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Abstract  An important inequality due to Wolff on plate decompositions of cone multipliers is known
to have consequences for sharp LP results on cone multipliers, local smoothing for the wave equation,
convolutions with radial kernels, Bergman projections in tubes over cones, averages over finite-type
curves in R3 and associated maximal functions. We observe that the range of p in Wolff’s inequality,
for the conic and the spherical versions, can be improved by using bilinear restriction results. We also
use this inequality to give some improved estimates on square functions associated to decompositions of
cone multipliers in low dimensions. This gives a new L* bound for the cone multiplier operator in R3.
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1. Introduction

Let I' = {(1,€) € R x R?: 7 = |¢|} denote the forward light cone in R4*!, d > 2. For
fixed ¢ > 0 and small § > 0, we consider J-neighbourhoods of the truncated cone

5(c) ={(r,6) e R . 1 <7< 2and |7 — [¢]| < ¢d},

with the usual decomposition into plates subordinated to a v/d-separated sequence in the
sphere {w;} C S471L:

m = {(7,5) € Is(c) ’; —wi| < c’\/S}, dist(wy,wi) = Ve itk # K. (11)

Let
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Table 1. Range of exponents for the validity of (1.3) for light cones

dimension [11,22] improvements conjecture
d=2 p> T4 p>p2i=63+3% p>6
d=3 p>18 p>p3:=15 p>4
d=14 p>84 p > pai=T.28 p>1
d>=5 >2+L > '—2+i 1—L >2+i
z P d—g P7Pe=2T a3\ Tdr) P d—1

the standard Bochner—Riesz critical index in d dimensions. Then Wolft’s inequality is the
assertion that, for all € > 0,

‘ka
k

1/p
<m0~ ( S nl) (13)
P k

provided that
supp fr C H,gé). (1.4)

The power «a(p) is optimal for each p (except perhaps for € > 0), and the inequality is
conjectured to hold for all p > 244/(d—1). In his fundamental work [22], Wolff developed
a method to prove such inequalities for large values of p, and obtained a positive answer
for d = 2 and p > T4. Subsequently, the method has been extended by Laba and Wollff [11]
to higher dimensions. It is shown in [11] that (1.3) holds for p > 2 + 32/(3d — 7) when
d>3and p>2+8/(d—3) when d > 4. In this paper we modify the weakest part of
their proof to obtain a better range of exponents in all dimensions (see Table 1). The
improvement relies on certain square function bounds which follow from Wolff’s bilinear
Fourier extension theorem [23].

Theorem 1.1. Let d > 2 and let p; be as in Table 1. Then, under the assumption
(1.4), the inequality (1.3) holds for all € > 0 and all p > pq.

Remark 1.2. Various further and more technical improvements on the range of Theo-
rem 1.1 (and by implication on the results of Corollaries 1.5 and 1.6) have been obtained
by the authors, and also by Wilhelm Schlag. After this paper was submitted for publi-
cation these improvements were combined and included in a joint paper [9].

A similar result can be proved for decompositions of spheres in R%. We now let
Us(c) ={€ e R : ||¢] — 1] < ed},

and consider the decomposition into plates subordinated to a v/d-separated sequence in
the sphere {w;} C S9!,

BY = {€ € Us(e) : |¢/I¢] — wil < V5).
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Theorem 1.3. The analogue of Wolff’s inequality for the sphere,

holds for p > 2 + 8/( 1) —4/((d — 1)d) and all € > 0.

Again (1.5) is conjectured to hold for the optimal range p > 2+4/(d — 1). It has been
known to hold for p > 2 4 8/(d — 1); this follows from a modification of the argument
n [11] (see also [10]). Note that in two dimensions the range is improved from the
previous value of p > 10 to p > 8.

1/p
<o (LIAlp) . swwiic B (15)
P k

Remark 1.4. Theorem 1.3 may be extended to convex surfaces with non-vanishing
Gaussian curvature and, similarly, Theorem 1.1 may be extended to cones with d — 1
positive principal curvatures. This can be achieved by using scaling and induction on
scales arguments such as in [16, § 2] (see also [10] for related results).

