)

and (
Ū
s

− c
)
∂g1

∂ζ
= B̄

s
∂ψ1

∂ζ
, (2.9)

respectively. Substituting (2.8) into (2.9) gives a homogeneous partial differential equation
(PDE) with respect to g1:

L∂g1

∂ζ
≡

{
B̄
βs

[
B̄D2 − J̄

]
+

(
Ū
s

− c
)}

∂g1

∂ζ
= 0, (2.10)

where L represents the linear differential operator comprising s, B̄, β, Ū and c. Inserting
the boundary conditions (2.3) at this order into (2.9) yields

∂g1

∂ζ
= 0 at s = η, 1. (2.11)

We then seek a solution in the form of g1 = Φ(s)G(ζ, τ ), so that

LΦ = 0 and Φ = 0 at s = η, 1. (2.12a,b)

Now the linear operator L is the ordinary differential operator with the partial derivatives
with respect to s replaced by D. Given a basic state, the ODE (2.12) together with the
boundary conditions is an eigenvalue problem to determine the eigenfunction Φ with
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eigenvalue c; it can have many eigensolutions. We note that the second-order ODE
(2.12a) remains non-singular as Ū/s → c, but not as B̄2/β → 0 unless s = 0. Below, we
concentrate on cases in which (2.12a) has no internal singularities, i.e. there is a discrete
spectrum. We consider cases where the z-averaged toroidal magnetic fields do not pass
through zero (e.g. figure 3 of Schaeffer et al. (2017); figures 1 and 2 of Hori et al. (2018)).

We proceed to the next order to obtain the amplitude function. Equations (2.4) and (2.2)
at O(ε2) yield

β
∂ψ2

∂ζ
= −

[
B̄D2 − J̄

] ∂g2

∂ζ
− B̄

s2
∂3g1

∂ζ 3 +
(
∂g1

∂s
∂

∂ζ
− ∂g1

∂ζ

∂

∂s

)
D2g1 (2.13)

and
(

Ū
s

− c
)
∂g2

∂ζ
− B̄

s
∂ψ2

∂ζ
= −∂g1

∂τ
+ 1

s

(
∂ψ1

∂s
∂g1

∂ζ
− ∂ψ1

∂ζ

∂g1

∂s

)
. (2.14)

Eliminating ψ2 using (2.13) and ψ1 using (2.8), (2.14) becomes the inhomogeneous PDE

L∂g2

∂ζ
= − B̄2

s3β

∂3G
∂ζ 3 Φ − ∂G

∂τ
Φ

+ G
∂G
∂ζ

{
2B̄
βs

[
(DΦ)D2Φ −ΦD(D2Φ)

]
− ΦD2Φ

s
D

(
B̄
β

)
+ Φ2

s
D

(
J̄
β

)}
,

(2.15)

where D2 = (1/s)DsD. The boundary conditions here are

∂g2

∂ζ
= 0 at s = η, 1. (2.16)

The adjoint linear problem corresponding to (2.10) is

L†Φ† ≡
{[

D2B̄ − J̄
] B̄
βs

+
(

Ū
s

− c
)}

Φ† = 0. (2.17)

The adjoint boundary conditions are

B̄2

sβ
Φ† = 0 at s = η, 1. (2.18)

Note that the substitution B̄2Φ†/sβ = Φ reduces the adjoint problem to the ordinary linear
problem (2.12) so, provided B̄2Φ†/sβ is non-zero in the sphere, the adjoint eigenfunction
Φ† can simply be found by dividing the solution of (2.12) by B̄2/sβ.
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The solvability condition to (2.15) is thus given by

∂G
∂τ

+ αG
∂G
∂ζ

+ γ
∂3G
∂ζ 3 = 0, (2.19)

where α = α0/δ0, γ = γ0/δ0,

α0 =
∫ 1

η

Φ†
{

2B̄
β

[
ΦD(D2Φ)− (DΦ)D2Φ

]
+Φ(D2Φ)D

(
B̄
β

)
−Φ2D

(
J̄
β

)}
ds,

γ0 =
∫ 1

η

Φ† B̄2

s2β
Φ ds and δ0 =

∫ 1

η

Φ†Φs ds.

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(2.20a–c)
Equation (2.19) is the KdV equation if the coefficients, α and γ , are both non-zero. In the
following section we examine the coefficients for different choices of the basic state.

