
ON CERTAIN SIMULTANEOUS FUNCTIONAL EQUATIONS 

T. D. Howroyd 

( r e c e i v e d June 30, 1964) 

1. In t roduc t ion . G. de Rham [ l ] has shown that c e r t a i n 
r e m a r k a b l e c u r v e s , defined by l i m i t s of s e q u e n c e s of i n s c r i b e d 
po lygons , a r e so lu t ions of funct ional equa t ions of the fo rm 

+ (7) - F [4>(x)] 
X€ [ 0 , 1 ] . 

4>(~) = F2[4>(x)] 

If the funct ions F (z) (p = 1,2) a r e con t r ac t ion m a p p i n g s of the 
P 

c o m p l e x p lane into i tself , i. e. for fixed r < 1 

| F (z ) - F (z ) | < r | z - z J , 
p i p 2 1 2 

then F (z) is con t inuous and has a s ingle fixed point w , 
P P 

F (w ) =w . De R h a m h a s shown that if ir, di t ion 
P P P 

F (w ) = F (w ), the above s i m u l t a n e o u s funct ional equa t ions 

have a unique bounded solut ion <)> and th i s solut ion is con t inuous . 

In th i s p a p e r we a r e c o n c e r n e d with the solut ion of the 
s i m u l t a n e o u s funct ional equa t ions 

(1) 4>(x) = F j x , <(>(-)] , 

(2) <|>(x) = F2[x,<|)(-^X)] . 

We note tha t if y = 1 » x, 4>(x) = ^>(y), then 
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è ( f ) = + ( l i l , , M ^ , + (I , 

and x c [ 0 , l ] if and only if y € [ 0 , 1 ] . C o n s e q u e n t l y , any 
e m p h a s i s p laced on one of the above equa t ions could equa l ly 
we l l be p laced on the o t h e r . 

In the following C is the c o m p l e x p l a n e ; C is the 
ex tended c o m p l e x p l a n e ; D is s o m e s u b s e t of C; 0(x) i s 

1 
defined for x e (— 1] by 9(x) = x, and s u c c e s s i v e l y on 

( i ' i ^ (~8'4^ ••" by e ( x )= e ( 2 x >> for ^ ^ ^ p(x) andits 

i t e r a t e s a r e defined by p(x) - 6 (2x- 1 ), p (x) = x, and 

p (x) = p (p(x)), n = 0 , l , 2 , . . . . 

2. Reduct ion to one equat ion . The a l g e b r a i c so lu t ion of 
s i m p l e s i m u l t a n e o u s equa t ions in two v a r i a b l e s i s often a c c o m ­
p l i shed by the e l im ina t i on of one v a r i a b l e . An a n a l o g o u s 
m e t h o d app l i cab l e to s o m e s i m u l t a n e o u s funct ional equa t ions 
is deve loped in the next t h e o r e m ; we r e d u c e the d e p e n d e n c e 
of so lu t ions 6 of (1) and (2) on the p e r i o d funct ions 
X 1 ~*~ X 

— and to dependence on the pe r iod function p(x). 

T H E O R E M 1. Let x * ( 0 , l ] . F o r e a c h x let F (x, z) 
1 

be a one -one m a p of D onto i tself , F (x, z) m a p D into 

i tself , and g(x, z) be a o n e - o n e m a p of D onto i t se l f which 
s a t i s f i e s the funct ional equat ion 

(3) g ( | , z ) - g[x, F d ( x , z ) ] , z e D . 

Then the function 6 with r a n g e in D i s a solut ion of (1) and 
1 

(2) if and only if it sat isf ie 's (1) at 0, (2) on [0,—] and 

(4) g{p (x ) , 6[p(x)]} - g { 2 x - 1, F 2 [ 2 x - 1, <t>(x)]} , x e ( | , 1] . 
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Proof. The e x i s t e n c e of such a function g(x, z) is 
g u a r a n t e e d bv the p r o p e r t i e s of F (x, z) . We may for e x a m p l e 

1 
1 

define g(x, z) = z, x € (—, 1], z € D, and extend the domain of x 

to (0, 1] by us ing (3). 

Let (J) be a solut ion of (1) and (2) with r ange in D and 

u(x) - g[x, 4>(x)] , x€ (0 ,1 ] . 

Then if x € (0, 1] 

r x , ,x% 

*(f) = g[f. 4>(f)] = g(x, F jx , <>(|)]} 

= g[x> 4>(x)] = u(x) , 

n 1 
and t h e r e e x i s t s a pos i t ive i n t ege r n such that 2 x € (•—, 1]; 
hence 

u[0(x)] = u[0(2 n x)] = u ( 2 n x) = u(x) , 

u[p(x)] - u ( 2 x - l ) , x€ ( | , l ] . 

The l a t t e r equat ion t o g e t h e r wi th (2) g ives (4). The r e m a i n d e r 
of the a s s e r t i o n is t r i v i a l . 

