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ABSTRACT, A d yna mi ca l mode l gO\"C'rnin g th e \'a ri a tions of icc-shee t \ 'o lumc, 
basal-wa ter amo unt a nd ice-surge nu x has been formula ted in its simples t form , based 
on fund amen ta l th ermomec ha nica l properti es ofi cc sheets gO\'e rnin g th e basal-melting 
process, This model includ es th e enec ts of the geo th erm a l /lux , inte rnal thermal 
advectioll a nd basa l friction, the la tter two factors being particularly importa nt in 
regu lat ing th e bottom temperature a nd br inging it to the melting point, i, e , to a sta te 
ndnerab le to ca tas trophic ice surges, It is sho\'\'n th a t, for certa in va lues of th e 
unknown ra te constants, such a mod el ca n exhibit osci ll a tions o n rou ghl y th e same 
sca le as obsen 'ed H einrich e\'ents, e\ 'en \\'h en ex te rnal climatic changes a re neglec ted , 
which would support the \'ic\\' that such c\'ents a rc a n inte rn a l property 0[" ice shce ts, 

1. INTRODUCTION 

Th e occ urren ce of pcriodic surge e\'e lllS a t ro ug hl y 
10 kyeal' inten'a ls during th e la st ice-age cyc le has no\\' 
been clearly documented in th c ice-rarted debris (fRD) 
laye rs of' North Atlantic deep-sea co res (H einri ch , 1988; 
Grousset and o th ers, 1993 ). H ere, as a n extension of our 

pre\'ious studi es (Verbitsky a nd Saltzman, 1994, 1995), 
wc present a simplc horizon ta ll y a \'C'raged dynamical 
model o f ice-shec t beha\'io r in which we dcterm ine a se t of 
the unknown rate constants required for th e ex istence or 
intern a l oscillations th a t may bear some rela tion to th ese 
" H einri eh e\'eIllS", 

This dynamical mod el has some physical similariti es 
to a prc\ 'io Lls mode l for osc illa tory ice-sheet beha \'ior on 
th e scale of 100 kvea 1', d eve loped by O erlema ns ( 1983 ), 
th a t ill\ 'o h'Cs basal \\'a ter-Ia ycr developmen t cl ue to 
melting ca used primarily by frictional hea tin g , Th e 

dominance of both ad\'enio nal a nd fri c ti onal effects O\'e r 

geo thermal e flec ts in ge nera ting basal melting a nd surge 

e\"(~ nts was emphasized in our previous studi es (Verbitsky 
a nd Saltzman, 1994, 1995) , Another model of H einrich 
osc ill a ti ons, in which the gcot hermal heat nu x plays a 
more d om in an t ro le during the growt h phase or th e ice
shec t osc ill a tions, \I'as presented by ~l ac i\ yea l ( 1993 ), 
R e\'iC\rs o f ea rli e r discussions of ba sa l sliding and 

osc illa tory g lac ia l beha\'io r as we ll as some id eas simil a r 
to th ose discussed here and in\' erbi tsky a nd Saltzman 
( 1994, 199,"» can be fc) und in Pate rson ( 199+) a nd Pav ne 
( 1995 ), 

2. BASIC EQUATIONS 

Let us consid er th e idealized t\l'o-dim ensiona l ice sheet 
5hO\\'n in Figure I , charac terized by a hori zo ntal length 
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sca le L , mea n he ig ht H a t which the mean temperature is 

Tu and a constant net acc umulat ion rate a, The base of 

thi s ice shee t has a mea n temperature Tu , which , if'it 
reaches the press ure-m elting point T,t. may gene ra te 
liquid water of mean equivalent thi ckn ess W th a t is likcly 
to be distributed unevenl y thro ug h some basal layer 

mainly in cha nnel s, Such a mean \rater layer is ass umed 

to ma ke th e outer parts of the ice shee t vu lnerab le to a 
surg ing di scharge /lu x o f ice, Th e fl ow 0 (' ice has 
characterist ic hori zo nta l and downward \ "C loc it y compo
nents U(~ aL/H ) a nd W(~ a), rcspecti\'c1y, Thc char
ClCl('l" is ti c a rea and \'o lume of th e ice shee t arc A = L2 and 