We note that the presence of Ū does not directly impact either α or γ . It, however,
dictates Φ and Φ† through the linear problems at O(ε) and then may contribute to the
terms at O(ε2). This is in contrast with the hydrodynamic case (e.g. Redekopp 1977),
where the basic flow enters the nonlinear term at O(ε2) too. The mean-flow effect on the
magnetostrophic wave arises from the equation for the magnetic potential (2.2).

Solutions to (2.19) may take the form of solitary (single or multiple soliton), cnoidal,
similarity and rational waves (e.g. Whitham 1974; Drazin & Johnson 1989). For instance,
for a single soliton the asymptotic solution up to O(ε) is

g(s, ϕ, t) = −
∫ s

η

B̄ ds + ε sgn(αγ )Φ sech2F, (2.21)

ψ(s, ϕ, t) = −
∫ s

η

Ū ds − ε sgn(αγ )
(

B̄
β

D2Φ − J̄
β
Φ

)
sech2F, (2.22)

where

F(ϕ, t) =
√

α

12γ
sgn(αγ )

[
ε1/2(ϕ − ct)− ε3/2 sgn(αγ )

αt
3

]
. (2.23)

This is an eddy that has the solitary characteristics in azimuth, riding on the basic state with
the linear wave speed. The finite-amplitude effect α accelerates the retrograde propagation
if γ < 0, but decelerates it when γ > 0. The characteristic waveform is clearly visible in
the magnetic potential.

3. Illustrative examples

We solve the eigenvalue problem (2.12) and the adjoint problem (2.17)–(2.18) for
different basic states and calculate the respective coefficients of the evolution equation
(2.19) in a spherical cavity with η = 0.35. We consider the three cases investigated in
Canet et al. (2014): the first has a B̄ that is a linearly increasing function of s (referred to
as a Malkus field hereafter); the second B̄ is inversely proportional to s (an electrical wire
field); and the third one is (3/2) cos{π(3/2 − 50s/19)} + 2, which was adopted by Canet
et al. (2014) to model a profile of the radial magnetic field Bs within the Earth’s core
(which we term a Canet–Finlay–Fournier (CFF) field). For the Malkus and wire fields,
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the terms J̄ in (2.12), (2.17) and (2.20) all vanish, whereas this is not the case for the CFF
field. The Malkus field case has been extensively studied in the literature (e.g. Malkus
1967; Roberts & Loper 1979; Zhang, Liao & Schubert 2003; Márquez-Artavia et al. 2017).
We also consider the inclusion of a basic zonal flow Ū that is prograde, with either a linear
or quadratic dependence on s.

Table 1 summarises the results, listing the eigenvalue λ = √|c|/2 (see below) and c for
the nth mode, the coefficients α, γ and δ0 as calculated from the eigenfunction Φ, the
adjoint eigensolution Φ† and (2.20), and whether/at which s the wave speed c approaches
the basic angular velocity Ū/s. Here the nth mode has (n − 1) zeros within the explored
interval. Negative values of c indicate retrograde waves. More notably, in all the cases we
obtain non-zero α and γ for all n examined and so the KdV equations are appropriate. The
fraction |α/γ | and their signs characterise the solitons.

For the Malkus field (B̄ = s) and no mean flow Ū, we let x = 1 − s2 and Φ(x) = xy(x)
to rewrite the ODE (2.12) as

x(1 − x)
d2y
dx2 + (2 − 3x)

dy
dx

+ (λ2 − 1)y = 0, (3.1)

where λ2 = −c/4. This is a hypergeometric equation, which has a solution

Φ(s) = (1 − s2)F(1 + λ, 1 − λ; 2; 1 − s2), and Φ† = Φ

1 − s2 , (3.2a,b)

where F denotes the hypergeometric function (e.g. Abramowitz & Stegun 1965). The
eigenvalue λ is determined by the conditionΦ = 0 at s = η. The adjoint solution is related
to the axial electrical current generated at this order as −D2Φ = −cΦsβ/B̄2 = −cΦ†,
implying that the current is non-zero at s = 1.

