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ON A HOMOLOGY THEORY ASSOCIATED

TO FOLIATIONS
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Dedicated to Professor Katuzi Ono on his 60th birthday

Introduction.

In this note, we associate a foliated singular homology theory to a

foliation on a compact manifold X and construct a spectral sequence which

relates the foliated homology to the ordinary homology of X. Since the

foliated homology is so constructed as to be related closely to a certain

topological behavior of the foliation, we may expect that further study of

the spectral sequence reveals some information on topology of foliation.

The study and applications will be given in a sequel.

1. A double complex associated to a plane field.

Let X be a compact smooth manifold having a plane field Π. A

smooth map a of {i + i)-cube ΓxΓ into X is called a singular (ί,/)-cube

on {X; Π), if the map a satisfies that

(i) for any Q&P, the restriction of a to the i -plane ΓxQ of ΓxΓ is

tangent to the plane field, that is,

da\IiχQ(Tp(Γ)) c Π β ( P x β > {for all P G / ' ) ,

(ii) for any P&Γ, the restriction of a to /-plane PxΓ is transversal to

the plane field, that is,

da\PxIj(TQ(Γ)) n Π α C P x Q ) = 0 (for all Q e Γ).

Denote by Ci,j{X,Tl) the free abelian group generated over all the

(/,/)-cubes and define face operators F*., Ffk (ε = 0,1) as to be the linear

maps satisfying that
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{ F ; k ' a ) { s r - S i , t r - - t j ) = a { s r - - s k - l 9 ε , 5 * - - . 5 * , f i f , )

{F;k

ea)(s1 - -si9 tx •*,) = a{sr - si9 ί 1 f*-1, ε, * * • • • * / ) .

D e f i n e o p e r a t o r s £ =± £ ί # / ί ^ = J ? W o n C ^ b y

e = Σί-i ( - W ^ ~ ̂ ;°), 7 - (-1)' Σί.i (-D*(/y - /y),

then f, 9 satisfy that

Let Z>Λ; (resp. D.k) be linear maps of C<_w into C{,y (resp. Cί,s^—>C/

i,ί)

such that

(Dk. a) (5i Si, fi f>) = α(s i - S * - ! , 5 Λ + 1 s o tr-'tj)

(D;ka) (sx 5i, f! ίy) = a(s1 si9 tx f *-i» ίfc+1 ts)

t h e n i t is e a s y t o see t h a t

(Jfc = tn), ( 1 (fc ^=

Therefore the quotient Cίty of C{,/ given by

Cij = Ci.y / Σi-ί -Dfc; C{-i,/ + Σ*-i D.jt C'i.j-i

turns out to be a double complex having boundary operators ζ, η. Denote

by (Sn(X),d) the (normalized) cubical singualr chain complex of X9 then

the single complex Cn = Σ*+./=n Q.y is naturally imbedded into Sn{X) as a

subcomplex because the operators ξ, η and 3 satisfy that

LEMMA 1. Let N be an integer and let ep,q be a map of ΓxP into / ί - 1 x

, V + llNlxI'^xlβlN, q + 1/ΛΓ] given by

eP,q(Si s{9 tx tj) = (st s^l9 p + sJN9 tx ί/.lf q +

for any a e CJ.y ίfer^ m ί̂.y /(α) e C{ + w + C'uj+1 such that

(f + V)f(a) + /((ί + η)a) = a- Σ p , q α o ep,q in CitJm
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For a chain r = Σ ckau{ct =¥0) of C'uj, define Car(r) to be Όak{ΓxI3)

and for an open set U in X let

Cί,y"= I r ε C J J Car (r)c£7},

c,,/ = cj,, */ Σί:i A; Cί-w * + Σί:ί D.k ci^ u,

PROPOSITION 1. Let {U} be an open covering of X and let CJ-W be the

union of Cn

u

9 ί / e {U}. Then the inclusion CJ-W into Cn is a chain equivalence.

A plane field Π on X is said to be completely integrable if there is a

foliation on X such that for any x e X, Ux agrees with the tangent plane

at x of the leaf through x.

LEMMA 2. Suppose that the plane field Π on X is completely integrable then

for any open set U of X and for any point x e U, there is a neighbourhood V of

x such that V czU and Cn

v is acyclic.

Proof Take a flat coordinate (x1 xp, yx yq) {—ε<xί9 Vi<ε) in

a neighbourhood V of x so that jo -planes defined by {^ = const.} form

(locally) the leaves of the foliation around x. Then the homotopy hi in V

defined by

*t(«i •••&*, Vi yq) = (tx1 txv, yx yq)

gives a chain homotopy in Cήv between αeCJ,/ 7 and a chain ^ W ε C { ; /

7 ,

also the homotopy ht

2 defined by

AΛO O, 2/r ya) = (0 0, tyi-..tyq)

gives a chain homotopy in C'J between ^ α ε C J j 7 and π V « ) ^ C ί l 0

7 .

Thus, following a standard method of homology theory of (co-) sheaves

([1] M), we have

PROPOSITION 2. If the plane field Π on X is completely integrable then the

Cech homology group H*(X; G) is isomorphic to the projective limit of the homology

groups H*{CJuϊ; G) for any module G.

