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Abstract. We construct chaotic m-homogeneous maps acting on Cr
+([0,∞)) for

any m ≥ 2, r ∈ � ∪ {0}, and on the Fréchet spaces C�(�) for odd values of m ≥ 3 and
C�(�) for any m ≥ 2.
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1. Introduction and background. Let X be a topological space and Q : X −→ X
be a continuous map. We say that x ∈ X is a periodic point if there exists k ∈ � such
that Qkx = Q ◦. . . .◦︸ ︷︷ ︸

k times

Q = x. We say that Q is chaotic if

(i) Q is hypercyclic; that is, there exists y ∈ X such that {Qny}n∈� is dense in X , and
(ii) the periodic points of Q are dense in X .

N. Bernardes showed in [1] that there do not exist hypercyclic homogeneous
polynomials of degree m ≥ 2 in Banach spaces. The existence of hypercyclic non-
homogeneous polynomials on Banach space was studied by A. Peris [5], who in
[4] also showed that there exist chaotic homogeneous polynomials P : ω −→ ω of
degree m ≥ 2, where ω = {(zn)n∈� : zn ∈ �}. Furthermore, F. Martı́nez [3] has studied
hypercyclicity and chaos of polynomials on Köthe sequence spaces.

In the context of this paper, we will be dealing with cones and vector spaces X
of continuous or differentiable functions on [0,∞) and n−homogeneous polynomials
Q defined on these cones. By such a polynomial, we mean the restriction to the cone
of a standard continuous n−homogeneous polynomial defined on the normed space
generated by the cone.

We start by considering the cone

C+([0,∞)) = {f : [0,∞) −→ [0,∞) : f is continuous}
with the topology of uniform convergence on compact sets, and the Fréchet spaces
C�(�), resp. C�(�), of real, resp. complex, valued continuous functions on �. We show
that there exist chaotic homogeneous polynomials of degree m ≥ 2.

We next extend our results to the topological space

Cr
+([0,∞)) = {f : [0,∞) −→ [0,∞) : f ∈ Cr([0,∞))}
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endowed with the topology of uniform convergence of a function and its first r
derivatives on compact subsets of [0,∞).

We remark that ω is not isomorphic to C�(�) and therefore the spaces discussed
here are new examples of spaces which admit homogeneous chaotic polynomials.

2. Existence of hypercyclic polynomials in spaces of continuous and differentiable
functions. First we show the existence of hypercyclic polynomials in our spaces.
These polynomials will be defined by Qf (x) = f m(x + α), for some m ∈ � and some
α ∈ �\{0}. The idea for these polynomials comes from the fundamental work of G.
Birkhoff [2], that the operator f (z) � f (z + α) is hypercyclic on the space of entire
functions.

We will suppose, without loss of generality, that α = 1 in the proofs. We will prove
that these polynomials are actually chaotic in Section 3.

2.1. Hypercyclic polynomials on C+([0,∞)). In this section, we first prove that
C+([0,∞)) is separable and then find hypercyclic m−homogeneous polynomials
Q : C+([0,∞)) −→ C+([0,∞)). Note that as a subset of the separable metric space
C([0,∞)), C+([0,∞)) is automatically separable. However, we have chosen to reprove
this result since the notation introduced will be useful later.

PROPOSITION 2.1. The space C+([0,∞)) is separable.

Proof. Let f ∈ C+([0,∞)), 0 < ε < 1 and Jk = [0, k], k ∈ �. By the Weierstrass
approximation theorem, there is a polynomial P ∈ �[x] such that ‖f − P‖Jk < ε/3.
Consider m ∈ � such that ε/3 ≤ 1/m ≤ 2ε/3. Since f ≥ 0 everywhere, P(x) ≥ −ε

3 on Jk,
and so P(x) + 1

m ≥ 0 on Jk. Moreover it is easy that for all x ∈ Jk, |P(x) + 1
m − f (x)| <

ε. Consider the set

Ak,m = {P + 1/m : P ∈ �[x], P + 1/m ≥ 0 on Jk}.
For each of the countably many polynomials Q ∈ Ak,m, we define a function

Q̃ ∈ C+([0,∞]) by Q̃(x) = Q(x) if x ∈ Jk and Q̃(x) = Q(k) if x ≥ k.