Figure 1 shows the solutions in the Malkus case. Figure 1(a) shows profiles of B̄(s),
the topography β, the eigenfunctions Φ for n = 1 and 2, and their adjoint eigenfunctions
Φ† (3.2a,b). This yields α ≈ −12.85 and γ ≈ 0.87 for n = 1; the nonlinear effect is
more significant than the dispersive one. Figure 1(b) illustrates a single-soliton solution
(2.22) of ψ for n = 1. If the amplitude ε is too large, neglected higher-order terms will
be significant; if ε is too small, the azimuthal scale of the solitary wave is too large to fit
in, so we choose ε = 0.1 as a reasonable compromise. The streamfunction ψ is negative,
indicating a clockwise solitary eddy. The retrogradely propagating vortex ψ1 is slightly
more concentrated at the outer shell than the magnetic potential g1 (not shown). As c < 0
and γ > 0, the dispersion term reduces the retrograde propagation speed. We note that
a clockwise vortex is observed in the Earth’s core (Pais & Jault 2008) and geodynamo
simulations (Schaeffer et al. 2017): its implications are discussed in the final section.

The same basic states admit high-n modes with more isolated structure to have the KdV
equations with non-zero α and γ (table 1). The speed |c| increases with n, confirming the
dispersivity of the wave. The eigenfunction Φ for n = 2 is negative at small s, and then
turns positive when s � 0.787 (dashed-dotted curve in Figure 1a), so the eddy is clockwise
in the outer region and anticlockwise in the inner region (Figure 1c).

We next consider the basic field given by the wire field, B̄ = 1/s, whilst Ū = 0. By
using Φ(x) = x eλxy(x), (2.12) may be reduced to a confluent Heun equation

x(1 − x)
d2y
dx2 + {2 + (2λ− 3)x − 2λx2}dy

dx
+ {(λ2 + 2λ− 1)− (λ2 + 3λ)x}y = 0.

(3.3)
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=
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FIGURE 1. Spherical case for the Malkus field B̄ = s and Ū = 0. (a) Profiles of B̄ (red solid
curve), β (green solid), Φ for n = 1 (black dashed) and n = 2 (black dashed-dotted), and
Φ† for n = 1 (blue dashed) and n = 2 (blue dashed-dotted). (b,c) Streamfunctions ψ of the
single-soliton solution for (b) n = 1 and (c) n = 2, provided ε = 0.1. The dashed (solid) contour
lines represent its negative (positive) value, i.e. clockwise (anticlockwise).

The solution regular at s = 1 corresponding to the eigenvalue λ is

Φ = (1 − s2)eλ(1−s2)Hc(qc, αc, γc, δc, εc; 1 − s2), and Φ† = s4

1 − s2Φ, (3.4a,b)

where Hc represents the confluent Heun function with the accessory parameter qc = λ2 +
2λ− 1 and exponent parameters αc = λ2 + 3λ, γc = 2, δc = 1 and εc = 2λ (Olver et al.
2010). This case admits a simple form of the coefficients (2.20) such that

α0 = −4λ2
∫ 1−η2

0
x(2x + 1)(1 − x)2e3λxH3

c dx, γ0 = 1
2

∫ 1−η2

0

x2

1 − x
e2λxH2

c dx

and δ0 = 1
2

∫ 1−η2

0
x(1 − x)2e2λxH2

c dx. (3.5a–c)

To evaluate the function we use the algorithm of Motygin (2018) below.
Figure 2(a) gives profiles of the basic state and eigenfunctions. The figure shows that Φ

for n = 1 has a peak nearer the outer boundary, compared with that for the Malkus field;
it is still propagating retrogradely and is dispersive. This case yields α ≈ −36.9 and γ ≈
1.25 for n = 1 and with ε = 0.1 the soliton is a more compact, clockwise eddy (Figure 2b).
Analysis of the individual terms of the coefficient α0 in (2.20a) implies that the presence of
high-order derivatives is favourable for nonlinear effects. For n = 2, dispersive effects are
enhanced compared to nonlinear ones. The solitary eddy is clockwise in the outer region
when s � 0.894 and anticlockwise in the inner region (Figure 2c).