We proceed to list some of the known implications of Theorem 1.1.
Corollary 1.5. Let d > 2 and py be as in Table 1. Then the following hold.
(i) For allp > pg, a > (d —1)/2 — d/p, we have

1/p
( / 16 Wy ) 5 e (16)
(ii) For all p € (pgq, ), a > (d —1)/2 — d/p the Fourier multiplier
moz(Tv 6) = (1 - |£‘2/T2)i (17)

defines a bounded operator in LP(R*1).

(iii) Let K € S'(R?) be radial, let ¢ € C§°(R?\ {0}) so that ¢ is radial and not
identically zero and let ¢ > 0. Let K; = F~1[pK(t)]. Then, for all Schwartz
functions f and 1 <r < pg/(pg — 1),

1/r
1511, < Cosmp ([ K@+ la7ac) 1

(iv) Let x € C$°(R) and let s — ~(s) € R? be a smooth curve satisfying

n

> 8.4 () #0

Jj=1

for every unit vector 6 and every s € suppx. For t > 0 define the convolution
operator A; by

Af(a) = [ fa = tr(s)x() ds.

Suppose that max{n,32 + 5} < p < oo. Then A; maps LP(R3) into the LP-
Sobolev space LY /p(R3). Moreover, the maximal function M f = sup, |A.f| defines
a bounded operator on LP(R?).
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Parts (i)—(iii) are standard consequences of Theorem 1.1; see [22] for (i) and the local
version of (ii). The global version follows by results on dyadic decompositions of multi-
pliers and LP Calderén—Zygmund theory (see [6,17]). The proof of [15, Theorem 1.6]
together with these arguments can be used to deduce (iii) from Theorem 1.1. For (iv)
see [16].

In addition to the connection to cone multipliers, a major motivation for this paper
was the relevance of inequalities for plate decompositions for the boundedness properties
of the Bergman projection in tube domains over full light cones (see [2,3]). Denote by
A(Y) = y2 — |y'|? the Lorentz form and consider the forward light cone on which A is
positive:

AT =Y = (yo,y) e Rx R : 2 — |¥/|> > 0, yo > 0}.

Let 79+! C C4*! be the tube domain over A%*!, i.e.
Td+1 _ Rd+1 4 iAd+1.

Let w,(Y) = A(Y)" and consider the weighted space LP(T9*!, w.,) with norm

1/p
1l = ( [ wocsmpanm dex> |
Td+1

Let P, be the orthogonal projection mapping the weighted space LQ(TdH,wV) to its
subspace A? consisting of the holomorphic functions. Only the case when v > —1 is
interesting since A% = {0} for v < —1. We are interested in the L? boundedness prop-
erties of P,. For v > —1 the operator P, can only be bounded on LP (T wy) in the

range

d—1 2(y+d+1)

1 1 1.8
+2 <p<l+ 71 (1.8)

(y+d+1)
(see, for example, [1, Theorem 4.3]), and (1.8) is indeed the conjectured range for LP
boundedness (except for d = 2 and v € (—1,—3), in which case there are additional
counter-examples for p > 8 4 4y [2]).

Corollary 1.6. Let d > 2 and py as in Table 1. Then, for all

d—1 2(d +1)
ST e S )
Y2 9 (pd d—1 )7

the Bergman projection P, is a bounded operator in LP(T%*',w,) in the sharp
range (1.8).

In addition to Corollary 1.6, both Theorem 1.1 and Theorem 4.4 have further impli-
cations for the range of boundedness of the Bergman projector P, in natural weighted
mixed norm spaces. For the derivation of Corollary 1.6 and further discussion of mixed
norm estimates, we refer the reader to [2] (cf. in particular Proposition 5.5 and Corol-
laries 5.12 and 5.17 therein).
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Our approach to Theorem 1.1 is based on bilinear methods, for which we consider a
closely related inequality:

b

k

1/2
<o (Tal) (19)
k

One can conjecture the validity of (1.9) for all @ > 0 and all 2 < p < 2+ 4/(d — 1),
but for the moment no positive result for any such p seems to be known. The limiting
point p = 2(d+1)/(d—1) should be the hardest case, since by interpolation and Hélder’s
inequality it implies both (1.9) and (1.3) in all the conjectured ranges. This kind of
inequality arises naturally in the study of weighted mixed norm inequalities for the
Bergman projection operator P, [2].