Then Ã = ⋃
k,m∈�{Q̃ : Q ∈ Ak,m} is our countable dense set in C+([0,∞)). �

In order to present our example of a hypercyclic polynomial on C+([0,∞)), the
following notation will be helpful. For k ∈ �, k being even, and for n ∈ �, 1 ≤ n ≤ k,

we let In,k = [a(n, k), b(n, k)] be an interval of length k having positive integer endpoints,
chosen so that the distance between any two such intervals is at least 1.

THEOREM 2.2. The map Q : C+([0,∞)) −→ C+([0,∞)) defined by Qf (x) = f m(x +
α) is hypercyclic for any m ∈ � and α ∈ �, α > 0.

Proof. Fix m ∈ � and α = 1. Let {P1, P2, . . .} be an enumeration of the countable
set Ã described in Proposition 2.1 and define f on

⋃
1≤n≤k,k even In,k by

f (x) = ma(n,k)√
Pn(x − a(n, k)) (1)

for x ∈ In,k , k ∈ �, k ≥ 0 and 1 ≤ n ≤ k. We extend f linearly between the intervals In,k

and obtain that the function f is non-negative and continuous on �. In order to prove
that {Qmf }m∈�∪{0} is dense in our space, it is enough to consider functions in Ã. Let
Pn ∈ Ã, ε > 0 and K = [0, k] for any k ∈ �. Let g : [0,∞) −→ [0,∞) be the continuous
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function defined by g(x) = f ma(n,k)
(x + a(n, k)) = Qa(n,k)f (x). Then for x ∈ K we have

that |g(x) − Pn(x)| = |Pn(x) − Pn(x)| = 0, which implies that ‖Qa(n,k)f − Pn‖K < ε and
therefore Q is hypercyclic. �

2.2. Hypercyclic polynomials on spaces of continuous and differentiable functions.
We begin with the continuous case, showing that there exist hypercyclic homogeneous
polynomials acting on C�(�) and C�(�). Later we will show that they are actually
chaotic. For our argument, it will be helpful to let c(n, k) = (a(n, k) + b(n, k))/2.

THEOREM 2.3. The polynomial Q : C�(�) −→ C�(�) defined by Qf (x) = f m(x + α)
is hypercyclic in C�(�) for odd values of m ∈ � and α ∈ �\{0}.

Proof. Let m ∈ � be an odd number. Let {Pn}n∈� be an enumeration of the
countable dense set �[x] ⊂ C�(�). We define

f (x) = mc(n,k)√
Pn(x − c(n, k)) (2)

for every x ∈ In,k, 1 ≤ n ≤ k + 1, and we extend continuously to �. Note that mc(n,k) is
an odd integer, and therefore f is continuous on �.

Take arbitrary Pn ∈ �[x], ε > 0 and K = [−k/2, k/2]. It is clear that x + c(n, k) ∈
In,k for any x ∈ K . Then, if x ∈ K we have

Qc(n,k)f (x) = f mc(n,k)
(x + c(n, k)) = Pn(x)

so |Qc(n,k)f (x) − Pn(x)| = |Pn(x) − Pn(x)| = 0 < ε and Q is hypercyclic. �
In the rest of this section, we consider two extensions of the above theorem. We first

look at complex-valued functions. A similar argument shows the following theorem:

THEOREM 2.4. The polynomial Q : C�(�) −→ C�(�) defined by Qf (x) = f m(x + α)
is hypercyclic for any m ∈ � and α ∈ �\{0}.

In this situation, although there is no longer any need to restrict to odd integers
m, it is necessary to explain why one can take roots of �−valued functions. To see this,
notice that for x ∈ In,k, Pn(x − c(n, k)) can be written as ρ(x)eiβ(x), where ρ ≥ 0 and β

are continuous. Thus, on In,k, f (x) = mα(n,k)
√

ρ(x) exp(iβ(x)/mα(n,k)) is continuous.

We turn next to the differentiable case. Let {Pj} be a countable set of C∞ functions
on [0,∞) such that Pj(x) > 0 for every j ∈ � and every x ≥ 0. It is not difficult to show
that the function given by f (x) = mc(n,k)

√
Pn(x − c(n, k)) for x ∈ In,k can be extended to

be in C∞([0,∞)). Arguing as in Theorem 2.3, we have the following result.

THEOREM 2.5. Let r ∈ � ∪ {∞}. The m-homogeneous polynomial Q :
Cr

+([0,+∞)) −→ Cr
+([0,+∞)) defined by Qf (x) = f m(x + α) is hypercyclic for any

m ∈ � and α ∈ � \ {0}.