To explore more general cases, we implement the MATLAB routine bvp4c to solve the
eigenvalue problems. We retain the boundary conditionΦ = 0 at s = η = 0.35, but use the
modified condition Φ + (1 − s)DΦ = 0 close to the outer boundary s = 0.99999 to avoid
the numerical issue arising from singularities when s → 1. We also impose a normalising
condition DΦ at the inner boundary: the values for the Malkus field and the CFF field
are given by (3.2a), whereas the one for the wire field is given by (3.4a). The number
of grid points in s is 500 in all cases. Given the obtained c, the same routine is adopted
to solve the boundary value problems for Φ†. For consistency with the earlier cases we
set Φ† = 1 at the outer boundary. The codes are benchmarked with the exact solutions.
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FIGURE 2. Spherical case for the wire field B̄ = 1/s and Ū = 0. (a) Profiles of B̄ (red solid
curve), β (green solid), Φ for n = 1 (black dashed) and n = 2 (black dashed-dotted), and
Φ† for n = 1 (blue dashed) and n = 2 (blue dashed-dotted). (b,c) Streamfunctions ψ of the
single-soliton solution for (b) n = 1 and (c) n = 2, provided ε = 0.1.
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FIGURE 3. Spherical case for the CFF field B̄ = (3/2) cos{π(3/2 − 50s/19)} + 2, Ū = 0
and n = 1. (a) Profiles of B̄ (red solid curve), β (green solid), J̄ (red dotted; normalised
for visualisation), Φ (black dashed), and Φ† (blue dashed). (b) Magnetic potential g1
of the single-soliton solution, where the basic state g0 is excluded to help visualisation.
(c) Streamfunctions ψ of the solution, provided ε = 0.1.

With modified boundary condition, our computational results match the expected
eigenvalues λ = √|c|/2 and eigenfunctions Φ for 1 ≤ n ≤ 3 with errors less than 0.01 %
and 0.2 %, respectively.

Now the third basic field, B̄ = (3/2) cos{π(3/2 − 50s/19)} + 2, is examined.
Figure 3(a) depicts the basic state, the eigenfunctions for n = 1 and additionally J̄
(represented by the red dotted curve). It is non-zero except at s ≈ 0.40 and 0.78 and is
negatively peaked at s ≈ 0.59. The eigenvalues c do not differ from those in the Malkus
case very much (table 1). For n = 1, Φ has a peak at s ≈ 0.61 (blue dashed curve), and so
does the basic field. This case gives α ≈ −11.5 and γ ≈ 2.85. Indeed, the term including
J̄ dominates over the ODE (2.12a) and also over α0 (2.20a); if the term Φ2D(J̄/β) were
absent, α would become ≈ 1.68. Figure 3(b) illustrates the magnetic potential g1 (2.21),
where the basic state is excluded for visualisation. It is clockwise and centred at s ≈ 0.61.
Similarly, the streamfunctionψ (2.22) is displayed in Figure 3(c): now the distinction from
the magnetic component is evident. The solitary eddy is more confined nearer the outer
boundary, as B̄D2Φ − J̄Φ in (2.22) becomes significant only when s � 0.8 (not shown).
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FIGURE 4. Spherical case for the Malkus field B̄ = s, the basic flow Ū = 80s(1 − s) and n = 1.
(a) Profiles of B̄ (red solid curve), β (green solid), Ū/10 (blue solid; scaled for visualisation),
and the deviation Ū/s − c (blue dotted). (b) Profiles of Φ (black dashed), Φ† (blue dashed), and
DΦ (black dotted). (c) Streamfunction ψ1 of the single-soliton solution, where the basic state
ψ0 is excluded to help visualisation.

Including a basic flow Ū = s is equivalent to the addition of solid-body rotation.
Therefore, it affects the speed c of propagation of the mode, whilst leaving its other
properties unchanged (table 1). For a more realistic flow, Ū = 4s(1 − s), with the Malkus
field, the structures of Φ and Φ† are not drastically altered (leading to δ0 ≈ 0.049). The
dominance of the nonlinearity over the dispersion, |α/γ |, is, however, weakened. The
presence of the same basic flow in the wire field case also exhibits this property.

Finally, we comment on the behaviour of solutions in the vicinity of the point s at which
Ū/s equals c, the location of a critical layer for the hydrodynamic Rossby wave soliton
(e.g. Redekopp 1977). We impose a fast mean zonal flow, Ū = 80s(1 − s), in the Malkus
field case; Figure 4(a) shows the basic state and additionally the deviation from the wave
speed, Ū/s − c (blue dotted curve). The curve shows that this case has such a critical
point at s ≈ 0.838. Nevertheless, the impact is hardly seen in the eigenfunctions Φ and
Φ†: there are no discontinuities in the derivative DΦ (Figure 4b) and hence in the solitary
wave solutions (Figure 4c). This remains true for the wire field and the CFF field with
Ū = 320s(1 − s).