A s s u m e the c o n v e r s e ; then for x c ( 0 , l ] 

g{x, F2[X, 4>(-^)]} =g{e(x), 4,[e(x)]} =g{e(|), d>[e (|)]} 

= g{f, F 2 [ | ( C ( V ) ] } =g { | .<M|,} 

= g { x , F j x , 4,(|)]} 

1 
g{ x, c|>(x)}, x€ (-, i; 
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H e n c e 

F 2 [ x , < t > ( ^ ) ] = F j x , 4>(|)] , x c ( 0 , 1 ] 

1 
= 4>(X) , X€ ( - , 1] . 

1 
T h e l a s t e q u a l i t y a l s o h o l d s f o r x € [0,—] . 

E X A M P L E 1. If b o t h of t h e e q u a t i o n s (1) a n d (2) a r e 

l i n e a r a n d s o l u b l e , g ( x , z) c a n b e f o u n d s o t h a t (4) i s a l s o 

l i n e a r . C o n s i d e r t h e e q u a t i o n s [ 2 ] 

(5) <t>(|) - a 4>(x) 

(6) cM-^r5) = a + (I - a) 4>(x) 

x € [ 0 , 1 ] 

w h e r e a € C such tha t | a j < l , | l - a j < 1. We m a y emp loy 
T h e o r e m 1 wi th D = C, F ( x , z) = z / a 3 F (x, z) = (z - a ) / ( l - a ) , 

1 2 
and (with the p r i n c i p a l va lue of the l o g a r i t h m ) 

g(x, z) = z x "*• . 

1 
Then (5) and (6) r e d u c e on (—, 1] to 

(7) 4>(x) = a + c(x) 4>[p(x)] , 

w h e r e 

c(x) = (1 - a) [ ( 2 x - l ) / p ( x ) ] " l 0 g 2 a . 

Since |c(x) | < | l - a | < 1, (7) h a s the unique bounded so lu t ion 

oo n - 1 
6(x) = a + a 2 II c [p (x)] . 

n = l m = 0 
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But if <|> is a bounded solution of (5) and (6) so m u s t the four 
funct ions obta ined f rom cj> by taking Left and r igh t upper and 
lower l im i t s a l s o be bounded so lu t ions . Hence a l l five so lu t ions 
a r e equa l and 4> i s con t inuous . 

E X A M P L E 2. Let 4> be a solut ion of Cauchy ' s funct ional 
equat ion 

<)>(x + y ) - 6 ( x ) + 4>(y) . 

Then c e r t a i n l y <j> is a solut ion of the equa t ions 

4>(x) = 2 <j,(|) = 2 ^{~) - 4,(1) , x e [ 0 , 1 ] . 

Using the methods of Example 2 we see that cj) is a l so a solution 
of the equation 

4>(x) = |(|>(1) + | { ( 2 x - l)/p(x)}<t>[p(x)] , x c ( | f 1] , 

which has at mos t one bounded solution 4> pass ing through the 
point x - 1, z = K; such a solution is 

4>(x) = K x , x e ( | , 1] . 

1 
Obviously we may replace boundedness on (—, 1] by the same on 

any interval to e s tab l i sh the wel l known fact that the functions 
Kx, K€ C, are the only solutions of Cauchy1 s equation bounded 
on some interval . 

3. The number of continuous solutions, We prove the 
next theorem with the help of Theorem 1. 

THEOREM 2, Let F (x, z) , F (x, z) , be one-one maps 
1 2 

of D onto i t se l f for each x € (0, 1] . Then the number of so lu­
t ions of (1) and (2) with range in D and continuous on ( 0 , 1 ] i s 
not greater than the number of finite fixed points of F ( l , z ) in D. 
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Proof . We m a y r e p l a c e (4) by an equ iva l en t equa t ion of 
the f o r m 

(8) <J>(x) = F { x , <f>[p(x)]} , x e ( | , 1 ] . 

1 
If y i s a fixed finite dyad in (—, 1] then t h e r e e x i s t s an i n t e g e r 

n such tha t p (y) = 1 and hence by i t e r a t i o n of the equa t ion (8) 
n~ 1 t i m e s we obta in 4>(y) a s a function of <\>(1) a l o n e . The 
p o s s i b l e v a l u e s of 4>(1) a r e the fixed po in t s of F ( l , z ) in D. 

T h e r e f o r e , s ince the finite dyads a r e e v e r y w h e r e d e n s e in 
1 

(—, 1] , the n u m b e r of con t inuous so lu t ions of (8) in D cannot 

be m o r e than the n u m b e r of finite fixed poin ts of F ( l , z ) in D. 

E X A M P L E 3. The s i m u l t a n e o u s funct ional e q u a t i o n s 

34>(|)+1 2 < M ^ 

4>(x) = 4>(|)+3 i+4>(-^£) 

have the con t inuous so lu t ions 4>(x) = l , (x - l ) / ( x + 1), x € [ 0 , l ] ; 
t hey a r e the only con t inuous so lu t ions s ince the funct ion 2 z / ( l + z) 
h a s only two fixed p o i n t s , 0 and 1, in C. 
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