VARIOUS RICCI IDENTITIES IN FINSLER SPACE

H. D. PANDE *
(Received 9 June 1967)

Ricci identities in a Finsler space have been given by C. I. Ispas [1],
H. Rund [2], R. S. Mishra and H. D. Pande [3] and others. Here we shall
prove some identities using the principle of mathematical induction. Con-
sidering T%(z, #) a second order contravariant tensor depending on the
element of support (z¢, #*), we have the following theorems.

1. Ricci identities involving the Cartan’s first type of
covariant derivative

THEOREM 1.1. The Ricci identity for a contravariant tensor T (x, ) of
order two is given by
(1.1) T—T% = —T”IJK:M:#—*'TﬁRihk+T“Rihk’

where K}, (x, &) and Ri,(x, &) are the curvature temsors and the symbol |
followed by an index denotes the Cartan’s second type of covariant derivative [2].

Proor. Let X*(z, £) and B,(z, €) be the contravariant and covariant
components of two vector fields. We have [2]

(1.2) XX = R},,,,X’—Kﬁut'Xi|,,
and
(1-3) Bilhk—Bilkh = '—BrR:hk_BillK:hkt”

where £" is the unit tangent vector.
Let B,(z, #) be an arbitrary covariant vector field such that its inner
product with the tensor T#(z, &) is given by

(1.4) Xi(z, 2) & T9(z, &)B,(x, %)
Eliminating X*(z, #) from (1.2) and (1.4) and using (1.3), we get
(1.5) Bj[Ti’.lhk_THIkh+Tﬁ|8K:hktr_T”R:hk_T‘rRihk] = 0.

* At present with the Department of Mathematics, University of Western Australia,
Nedlands, W.A.
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Since B(z, &) is an arbitrary vector, the formula follows from the
equation (1.5).
THEOREM 1.2. The Ricci identity for a contravariant tensor T'v""’«(z, &)
of order q is given by
le,...,quhk_ij...,j"lkh — —'le’.“','l K‘ I

(1.6)
z Tivsdaphdagr 'thk

ProoF. Let us suppose that the identity is true for a contravariant
tensor of order, say, m(<< ¢). Thus we have

S PRI oyeeeyd . 1y-eeyd s
X mdmp— X0 Impyy = X0 | K 8T

m
+ﬂ21X’n"'»%-p’v’pu""”mR:ﬁk.
The inner product of an (m-+41)th order contravariant tensor
T'vimi(z, &) with an arbitrary covariant vector B,(z, &) is given by
def

1.7)

(1.8) Xl dm(g, &) = T’ imi(, 4)By(, %)
Eliminating X’v""/m(z, £) from (1.7) and (1.8) and using (1.3), we
obtain
B,[Thvimt T imd
(1.8) +T’1 """l Kot — T " R,

m
— 2 le’“"jp'l"'j"“'.”’j""in.ﬁk] = 0.

Since B,(x, ) is an arbitrary vector field, we may replace the index ¢
bY fm41 in the above equation to get

The s Thombm,y = — T mes] K87

(1.10) ml
+2 T vdevtdesn v Ima Ris, |

Oem]

Hence, by induction, the theorem holds.

2. Ricci identities involving the Cartan’s second type of
covariant derivative

THEOREM 2.1. The Ricci identity for a contravariant tensor T (x, &) of
order two is given by
(2.1) Ty —T 4 = {Faa T — Fp T} T S}p+T7 Sy,

where Sy, (x, £) are the Cartan’s first curvature tensor [2] and Fyu o oF 0%*.

Proor. Let X*(z, 2) and B,(z, £) be the contravariant and covariant
components of two vector fields. We have [2]
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(2-2) X"nk X Ikh = {Fz"X ’h :c"X ,k}+Sﬂrh
and
(2-3) B, lhk B, (kh - {kaB lh th lk} B Stkh

Eliminatlng Xi(z, 2) from (1.4) and (2.2) and using (2.3), we obtain
(24) B, [T9ly— T~ {FaT¥,— Fan T} —T% Sk, —TrS%,] = 0.