4. Concluding remarks

In this paper we have performed a weakly nonlinear analysis of magnetostrophic
waves in QG spherical models with azimuthal magnetic fields and flows. The model
we considered is an annulus model (Busse 1976; Canet et al. 2014) of the form utilised
by Hide (1966) for linear magnetic Rossby (MR) waves. We found that the evolution of
the long-wavelength, slow-MR waves in the spherical shells obeyed the KdV equation,
whether the toroidal magnetic field and/or the zonal flow were sheared or not. The model
we consider here is formally valid for cases where the azimuthal length scale is much
longer than that in radius; the most obvious application of which is for thin spherical shells.
For thicker spherical shells like those representative of the Earth’s fluid outer core, the ratio
of these length scales is of the order of 10. For thinner shells relevant to other astrophysical
objects, one might expect the asymptotic procedure to give a better approximation to the
true behaviour. We find that solutions may take the form of a single-soliton solution (for
n = 1) which is a clockwise, solitary eddy when the basic state magnetic field is any
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of a Malkus field (B̄ ∝ s), a magnetic wire field (B̄ ∝ 1/s) and a CFF field (comprising
a trigonometric function). In addition to these steadily progressing single solitons, we
also find N-soliton solutions; as these satisfy the KdV equation, we know that these may
have peculiar interactions, including a phase shift after a collision and Fermi–Pasta–Ulam
recurrence (e.g. Drazin & Johnson 1989).

We conclude by noting that inversion of the geomagnetic secular variation appears to
detect an anticyclonic gyre in the Earth’s core (Pais & Jault 2008; Gillet et al. 2015;
Barrois et al. 2018); it is off-centred with respect to the rotation axis and is believed
to have existed for more than a hundred years. Moreover, DNS of dynamos driven by
convection in rapidly rotating spherical shells have exhibited the emergence of a large
vortex which circulated clockwise and modulated very slowly (Schaeffer et al. 2017); in
these simulations the averaged toroidal magnetic field tended to strengthen beneath the
outer boundary. Our solution tentatively supports the idea that such an isolated single eddy
should persist, while drifting on MC time scales of O(102–4) years. The long wave can
be initiated through instabilities due to differentially rotating flows (Schmitt et al. 2008),
due to thermally insulating boundaries (Hori, Takehiro & Shimizu 2014), and due to the
magnetic diffusivity (Roberts & Loper 1979; Zhang et al. 2003). The steadily drifting
feature of the solitons should, of course, be altered during the long-term evolution when
dissipation plays a role in the dynamics. The presence of dissipation may also alter the
eigenfunction (Canet et al. 2014) and thus the detailed morphology of the soliton too.

We note that an alternative to account for the eccentric gyre is a flow induced by, for
example, the coupling with the rocky mantle and the solid inner core, as DNS by Aubert,
Finlay & Fournier (2013) had demonstrated. The issue ends up in a debate which has
lasted for decades: Does the geomagnetic westward drift represent the advection due to a
large-scale fluid motion (Bullard et al. 1950) or hydromagnetic wave motion (Hide 1966)?
We shall investigate these issues further, as well as the role of critical layers, by solving
initial value problems in a future study.

Acknowledgements

The authors are grateful to A. Soward, A. Kalogirou, A. Barker and Y.-Y. Hayashi for
discussion and comments. Comments by three anonymous reviewers helped to improve the
manuscript. K.H. was supported by the Japan Science and Technology/Kobe University
under the programme ‘Initiative for the Implementation of the Diversity Research
Environment (Advanced Type)’. C.A.J. acknowledges support from the UK’s Science and
Technology Facilities Council, STFC research grant ST/S00047X/1.

Declaration of interests

The authors report no conflict of interest.

References

ABDULRAHMAN, A., JONES, C. A., PROCTOR, M. R. E. & JULIEN, K. 2000 Large wavenumber
convection in the rotating annulus. Geophys. Astrophys. Fluid Dyn. 93, 227–252.