Therefore combining the propositions 1 and 2, we have

THEOREM 1. If the plane field Π on a compact manifold X is completely

integrable, then for any module G. It holds that
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2. A spectral sequence associated to Cίfy.

Introduce two regular ίiltrations Fι and F1 into Citj as follows:

_ yi yi f ri p _ yi yi
~~ Z-l Δjq W,<z> Γ q ^ ~ JLl jLjp

Then there result filtrations of H*{C,ζ + η) and two spectral sequences Ir

itj

and Hί,j ([2]), we investigate several terms of the spectral sequences in case

that Π is completely integrable.

2. 1 On t e r m s Πi./.

It is known ([2]) that

On the other hand, we easily have

LEMMA 3. If the plane field H is completely integrable, then the chain

complex (C ί t 0,£) is identified with the chain complex ( Σ Si{L),d), where the sum Σ

is taken over all the leaves of the foliation.

The lemma 3 above obviously yields

PROPOSITION 3. If the plane field Π is completely integrable^ then it holds

that

where the sum Σ is taken over all the leaves of the foliation.

LEMMA 4. If the plane field Π is completely integrable and if an {i,j)-cube

a is non zero in C'itj I^D^C^j^, then the first i-faces Fk,
εa (ε = 0,1) are non

zero in CUi,j / Σ Z ^ C U j - i .

Proof Suppose on the contrary that Fk*a is independent of the co-

ordinate tλ of V and let Q{x) denote the point (x, t2' tn) of Γ, then

for any x e /, a{FxQ{x)) lies in the same leaf L, because they have a

point α(Si s ΐ 9 xy t2 tj)) in common, therefore the vector djdx — dldtx

is mapped by da into the tangent plane of L, thus we have that da/dt^O

at every point of ΓxP and conclude that a itself is independent of.^.

LEMMA 5. If the plane field Π is completely integrable, then for each chain

ϊ e Citj, there corresponds a chain 7'^Cf

itj, such that 7f = 7 in Ci%j and satisfying
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(i) ξr = O in CtJ implies ξV = 0 in C'uj \ Σ Dk. CUc?,

(ii) ξϊ = r2 in Cu implies ξΐ[ = rί in C'ulIHDk.C't.UJ.

Proof. Let Vitj be a set of all the (z,i)-cubes which are indepent of

tk for some l<k^j and let Wtj be the set of all the (f,y)-cubes which

are not in Vij. Then Cf

itj decomposes into a direct sum of free groups

Aitj and Bitj generated over VitJ and Wu respectively. Denote by xr and

x" the Aitj and Bίtj component of x G C J J respectively, then Lemma 4

yields that

Now choose a representative f G C\,J for ί G C i (; and define Γ' by

r' = (?)'. Suppose that

fr = 0 in Cij9

then

ξΐ = x for some a? e Σ Z>Λ; Cί-2,y , + p ; i C J . ^ - ! .

Thus we have that

ξ(r') = ξ(f - (?)") = ζΐ- (<??)" = x - x",

therefore we see that

«r) = 0 in CUjlHDk;CU,j,

and we also see (ii) as in the same way above.

Define a linear map F.Q{Q e I/) of C'i%s into C{,0 by

(F;Qα) (5i 5,) = α(5! si9 UQ)

then we easily see that F.Q commutes with Fk, and Dk. for any l^k<i.

Thus Lemma 5 yields

PROPOSITION 4. jy ^ j&te^ ^^W Π is completely integrable, then for each

chain T e Ci%j there exists a representative T; e C[^ satisfying

(i) ζΐ = 0 in C<§/ implies ζ(F.Qr') = 0 in C ί ι 0 ,

(ii) | r x = r2 in CitJ implies ξ{F;QTί) = F.Qϊ'2 in C M .

In the other words, ί ε C ί i ; is a ζ-cycle only if there is a i-dimensional
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family of d-cycles of Σ Si(L) and a ί-cycle ϊx is a f-boundary only if every

d-cycle of the family is a 3-boundary of Σ Sί+1(L).
Li

2. 2 On terms Πfj

Since ^ commutes with ξfyj defines canonically a homomorphism of

H(Cij,ξ) into H(Ci,j-i,ξ) which is denoted also by η. Then it is known ([2])

that

Elj = H(H(CtJ), v).

Therefore we deduce from Proposition 3 that

PROPOSITION 5. If the plane field Π is completely integrable, then it holds

that

where the sum Σ is taken over all the leaves of the foliation.

DEFINITION. In case that the plane fields Π is derived from a foliation, we

call the terms Πj, 0 and Πf.o the i-th homology groups of the foliation of the first

and second kind, respectively, and we write

Roughly speaking, for p = dimIL, the dimension of free part of IIp,Q

represents the number of oriented closed leaves of the foliation and that of

I I l,o corresponds to the number of oriented closed leaves which can not be

connected each other by any 1-dimensioned family of oriented closed leaves.

2. 3 On terms Π"y

Since it is known ([2]) that

we see that Theorem 1 implies that

PROPOSITION 6. If the plane field Π is completely integrable, then it holds

that

Σi+>» Π7., = ̂  Hn(X; Z).

