ON CERTAIN SIMULTANEOUS FUNCTIONAL EQUATIONS
T.D. Howroyd
(received June 30, 1964)
1. Introduction. G. de Rham [1] has shown that certain

remarkable curves, defined by limits of sequences of inscribed
polygons, are solutions of functional equations of the form

o(5) = F,[o(x)]
1+>2< ! x€[0,1]
S = F[e(x)]

If the functions F (z) (p=1,2) are contraction mappings of the
p

complex plane into itself, i.e. for fixed r <1

H)

IFP(Z1) - Fp(zz)l < rlz1 - 22[

then F (z) is continuous and has a single fixed point w ,
Fp(wp) Ii wo. De Rham has shown that if ir ‘dition F

Fi(WZ) = Fi(wi), the above simultaneous functional equations
have a unique bounded solution ¢ and this solution is continuous.

In this paper we are concerned with the solution of the
simultaneous functional equations

(1) o(x) = F,[x,0()],
(2) 60 = Fylx 63

We note that if y =1 - x, &(x) =¢(y), then
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) = US) e5) = )

and x¢€[0,1] if and only if y€[0,1]. Consequently, any
emphasis placed on one of the above equations could equally
well be placed on the other.

In the following C 1is the complex plane; C is the
extended complex plane; D is some subset of C; 6(x) is

1
defined for xe¢ (E’ 1] by 6(x) =x, and successively on

11 11 1
(z,—z—], (g,—i], ..., by 6(x)=6(2x); for xc¢e (E’ 1] p(x) and its
iterates are defined by p(x) =6 (2x-1), po(x) =x, and

" s = pMp(x)), n=0,1,2,. ...

2. Reduction to one equation. The algebraic solution of
simple simultaneous equations in two variables is often accom-
plished by the elimination of one variable. An analogous
method applicable to some simultaneous functional equations

is developed in the next theorem; we reduce the dependence
of solutions & of (1) and (2) on the period functions
X 1+x

E and >

to dependence on the period function p(x).

THEOREM 1. ILet x¢€ (0,1]. For each x let Fi(x,z)
be a one-one map of D onto itself, Fz(x,z) map D into

itself, and g(x,z) be a one-one map of D onto itself which
satisfies the functional equation

X

(3) gl=,z) = g[x, F

> (x,2)], zeD.

1

Then the function ¢ with range in D is a solution of (1) and

1
(2) if and only if it satisfies (1) at 0, (2) on [O’E] and

1
(4) g{ p(x), o[p(x)]} =g{2x- 1, F‘Z[Zx -1, o(x)]}, xe (2,1].

78

https://doi.org/10.4153/CMB-1965-010-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1965-010-0

Proof. The existence of such a function g(x,z) is
guaranteed by the properties of Fi(x, z). We may for example

1
define g(x,z) =12, x¢€ (—Z-, 1], z € D, and extend the domain of x

to (0,1] by using (3).
Let ¢ be a solution of (1) and (2) with range in D and
u(x) = g[x, o(x)], xe (0,1] .

Then if x€ (0,1]

1l
1]

uz) = el3 ¢6)] = elx Flx 65)])

u(x) ,

glx, &(x)]

. .. . n 1
and there exists a positive integer n such that 2 xc¢e (E' 1];

hence

uf 8(x)] u[G(Zn x)] = u(Zn x) = u(x),

u[p(x)] u(2x-1), x € (-%,1] .

The latter equation together with (2) gives (4). The remainder
of the assertion is trivial.

Assume the converse; then for xe€ (0,1]

gl Fylx ot30)]) =e( 000, 6l0 )]} =g{0 ), 46 )]}

x X 1 x N x X
2 E, B oG] =sl3 o)

= g{ %, Fi[x, ¢('2')]}

=gl 0¥}, x<(5.1].
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Hence

1+x
Fz[x, d)(—z—)]

Fi[x, cb(—)zf)] , xe (0,1]

1

1
&(x) , x € (5,1] .
. 1
The last equality also holds for xe¢ [0,—2-] .

EXAMPLE 1. 1If both of the equations (1) and (2) are
linear and soluble, g(x,2z) can be found so that (4) is also
linear. Consider the equations [2]

(5) o) = a o(x)
x€ [0,1]

1+x

(6) Cb(‘-“z—) = a+ (I-a)d(x)

where a € C such that fal <1, li - a] <1. We may employ
Theorem 1 with D =C, F1(x,z) =z/a, Fz(x,z) =(z - a)/(1 - a),

and (with the principal value of the logarithm)

1
glx,z) = z x o828

1
Then (5) and (6) reduce on (E, 1] to

(7) d(x) = a + c(x) ¢[p(x)],
where
c(x) = (1 - a) [(2x - 1)/p(x)] " 'O82% .
Since [c(x)[ < [1-a] <1, (7)has the unique bounded solution
® n-1

6(x) = a+a Z I c[pm(x)].
n=1 m=0
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But if ¢ is a bounded solution of (5) and (6) so must the four
functions obtained from ¢ by taking left and right upper and
lower limits also be bounded solutions. Hence all five solutions
are equal and ¢ is continuous.

EXAMPLE 2. Le¢t ¢ be a solution of Cauchy's functional
equation

(x4 y) = o(x) + &ly) -
Then certainly ¢ 1is a solution of the equations

slx) = 266) = 2420 - 6(1) , xe[0,1] .

Using the methods of Example 2 we see that ¢ is also a solution
of the equation

80 = 3601 + 2{(2x - 1)/p(I} lpx)] . xe€ 1],

which has at most one bounded solution ¢ passing through the
point x=1, =z =K; such a solution is

o = Kx, el

1
Obviously we may replace boundedness on (—i, 1] by the same on

any interval to establish the well known fact that the functions
Kx, Ke C, are the only solutions of Cauchy's equation bounded
on some interval.

3. The number of continuous solutions. We prove the
next theorem with the help of Theorem 1.

THEOREM 2. Let Fi(x,z), Fz(x,z), be one-one maps

of D onto itself for each x€ (0, 1]. Then the number of solu-
tions of (1) and (2) with range in D and continuous on (0,1] is
not greater than the number of finite fixed points of Fz(i, z) in D.
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Proof. We may replace (4) by an equivalent equation of
the form

(8) o(x) = F{x o[p(x)]} , xe (5,1] .

1
If y is a fixed finite dyad in (E’ 1] then there exists an integer

n such that pn(y) =1 and hence by iteration of the equation (8)
n-1 times we obtain &(y) as a function of ¢(1) alone. The
possible values of ¢(1) are the fixed points of Fz(i,z) in D.

Therefore, since the finite dyads are everywhere dense in
1
(-2—, 1], the number of continuous solutions of (8) in D cannot

be more than the number of finite fixed points of F2(1, z) in D.

EXAMPLE 3. The simultaneous functional equations

1+x

BG4 26—
s(x) = .
sEWI el

have the continuous solutions &(x) =1, (x- 1)/(x+ 1), xe€ [0,1];
they are the only continuous solutions since the function 2z/(1 + z)
has only two fixed points, 0 and 1, in C.
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