We shall deduce Theorem 1.1 by using a stronger version of (1.9) for p = 2(d+3)/(d+1),
but with a power of 1/ which is (probably) not optimal. Namely, under the assumption
(1.4) we have

Hka
k

for all € > 0.

We prove this inequality in § 2 using the bilinear approach of Tao and Vargas [20, § 5]
and the optimal bilinear cone extension inequality of Wolff [23] (see Proposition 2.3). By
Minkowski’s inequality and interpolation, (1.10) trivially implies non-optimal estimates
for the inequality (1.9) for all p € (2, 00) (see Corollary 2.4). In § 3 we use these to refine
a part of Wolff’s proof of (1.3) and obtain the new sharp estimates for large p given in
Table 1. In § 4 we improve on some of the square function results in low dimensions; these
yield, in particular, the following estimate for the cone multiplier in R2*1,

5 P2 — 4
> — .
° 44 <p2 - %
Then the cone Fourier multiplier m,, defines a bounded operator on L*(R?) and the Iocal
smoothing result (1.6) holds in two dimensions.

P

< 066—((d—1)/4(d+3))—8 (110)

(;W)W

2(d+3)/(d+1) 2(d+3)/(d+1)

Theorem 1.7. Suppose that

This is a small improvement over the known range o > which follows from a

combination of [20] and [23].

5
44>

Notation

We shall use the notation A < B if there is a constant (which may depend on d) so
that A < CB. For families (As, Bs), 0 < 1, we use As 5 Bs if for every ¢ € (0,1) there
is a constant C; such that As < C.0 ¢B;s for 6 < 1.
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2. The bilinear estimate

Following the approach by Tao and Vargas, we first establish an equivalence between
linear and bilinear versions of (1.10), which is a higher-dimensional analogue of [20,
Lemma 5.2].

Lemma 2.1. Let d > 2, and suppose that, for some p € [2,00) and o > max{0, (d —

1)(1/4—=1/p)},
H( > fk)( > fk’) (wgﬂfﬂzjm (WI;Q/UI«'F)UQ

wr €N Wy 1€

g 05—2(1
/2

(2.1)

p p

holds for all f;, € S(R4*1) with suppf;c C Uéd), all pairs of l-separated subsets
02,0 c S 1 and all § < 1. Then we also have

\ ()

We remark that the restriction on « for p > 4 is never severe. To see this we note that
the condition (d—1)(1/4—1/p) < a(p)/2 holds if and only if d > 2 and that (2.2) cannot
hold with a < «(p)/2; this can be proved using Knapp examples.

, suppf;€ C H,gé). (2.2)
P

<C'6™

Proof of Lemma 2.1. Let @ : Q = [0,1]¢"! — S9! be a smooth parametrization
of (a compact subset of) the sphere and let D denote the set of all dyadic intervals
I C Q with |I] > §(@=1/2, As in [21, p. 971], we may consider a Whitney decomposition
QxQ=1W,.,IxJ, where I ~ J means that

(i) I,J € D and |I| = |J|,
(ii) if |I| > 6@=1D/2 then I and J are not adjacent but their parents are,
(i) if [I| = 6(*=1/2 then I and J have adjacent or equal parents.