V = AH, respecti\'C' ly, 

The bas ic inte rn a l dynamics of thi s t\l'o-di mensional 

ice shee t is gO\ 'e rn ed b y th e m o tio n equa ti ons 

op 
--+Pig= 0 oz 

and the continuit y equa ti o n 

Dv [}7IJ 
",+-[} = 0 
u~' ' z 

(1) 

(2) 

(3) 

\I'here (x, z) a nd (u, w) a re th e horiZO llta l a nd \'Crtical 
coo rdina tes a nd \'e loc ity components, respecti\'Cly, ]J is 
press urc, 9 is the accele rati o n due to gnl\ 'ity , J.li and Pi are 
th e ice viscosity a nd density , respcct i\"t' ly, a nd 11 is the 
pO\\"Cr degrC'C' of Glen's rh eo logica l la \l', From these 

eq uati ons, \I'e ca n sho\l' ( \ 'erb itsky, 1992 ) that to first

order sca ling 

(4) 
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F ig, I , I deali:;.ed (rO,ls-,lfe l iOIl 0/ a l it 'o-dimell.liollal ia 
J!teel of c//{{racleri.llic !tori:;,olllal ,li:;.1' L . l!tickllf.U H . 
Cleejiillg l'elori{j' (OllljlO 11 fII 1.1 U alld 11 ", and ,l lIlfare alld 

basal lelll/malllre TH alld T13 , 

Th e bas ic therm od yna mi cs o f'th e ice shee t is gO\'lTn ed 

by th e eq ua ti o n 

",here t is ti mC'. (' is th e spec ifi c hea l ca pac it y or ice, 

A (= Pick) is th e th erma l conduc ti\ 'it y o f ice , k is th e 

therm a l ddTusiy it y o f ice a nd qr is th e hea t add ed per unit 

\ 'o lu!l1 e due to inte rn a l fri c ti o n ex press ible in th e fo rm 

qr = Il i :-(~~) I+f, (6) 

The lower bound a ry co nd itio n (z = 0) de pe nds o n 

\\'he th er th e basa l tempera ture TI1 is belo \\' o r a t th e 
press u re-m elting po int (Shumskii , 1955 ) 

T\I = [273,16 - (7.52 X lO -K )(PigH )] (7) 

in whi c h la tt e r case m elting a nd basa l sliding can occ ur. 

Thus, a t Z = 0 \\'(' hm'e t \\'o types of" bo unci a r ), co nciiti o ns: 
ir TB < T\[ . i, e, no m elting, 

(80 ) 

but, ifllle iting occurs, th e basa lte lll pe ra ture is fi xed a t th e 

me lting po int 

(8b) 

\\' he l'c Qf!, is th e geo th erm a l hea t nu x, D (= (J,,.~ lI ()) is th e 

ra te o r hea t addi tio n pCI' unit a rea d uc to basa l sliding of 

\,(, Ioc it y /10 , (J.r : is th e basa l shea r s tress, L r is th e late n t 
hea t o r rusio n a nci 1I1B is th e ra te o r basa l m elting. 

, \ t th e up per bo unda ry o r th e ice shee t (z = H ). \\T 

aSS U!l1C here that th e tempe ra ture is g i\T n b \' 

(9) 

\\ 'here T~ is th e a nnu a l m ean sea -I ('\T I illr temperature 
nea r th e ed ge o r th e ice shee l, \\'hi c h \\'e tak e [ 0 be a 
co m,ta nt , 273 K , a nd "( is th e a tmosp heri c lapse rat e. 