3. Chaotic polynomials in spaces of continuous and differentiable functions.
Firstly, we prove that the polynomials found in Theorem 2.4 are actually chaotic
for C�(�).

THEOREM 3.1. Let Q : C�(�) −→ C�(�) be the m−homogeneous polynomial given
by Qf (x) = f m(x + α). Then Q is chaotic for any m ∈ � and α ∈ �\{0}.
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Proof. We show that there exists a dense subset of C�(�) whose elements are
periodic, from which it will follow that the polynomial Q is chaotic. For any P ∈
�[x] + i�[x] and k ∈ � we argue as indicated for Theorem 2.4 above, constructing a
continuous function Pk : � −→ � defined first on [−k, k + 1) by

Pk(x) =
{

P(x) if x ∈ [−k, k]
m2k+1

√
P(−k) if x = k + 1,

extending continuously in (k, k + 1). Note that

Q2k+1Pk(−k) = Pm2k+1

k (k + 1) = P(−k) = Pk(−k).

Put xk
p = (2k + 1)p − k for any p ∈ � and define

Pk(x) = mp(2k+1)
√

Pk(x − p(2k + 1))for x ∈ [xk
p, xk

p+1).

Now, Pk is continuous on the open intervals (xk
p, xk

p+1), and limx→xk
p+1− Pk(x) =

limx→xk
p+1+ Pk(x) = m(p+1)(2k+1)

√
P(−k) = Pk(xk

p+1).
The limit from the left is

lim
x→xk

p+1−
Pk (x) = mp(2k+1)√

Pk ((2k + 1) (p + 1) − k − p (2k + 1))

= mp(2k+1)√
Pk (k + 1)

= mp(2k+1)
√

m2k+1√
P (−k)

= m(p+1)(2k+1)√
P (−k)

and the limit from the right is

lim
x→xk

p+1+
Pk (x) = m(p+1)(2k+1)√

Pk ((2k + 1) (p + 1) − k − (p + 1) (2k + 1))

= m(p+1)(2k+1)√
P (−k).

As a consequence, the function is continuous at xk
p for every p ∈ �, and thus Pk

is continuous on �. Pk is also Q-periodic since Q2k+1Pk(x) = Pk(x) for all x ∈ �.
Consider the countable set

D = {
Pk : P ∈ �[x] + i�[x], k ∈ �

}
.

We have that every function in D is periodic for Q, and dense in C�(�). Indeed,
let f be a continuous function f : � −→ �, ε > 0 and K = [−k, k], k ∈ �. There is
P ∈ �[x] + i�[x] such that ‖f − P‖K < ε. Then we have that ‖f − Pk‖K < ε and Q is
chaotic. �

REMARK 3.2. By Theorem 3.1, the maps Q found in our spaces C+([0,∞)) and
C�(�) are also chaotic. The fact that these polynomials are chaotic in Cr

+([0,∞)) is
clear since Ã is a dense subset in this space and we can keep the differentiability in the
proof of the Theorem 3.1.

https://doi.org/10.1017/S0017089508004229 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089508004229


CHAOTIC POLYNOMIALS 323

ACKNOWLEDGEMENT. The authors are grateful to the referee whose many helpful
suggestions resulted in a much improved manuscript.

REFERENCES

1. N. Bernardes. On orbits of polynomial maps in Banach spaces, South African Math.
Soc. 21 (1998), 311–318.
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(2001), 3759–3760.

5. A. Peris, Chaotic polynomials on banach spaces, J. Math. Anal. Appl. 287 (2003),
487–493.

https://doi.org/10.1017/S0017089508004229 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089508004229


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 15%)
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (Euroscale Coated v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.30000
    0.30000
    0.30000
    0.30000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    0.30000
    0.30000
    0.30000
    0.30000
  ]
  /PDFXOutputIntentProfile (U.S. Web Coated \050SWOP\051 v2)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /DetectCurves 0.100000
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /PreserveDICMYKValues true
  /PreserveFlatness true
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /ColorImageMinDownsampleDepth 1
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /GrayImageMinDownsampleDepth 2
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /CheckCompliance [
    /None
  ]
  /PDFXOutputConditionIdentifier (CGATS TR 001)
  /Description <<
    /DEU <>
    /FRA <>
    /JPN <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU (Cambridge University Press - Distiller version 6 job options for Press quality - 16-Feb-05)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