3. Remarks for dually foliated structures.

A pair of plane fields (U19 Π2) on a compact manifold X is called an

orthogonal splitting of the tangent bundle T{X) if it holds that
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Let (X; Πj, Π2) be a compact manifold with an orthogonal splitting

(Πi, Π2). A smooth map a of (i + ;>cube ΓxΓ into X is said to be a

singular (/,;>cube of (X; ΐll9 Π2) if the map a satisfies that

(i) for any Q&Γ, the restriction of a to the i-plane ΓxQ of ΓxΓ is

tangent to the plane field Πj.

(ϋ) for any P^Γ, the restriction α to the ./-plane PxΓ of ΓxΓ is tan-

gent to the plane field Π2.

The free abelian group Γl.j generated over all the (f,i)-cubes of

(X; Πj, Π2) has face operators F.k, Fk; and degeneracy operators D.k, Dk.

defined in the same way as in §1. Therefore Γί,j and the quotient

Γij = Γ'itJ IΣ DkTUij + Σ D.kΓlj^

turn out to be double complexes with boundary operators ζ9η given by

= Σ (-Dfc (F\. - FJ.), ^ = Σ (~Dk+ί (F}k - F?4).Σ

An orthogonal splitting (Πj, Π2) of T(X) is said to be completely integr-

able if the plane fields Π^i =? 1,2) are completely integrable by foliations

(Fί) (f = 1 , 2) on X, and if each point a e l has a coordinate neighbour-

hood ϊ/(aJi 'XP9 2/i yς) such that the p-plane given by 2/« = const, is a

leaf of (F2) in U and the Q'-plane given by %i — const, is a leaf of (F2) in U.

The following theorem is proved easily as in the same way in §1;

THEOREM 2. If an orthogonal splitting (Πu Π2) on a compact manifold X

is completely integrable^ then for the single complex Γ n = 2t+/-nΛ,/> it holds that

; Z) = H+{Γ%9 ί + η).

Therefore as in §2 the spectral sequence {Er

itj) associated to the filtration

F — V y Γ

relates E\tJ = H(H(Γi%ί,ζ),v) to HJ,X\ Z).

Since Cit0 *= Γί)0 we obviously have

LEMMA 6. If an orthogonal splitting {lί19 Π2) is completely integrable, then it

holds that
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Define linear maps F;Q and Fp. {Q e Ij9 P G / J of Γi,j into Γ'uΰ and

o.y, respectively, by

{F.Qa) (sx sj = a(sι si9 t^Q).

(ί^α) (ίx ίy) = ais.iP) . Si(P), tx /,).

Then we have the following proposition of which proof is quite similar

to that of Proposition 4.

PROPOSITION 7. If an orthogonal splitting (Π^ Π2) is completely integrabley

then for each chain ϊ e Γitj there exists a representative ϊ( e Γ'itj such that

(i) -i ςγ = o in Γίtj implies ξ(F.Qr') = 0 in Γίt0

(i) -2 3?r = 0 in Γitj implies η{Fp.Γ) = 0 in ΓOJ

(ii)-l ί r x = r2 in Γ < f i zmp/i^ ξ(F.jΊ) = F ;Qr^ m Γ 4 f 0

(ϋ)-2 ayΓx = r2 i» ΓitJ implies η{Fpr[) = Fp.r^ in ΓOJ.

COROLLARY 1. Let (Π 1 ? Π2) be a completely integrable splitting of T{X),

if there exists non trivial ξ-cycle Γ e Γ i ( i or η-cycle If e Γij9 then there exists a j -

dimensional family of ξ-cycles ^ e f J Q ε ^ ) or an i -dimensional family of re-

cycles ί p G Γ Ό i P e Γ ) , respectively.

Thus we see that for a completely integrable splitting, if there is a non

trivial 2?-cycle x e ΓQtί of the form

x = ζy + ηz9 y e Γ l t /, 2 e Γ0,; +i,

then there is an 1-dimensional family of ^-cycles a?P e Γoj ( P e / ) or a

(7 — l)-dimensional family of f-cycles ajQ e Γ[,o (Q e 77"1).

Now assume that X is a 3-dimensional compact manifold for which

H2(X; Z) = 0

and that T(X) splits into mutually orthogonal 1-plane field Πj and 2-plane

field Π2 such that the pair {Tί19 Π2) is completely integrable. Then if there

is a non trivial 27-cycle x e Γ0,2, an easy compution of the spectral sequence

(Er

t,j) shows that there exists at least one non trivial f-cycle y e Γ l f 0 or a

1-dimensional family of ίy-cycles zp e Γof2 Thus we have the following

theorem as an elementary application of the spectral sequence.
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THEOREM 3. Let X be a compact 3-manifold having a 2-dίmensional foliation

(F2) and let (JF\) be the 1-dimensional foliation defined by the 1-plane field orthogonal

to (F2). Then, if (F2) has only isolated closed leaves and if 2-dimensional integral

homology of X vanishes, there should be at least one closed orbit in {Fx).
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