Sall::'lIIall alld " erbils!'), : H eillrirh-J{(Jle , \III~£;e o:,rilla l ioll:; 

z 

o 

Fig, 2, T!termal ba!allCf,1 ill l!tree lIIaill domaill ,l 0/ all ia 

,I/teel . 1111' telllra! (:' llllll17il ) rl'gioll (L < L,,), l/te bma! 

bOlllldmJ' Ir{J'1'I' (z < Zb ) alld II/(, lIIaill dOII/{/ill ab01'1' 1111' 

bollolll bOlllldal)' 1r{J'1'I' It'here Ihmllal a(/i'f(lioll domillall':" 

I n Fig ure 2 , \\ e shO\\' th e spec ia l th erm oci )'n <l mi c 

ba la nces fo r th e three ma in regio ns o f a n ice shee t: 

( I ) The sum m il (,I' < L .. ). \\ 'he re L" re prese nt s th e 
c ha racte ri sti c dista nce fro m th e ce lll er beyond \\' hi c h 
til e ho ri zo n ta l D O \l ' becom es la rge eno ug h to cont ro l 

th e ach-ec ti \'(' hea t flu x a nd fi 'ic ti o n , 

(2 ) The regio n a bm 'C' th e bo tt o m bo unci a n ' laye r 
(z> ZI" z" ::::; /,;/a is th e thi c kn ess o r th e bo unda ry 
layer l ",here ach 'l'ct io n do min a tes, cO I1\ 'C\'ing th e 
temperat ure a t th e upper surf;l CC (TII ) to th e basa l 

laye r \\'ith a n ach-cc ti\ 'e tim c d elay t* ::::; H (t)/o, i,e , 

th e tempera ture a t th e to p o r th e bo tto m bo und a ry 

layer (z = Zh) is 11, = TH(t - t'). 

3 ) Th e bo tt o m bo undan' layer (z::::: Zb) \\ 'here 
\'lTti cal difil lsio n ba la nces hea t add ed du e to inte rn a l 

(i·in io n . 

In \ 'erbitskv a nd Sa lt z lll a n ( 199+. 1995 , \\T shO\\'(' d 
tha t th e so lutio ll le) r th e basa l te m pe ra ture, TB, o llla ined 
by m a tc hin g a ll th e bo und a n ' conditi o ns, is of" th e 
fOll o wing fCJrlll ass umin g th e prese nce or ice o r thi c kn ess 

g rea ter th a n Zb. i, e , H > ZJ, I : 

TI3(t) = T[3(gcoth) + T13 (frie t ) + Tdad\") 

where 
k 

TIl(gcoth ) = -Q~ 
Aa 

1 

g (a) ~ . j I TI3(frict) =...:...- - H -r~ 
2c k 

TIl(ach ') = TII (t - f') = T.., - "(H (t - r) , 

(10) 

( l Oa) 

( lOb) 

( lOc) 

T o cicri\ '(' a n equ a ti o n fo r the me lting ra te. 11113 • as 
g l\'(' n b \' til l' bo und a ry conditi o n (Sb , 

1 ( DT ) Xfu=- A-
D 

I +Qi',+ D, 
L r(ii Z : = (J 

(11) 

\\'(' use th e lh LT lll a l ba la nce in th e bottom bo unci a n ' la\'er 
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),
8T

t az :=0' 

i, e , (12) 

where qfh is th e fri ct iona l hea ting per unit vo lume in the 

bottom bo undary layCl', give n by Equation (6), which 
from Verbitsky a nd Saltzman ( 1994, 1995) can be w ritt en 
in the form 

(13) 

The steady-sta te so lution of Equation ( 12) (impl ying 
that we a re co nside rin g processes lo nge r than th e 
cha racteris ti c time-sca le zUk = /,; /a2

) , with boundary 
conditions T = 71, = TB(adv) = TlI(t - to) at z = Zb, a ncl 

T = TB = nr a t Z = 0, is 

T = _ qll, z2 + [1) - 'li t qlll] rr 
2,\ Zb + 2,\ Z\) Z + -' ~ I , (14) 

fi-o lll which 

aT I = [TL - T~ I + qfb Zb] . 
az z=O Zb 2,\ 

(15) 