Since B,(x, #) is an arbitrary covariant vector, theorem 2.1 follows from
the above equation.

THEOREM 2.2. The Ricci identity for a contravariant tensor T e(z, &)
of arbitrary rank q, say, is given by

The Ay =T ey = (Faa T ey — Fu T %), }

q
q. ,...,5 _ ,f,f ’...,5 j
+ﬂz T B-vTipn qS'pkh.
=1

(2.5)

Proor. Let the theorem be true for a contravariant tensor of order,
say, m(< ¢). Thus we have
va...’jm,hk_va...,jm,kh — {Fa';kal’”.’j'"fh_Fihle"”'j'"lk}
(2.6) m
+ Z ij"‘:jz-ln':ja.us"'yij:%h
a=1
The inner product of an (m-+1)th order contravariant tensor
T#im?(z, &) with an arbitrary covariant vector field is defined by (1.8).
Eliminating X% = *(z, &) from (1.8) and (2.6) and using (1.3), we get
Bi[Tj"m'j""ilhk’—le'm'jw"kh_{Fi" le’m’jm'i'h—Fw'h le'm'j""r|k}
(2.7) m o
S T Y
a=1
Since B,(z, #) is an arbitrary vector field, we may replace the index ¢ by
fm+1 1D the above equation to obtain
Tivvdma|, T vimal, = {FpuTov vima|,— FpThv vimn|}
(28) . m+1 .
+ 2 Tiv v dacpfdasts v imen Skch

a=1

Hence, by induction, the theorem holds.

3. Ricci identities involving the Cartan’s both type of
covariant derivatives

THEOREM 3.1. The Ricci identity for a contravariant tensor T (x, &) of
order two is given by
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T”lhlk_T“Ikh = —Ti'Pf‘kh—T”P:kh

+Tﬁ|m ;lnklrtr-I'Tﬁlr
where t" is the unit tangent vector and P, (x, %) are the Cartan’s second curva-
ture tensors [2].

(3.1)

Proor. Let Xi(z, #) and B,(z, #) be the contravariant and covariant
components of two vector fields. We have [2].

(3-2) Xi,hlk_Xilklh = —X'P kh+X ‘jAhlclrt +X‘UA;1¢,
and
(3-3) ilhlk_Bilk‘h =B Pikh+B IjAhklrt +B;|,A§.k-

The inner product of an arbitrary covariant vector B,(z, ¢) with T%(x, &)
is given by (1.4). Eliminating X?(z, ) from (1.4) and (3.2) and using (3.3),
we get

B, [T~ T gy +T* Pl + T Py

3.4 i )
(34) T ATy T, 7] = O,

Since B,(x, €) is an arbitrary vector field, we get the result (3.1).

THEOREM 3.2. The Ricci identity for a contravariant tensor T+ (x, %)
of arbitrary rank, say, q is given by
Th ']hlk—T Lo "lkIh = T'r 'lr ;k‘l‘T"'"""lm welel

dyndg_piipsp i iq DI
_ﬂlel s-1"isn <P,

(3.5)

PrOOF. Let the theorem be true for a contravariant tensor of order,
say, m(< g). Thus we have

gy Ty X X A
+ lejlv ey fidaynt ,f,,,Piih.
o=

Eliminating X’v""/=(z, £) from (1.8) and (3.6) and using (3.3), we get

j ,...'j ,i j ’--.'j ,‘ j ’--a'j 'i r j - ,’ ’t
B, [T im0 0wt =T et AL AT me | AL 87

(3.7) m .
+ 3 Thonrheniondut Plgy  Theimt Ph,] = 0.

a=1

Since B,(x, ) is an arbitrary covariant vector field, we may replace
the index 7 by §,,,, in the above equation to get
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j'...'j j’...’j _ j’...,f j'...'j
T "'thlk—Tl "“lklh = Th "'“IrA;kI'i'Tl "'“I,A:m,t'

(3.8) mil
+ z T’l"""ﬁ—lr'r!a+l""vjm+l P:‘%h'

=1

Hence, by induction, the theorem holds.
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