For simplicity, we assume (by splitting the sphere into finitely many pieces) that all
wi, € ®(Q) and let yr = &~ (wy) € Q. We also denote D; = {I € D : |I| = 2771},
Then

(gfk): > o= ¥ X (Sa)( X w)

Yk Y €Q f<2 i1 I, JG'D yr€l Yy €J
~J

To establish (2.2) we take LP/2-norms in the above expression and use Minkowski’s
inequality in j, so that we reduce the problem to showing that, for each j,

s (A5,

I,JEDJ, yr€l Yt €J
I~J

/2

2

1/2
< @8 max(1, 20400 (5157
k

p
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Inequality (2.3) is trivial when 277 ~ /4, since by assumption the number of s
in each I is approximately constant. We consider the general case v§ < 277 < 1. By

construction, we must have
> xSt (2.4)
IeD; J~I

Indeed, if ¢; denotes the centre of I, then
I+JcC (C[ + 3627j) + (CJ + B627j) C 2cr+ Bog-j.

Since for each I there are at most O(1) cubes J with J ~ I, and since the centres ¢y are
277 separated, (2.4) follows easily.

From (2.4) it follows that the functions Fr,; = (3_,, 7 fe) (22, e fir) have pairwise
(almost) disjoint spectra when I ~ J € D;. We may conclude by orthogonality and
standard interpolation arguments that

2/p
S Fr Smax{lvgj(dl)(lﬂp)}( > ||FI,J||§§§> : (2.5)

I~JED; p/2 I~JED;

(The case p/2 = 2 follows by orthogonality and the cases p/2 = 1 and p/2 = oo are trivial;
see, for example, [20, Lemma 7.1].) Next, we wish to use the bilinear assumption (2.1)
to estimate || Fy ]|, 2. This can only be used directly when 27 ~ 1, since dist(Z,J) ~ 1
For other js we must use Lorentz transformations to rescale the problem. To do this, let
{n1,...,m4} be an orthonormal basis of R? with 7; being the centre of ®(I). Then we
define L € SO(1,d) acting on a basis of R4*+! by

L(lvnl) = (17771)7 L(_lﬂnl) = %(_17171) and L(O»W) = \/?(07775)7 €:2,,.,,d,

where we choose o = 2%§ (so that § < o < 1). The spectrum of the function f; o L is
contained in (perhaps a multiple of) the plates IT ,ia) corresponding to the /o-separated
centres {L(1,wy)}. Moreover, by the choice of o, the plates corresponding to yi € I and
yr € J are c-separated, and therefore after a change of variables we can apply (2.1) at
scale o to obtain

Iz

yr €l Yt €J p/2
y , 1/2 , 1/2
=S ine) | (2 mer) |
yr€l Y €J P

and then also

2/p
(X 1ma)

I~JeD;
sen | %

I~JED;

p/2

(X |fk|2>1/2

yr €I

p/2] 2/p

(= |fk/|2)1/2

Y €J

p
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e[ (25w T

I yrpel
1/2
(zw)

where in the second inequality we have used 2ab < a? + b? followed by the imbedding
¢ < (P/2. Combining this with (2.5), we obtain

Z Fr gy

I~JED;

2
< (2¥96)”

i
p

2
(2.6)

1/2
< (22j§)—2a max{1, 2j(d—1)(1—4/p)}H (Z fk|2>
k

p/2 P

This proves (2.3). By our assumption on « we may sum in j and the lemma follows. O

We turn to the proof of (a generalization of) the square function estimate (1.10). We
shall use the following statement of Wolft’s Fourier extension theorem [23, p. 680].

Wolff’s bilinear estimate

Letp > (d+3)/(d+1), e >0 and let E, E" be 1-separated subsets of I'/n. Then, for
all smooth f and g supported in E and E', and all N-cubes QQ, we have

173l Lo (@) < C-NT=[If[l2llg]l- (2.7)

Denote by Q = Q(6-1/?) a tiling of R with cubes @ of disjoint interior and side
length 6~1/2, with centres cq in 6~1/2Z4+1,

Proposition 2.2. Let d > 2 and suppose that suppfk C H( ) , supp gx C H ) and let
02, c S be 1-separated subsets. Suppose 2(d + 3)/(d + 1) <g<p< oo and let

d d+1
1 oy 2.
pp) = § 5 (2.8)
Then, for all € > 0,
p/2 2/p
LENEAE)
QeQ(s-1/2) wrEN Wy € La/2(Q)
1/2 1/2
soo=| (S iae) | (T k) |- eo
wR€EN p UJk/E.Q, D