Since basal ice physics is as ye t poo rl y understood a nd , 
in \'iew of th e unce rta inti es rega rdin g the basa l buoyancy 
process, a sliding law (i. e. a relationship between th e basal 

sliding \'e loc ity Uo a nd th e basa l shear st ress a,L'z ) is \'e ry 

un ce rta in, Therefore , to es timate th e a mount o f' heat 
released due to the bot tlll sliding, we simply suppose that 
th e fi-iClion a l heating per unit \'o lum e due to normal 
creep in th e lower bound a ry layer g iven b y Equation ( 13) 
can be used in this sliding case a lso, so th a t 

(16) 

From Eq ua tion ( 16) , \\'e can write Equ a ti on ( 11 ) 1I1 a 
final fo rm in terms of th e var ia ble H(t) 

3. THE DYNAMICAL MODEL 

(TB = n t), 

(17) 

\ '\Ie now postu la te what we suppose tS the simples t 
d ynam ica l sys tem that may gO\'Crn the \'a ri c1tion of H 
(on wh ich TB a nd 1I1B d epe nd ), co upled with th e 
\'a riations of th e basa l-wa ter amount Wand th c ice
surge nu x S (= Pi AS, where A is th e area of th e ice shee t 

(ass um ed constant ) and S is th e rat e of ice-thickn ess loss 

due to the surge nux ) , A ll of th ese variations are ass umed 

to represent rel a tively sma ll nuc tu a tions of a mass ive ice 
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shee t such as th e L a uren tid e ice shee t. This system has th e 

form 

dH 1 
-=a-JlI8-- H - S 
df Tn 

(18) 

dS 1 
-= rYW--S 
elt TS 

(19) 

dW 1 
-=JlIB--W 
elt TW 

(20) 

where TII is the cha racterist ic tim e-scale of ice-now creep, 
a nd TS and TW arc dissipative tim e cons tants , These latte r 
two time constallLs are on ly weakly constrained but 

pl ausibi li ty arguments have been made by i\IacAyea l 

(1993 ) th a t TS is of tbe order of I kyear a nd by Oerlemans 
a nd Van cler V een ( 1984) that (in accord ance with a 
diffusive approx im a ti on fo r basal-water now) Tw is a lso of 
thi s same o rd er ( I kyear ) , The rate constant a in 
Equation ( 19) , rel a ting the surge changes to th e basal 

liquid-water amou nt , is e\'C 11 more weak ly constra ined, 

\ Ve consid er TS, TW a nd a, which must a ppear in some 
form in a ll models of ice-shee t surging, to be free 
param eters to be determined as a (non-unique ) set of' 
predic ted values req uired to acco unt for the obsen'ed 

variat ions (in our case th e H einrich osci ll at ions) . T o close 

th e sys tem, we must add the formul a [or lIfB em bod ied in 

Eq uati on ( 17), together wi th th e form ul as (7) a nd ( 10) 
for 7;\1 a nd TB, A schematic feed-back loop diagram 
showing th e cyelical couplin g of the main variables of the 
model is give n in Figure 3, 

I t may be recogni zed th a t the ice vo lume V(H), th e 

surge loss (S) a nd basa l- water a mount (W) are a lso the 

a External 
Forcing 

Internal 
Ice-Sheet 
System 

Fig. 3, Schematic Jeed-back Loop diagram Jar the j;resent 
simplified model, showing the internal couplings between 
the height of the ice sheet (H ) I basal water dejJt/z (W ) alld 
sll1ge Loss (S) lIllder the influence oJ steady Jorcing dlle to 
/l et snow aaumllLatioll (a) and geothennalj71H (Qg), A 
wigg0' arrow denotes a time-dela)w/ (inertial) il!f/lIence of 
changes in one variable Oil another, in the dil'8Ctioll DJ the 
arrow, 
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Fig. 4. T illle-depellde/l t soLut ioll of the d.),lIalll icaL 5)'stel1l, 
showing ill the to/) panel Ihe.f7uctuation oJ the u/JPer slllJace 
temjJemtllre (TH ) and the telll/iemlllre at z = zb(l1,), in 
the middle /)aneL the /mssllre-melting /Joillt (T~d , the basal 
11'171/11' 1'01111'1' (TB ), Ihe basal-mellillg rate (1\l B) as black 
bars, alld ill lite bolloll1 jJ{lIl pL lite slllge discharge ill II nils oJ 
ice tlt ickness loss (S ) and ire-sheet Ihickness H. 

m a in va ri a bles o f (h e m o re compl ex m od el d escribed b y 
O e r lem a ns ( 1983 ) in whi c h h e d em o nstra ted th e possib
ility fo r osc ill a to ry beh av io r , a lbe it fo r a muc h longe r 

time-scale ( 100 kyea r ) th a n H einri ch events ( 10 kyear ) . 