ABRAMOWITZ, M. & STEGUN, I. A. 1965 Handbook of Mathematical Functions: With Formulas, Graphs,
and Mathematical Tables. Dover.

AUBERT, J. & FINLAY, C. C. 2019 Geomagnetic jerks and rapid hydrodynamic waves focusing at Earth’s
core surface. Nat. Geosci. 12, 393–398.

904 R3-12

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
0.

74
3 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2020.743


Solitary magnetostrophic Rossby waves

AUBERT, J., FINLAY, C. C. & FOURNIER, A. 2013 Bottom-up control of geomagnetic secular variation
by the Earth’s inner core. Nature 502, 219–223.

BARDSLEY, O. P. & DAVIDSON, P. A. 2016 Inertial–Alfvén waves as columnar helices in planetary cores.
J. Fluid Mech. 805, R2.

BARROIS, O., HAMMER, M. D., FINLAY, C. C., MARTIN, Y. & GILLET, N. 2018 Assimilation of ground
and satellite magnetic measurements: inference of core surface magnetic and velocity field changes.
Geophys. J. Intl 215, 695–712. (Erratum (2019) in Geophys. J. Intl 216, 2106–2113.)

BOYD, J. P. 1980 Equatorial solitary waves. Part 1: Rossby solitons. J. Phys. Oceanogr. 10, 1699–1717.
BRAGINSKIY, S. I. 1967 Magnetic waves in the Earth’s core. Geomagn. Aeron. 7, 851–859.
BRAGINSKIY, S. I. 1970 Torsional magnetohydrodynamic vibrations in the Earth’s core and variations in

day length. Geomag. Aeron. 10, 1–8.
BULLARD, E. C., FREEDMAN, C., GELLMAN, H. & NIXON, J. 1950 The westward drift of the Earth’s

magnetic field. Phil. Trans. R. Soc. Lond. A 243, 67–92.
BUSSE, F. H. 1970 Thermal instabilities in rapidly rotating systems. J. Fluid Mech. 44, 441–460.
BUSSE, F. H. 1976 Generation of planetary magnetism by convection. Phys. Earth Planet. Inter. 12,

350–358.
CANET, E., FINLAY, C. C. & FOURNIER, A. 2014 Hydromagnetic quasi-geostrophic modes in rapidly

rotating planetary cores. Phys. Earth Planet. Inter. 229, 1–15.
CHULLIAT, A., ALKEN, P. & MAUS, S. 2015 Fast equatorial waves propagating at the top of the Earth’s

core. Geophys. Res. Lett. 42, 3321–3329.
CLARKE, R. A. 1971 Solitary and cnoidal planetary waves. Geophys. Fluid Dyn. 2, 343–354.
DRAZIN, P. G. & JOHNSON, R. S. 1989 Solitons: An Introduction. Cambridge University Press.
GILLET, N., JAULT, D. & FINLAY, C. C. 2015 Planetary gyre, time-dependent eddies, torsional waves,

and equatorial jets at the Earth’s core surface. J. Geophys. Res. Solid Earth 120, 3991-4013.
GILLET, N. & JONES, C. A. 2006 The quasi-geostrophic model for rapidly rotating spherical convection

outside the tangent cylinder. J. Fluid Mech. 554, 343–369.
GILMAN, P. A. 2000 Magnetohydrodynamic “shallow water” equations for the solar tachocline.

Astrophys. J. 544, L79–L82.
HIDE, R. 1966 Free hydromagnetic oscillations of the Earth’s core and the theory of the geomagnetic

secular variation. Phil. Trans. R. Soc. Lond. A 259, 615–647.
HORI, K. 2019 Solitary magnetic Rossby waves. In Proceedings of the Japan Society of Fluid Mechanics

Annual Meeting 2019, vol. 174, pp. 1–3. The Japan Society of Fluid Mechanics.
HORI, K., JONES, C. A. & TEED, R. J. 2015 Slow magnetic Rossby waves in the Earth’s core. Geophys.