T o ill ustra te th e possibility that our present mu ch simpler 

sys tem ca n exhibit flu c tu a tions o f th e H einri c h time-sca le, 

lI'e ta ke th e fo ll owing plausible va lu es of ph ys ica l constallls 
and pa ra m ete rs: Pi = 917 kg m :l, n = 3, 9 = 9 .8 m s 2, C = 
2 x 103.1 kg I QC I, k = I x 10 6 m 2 S i , Qg = 0.04 \\. m 2, ,= 10 2 uC m I a nd a = 14 cm yea r I ( th e lOll' acc umu la 

ti on ra te cha rac te ristic of th e centra l pa n s o f a n ice sheet , 

wh ere wc pres um e ice traj ec to ri es, d e li\ 'C ring th e surfa ce 

t e mp e r a tur e 1i~ t o th e b o tt o m , o ri g inat e ) , a nd 
TJl = 50 kyea r. Fo r (h e m o re wea kl y co nstra in ed pa ra

m e te rs, w c ass ig n th e se t of\ 'a lu es, TS = TW = 1. 5 kyea r a nd 
et = 10 ·'> year 2 

The solution is shown in F ig ure 4 s tarting (i-om an 

arbitra r y in itial condition. W e note th a t a n oscillation of 

ro ug hl y a 14 kyea r pe riod occ urs, c ha rac te ri zed b y lagged 

Salt::,man and r·erbit.lk)': Heilllirh-jr(lle slIrge oscillations 

\'a ri a ti o ns of TH. 11, · TB. H a nd S, th a t go a lo ng with 

epi sod es of m elting (1I1n > 0 ) lI'he n TI3 = T.' I' The res ul ts 
a rc n o t qu a lit a ti\ 'C ly c ha nged fo r sm a ll c h a nges in th e 

pa ra m e le rs; m o re ex tensi" e ca lcul a ti o ns will be m a d e to 

d e tCl'mine th e limits o f a pplica bilit y fo r la rge r pa ra m eter 

ch a nges a nd fo r diffe re nt acc ulllul a ti o n raI l'S. 

5. CONCLUSIONS 

Us in g a d y na mi ca l m od e l based o n fundam e nt a l th erm o
m cc h a ni ca l pro pcrti es of a n ice sheet: wc h a \T sho \l'n th a t 
such a m odel ca n e:-; hibit pe ri odi c flu c tu a ti o ns o f ro ug hl y 

Ih e sa m e sca le as o bse n Td H einri c h e\'C nts, pro\ 'iding th e 

unkn o wn ra te co nsta nts a re ass ig ned ce rt a in " a lu es. This 

m ode l embodies in its simp les t fo rm th e esse nti a l ph ys ica l 

processes gO\'C rnin g th e co upl ed va ri a ti o n o f ice \ 'o lum e, 
m ea n basa l wa te r a m o unl a nd th e surge o f ice . Th e 
,ys tem is influ en ced m a inl y b y th e inte rn a l th erm od y

n a mi c processes in ice sh ec ts a nd th e instability en

ge nd e red b y basa l fl-inio n hea ting, as reg ul a ted by bo th 

co ld ad\'ec ti o n fro m th e upper ice surface a nd a mu ch 

\I'ea ke r influ encc o f geo th erm a l hea tin g. In this res pec I, 
Ih e m cc h a ni sm il1\ 'o h-ed is a kin to th a t in O erl e m a ns' 
( 1983 ) a nd Pay ne's ( 1995 ) m odel s bu t 0 111 )' to th e 

disc ha rge phase of ~l acA yeal 's ( 1993 ) " binge purge" 

m od el. 
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