Res. Lett. 42, 6622–6629.
HORI, K., TAKEHIRO, S. & SHIMIZU, H. 2014 Waves and linear stability of magnetoconvection in a

rotating cylindrical annulus. Phys. Earth Planet. Inter. 236, 16–35.
HORI, K., TEED, R. J. & JONES, C. A. 2018 The dynamics of magnetic Rossby waves in spherical dynamo

simulations: a signature of strong-field dynamos? Phys. Earth Planet. Inter. 276, 68–85.
LEHNERT, B. 1954 Magnetohydrodynamic waves under the action of the Coriolis force. Astrophys. J. 119,

647–654.
LONDON, S. D. 2017 Solitary waves in shallow water magnetohydrodynamics. Geophys. Astrophys. Fluid

Dyn. 111, 115–130.
MALKUS, W. V. R. 1967 Hydromagnetic planetary waves. J. Fluid Mech. 28, 793–802.
MÁRQUEZ-ARTAVIA, X., JONES, C. A. & TOBIAS, S. M. 2017 Rotating magnetic shallow water waves

and instabilities in a sphere. Geophys. Astrophys. Fluid Dyn. 111, 282–322.
MCINTOSH, S. W., CRAMER, W. J., MARCANO, M. P. & LEAMON, R. J. 2017 The detection of

Rossby-like waves on the Sun. Nat. Astron. 1, 0086.
MOTYGIN, O. V. 2018 On evaluation of the confluent Heun functions. arXiv:1804.01007v1.
NILSSON, A., SUTTIE, N., KORTE, M., HOLME, R. & HILL, M. 2020 Persistent westward drift of the

geomagnetic field at the core-mantle boundary linked to recurrent high latitude weak/reverse flux
patches. Geophys. J. Intl 222, 1423–1432.

OLVER, F. W. J., LOZIER, D. W., BOISVERT, R. F. & CLARK, C. W. 2010 NIST Handbook of
Mathematical Functions. National Institute of Standards and Technology: Cambridge University
Press.

904 R3-13

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
0.

74
3 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://arxiv.org/abs/1804.01007v1
https://doi.org/10.1017/jfm.2020.743


K. Hori, S. M. Tobias and C. A. Jones

PAIS, M. A. & JAULT, D. 2008 Quasi-geostrophic flows responsible for the secular variation of the Earth’s
magnetic field. Geophys. J. Intl 173, 421–443.

RAPHALDINI, B. & RAUPP, C. F. M. 2015 Nonlinear dynamics of magnetohydrodynamic Rossby waves
and the cyclic nature of solar magnetic activity. Astrophys. J. 799, 78.

REDEKOPP, L. G. 1977 On the theory of solitary Rossby waves. J. Fluid Mech. 82, 725–745.
ROBERTS, P. H. & AURNOU, J. M. 2012 On the theory of core-mantle coupling. Geophys. Astrophys.

Fluid Dyn. 106, 157–230.
ROBERTS, P. H. & LOPER, D. E. 1979 On the diffusive instability of some simple steady

magnetohydrodynamic flows. J. Fluid Mech. 90, 641–668.
SCHAEFFER, N., JAULT, D., NATAF, H.-C. & FOURNIER, A. 2017 Turbulent geodynamo simulations: a

leap towards Earth’s core. Geophys. J. Intl 211, 1–29.
SCHMITT, D., ALBOUSSIÈRE, T., BRITO, D., CARDIN, P., GAGNIÈRE, N., JAULT, D. & NATAF,

H.-C. 2008 Rotating spherical Couette flow in a dipolar magnetic field: experimental study of
magneto-inertial waves. J. Fluid Mech. 604, 175–197.

TOBIAS, S. M., DIAMOND, P. H. & HUGHES, D. W. 2007 β-plane magnetohydrodynamic turbulence in
the solar tachocline. Astrophys. J. 667, L113–L116.

WHITHAM, G. B. 1974 Linear and Nonlinear Waves. Wiley.
ZAQARASHVILI, T. V., OLIVER, R., BALLESTER, J. L. & SHERGELASHVILI, B. M. 2007 Rossby waves

in “shallow water” magnetohydrodynamics. Astron. Astrophys. 470, 815–820.
ZHANG, K., LIAO, X. & SCHUBERT, G. 2003 Nonaxisymmetric instabilities of a toroidal magnetic field

in a rotating sphere. Astrophys. J. 585, 1124–1137.

904 R3-14

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
0.

74
3 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2020.743

	1 Introduction
	2 Theoretical foundations
	3 Illustrative examples
	4 Concluding remarks
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