Proof. Let ¥ € S(R¥*!) be such that suppth C Bij1o and ¥(x) > 1 if |24 g ,
i=1,....d+1;then > on ¥(-+n)? = 1. Let g = Y(Vo(-—cq)), so that >0 q/)Q ~

We write
Fo= (X i )ie wd 60=( X o )ve

wrEN uk/EQ/

https://doi.org/10.1017/5001309150700048X Published online by Cambridge University Press


https://doi.org/10.1017/S001309150700048X

Plate decompositions of cone multipliers 639

so that the supports of FQ and G@ are l-separated sets in I’ ;5. Thus, we can use Wolff’s
estimate (2.7) with N = §~1/2 to obtain

(2 90z, »)

wR €N wyr €82

< |lFeaQ < 512
L@ 126 o %

1791,

G?,. (2.10)

Now, by almost orthogonality we can write

R = . 1/2
||FQ|§f-JZ||fk*¢Q||§=H<Zm?) Yo
k k

and similarly for G¢. We write

1/2 } 1/2
so= (X 1k) . Se=( X k) .

wr€ES wr €N’

2

)

2

raise (2.10) to the power p/2 and sum in Q. Thus,

(EHZA)(E )

wr €N wyr €82

p/2 /P

2/p ~ 2
) Vo (Z ||san|§/2||sn/¢Q||5/2>
Q) Q

La/2

and by the Cauchy—Schwarz and Holder inequalities the right-hand side is estimated as

. 2/p
”(Z |sw@||§/289/w@||§/2>
Q

1/p

1/p -
sxfa(zwwgng) <Z||SQ'¢Q||§)>
Q Q

1/p y 1
< VA( S Isavalliel ) (X ISwvalgiel ")
9 Q

< 61/2=dDA2=1/)| 1601 [| S

/P

||p7

which yields the assertion. O

We combine Proposition 2.2 for ¢ = p and Lemma 2.1 to obtain the following.

Proposition 2.3. Let d > 2 and let u(p) be as in (2.8) and suppose that p >
2(d+3)/(d+1).
Then, for all € > 0,
‘ S 5| <o
% P

if supp fr 11\, (2.11)

(zk:|fk2)l/2

p
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We may apply Minkowski’s inequality on the right-hand side of (2.11) and obtain (1.9)
for the limiting case p =2(d+3)/(d+1) and a > pu(p) =d/4 - (d+1)/2p.

It turns out this is all that is needed to obtain the claimed improvements in Theo-
rem 1.1. The resulting inequality can also be interpolated with the trivial estimates for
L? and L™ to give the following.

Corollary 2.4. The inequality (1.9) holds for all

d—1/(1 1 2(d+3)
o (=-= hen2 < p< =——
o > 1 (2 p) when P a1l
and for all
d—1 2(d + 2) 2(d + 3)
1- hen =2 < p <
a > 1 ( p(d+1)> wnen dr1 p < oo

3. An improvement of Wolff’s estimate

We turn to Theorem 1.1. The proof in [11,22] for inequality (1.3) is based on a subtle
localization procedure, induction on scales and certain combinatorial arguments. Here
we discuss only the modifications leading to the claimed improvements based on Propo-
sition 2.3. A more self-contained exposition with further improvements can be found
in [9].

For simplicity, when ¢ is fixed (and small) we use the notation A < B to indicate the
inequality A < C.07¢B for all € > 0. Recall that the number of plates IT é&) covering I
is approximately 6~ (?=1)/2_ Also, throughout this section we fix ¢(d) = 2(d +3)/(d +1).

Due to various reductions (see [11, §3]), it is sufficient to show that, for all f with
suppfk C H,ié) and || f|loo < 1, and for all A > 0 we have

H{PoLAERY

where f = 3", fr. In [11,22] it is observed that, by Chebyshev’s inequality, this property
trivially holds for small enough \; namely, for all A < 6~ (4=1/2+1/(P=2) "We use (1.9) to
enlarge this range of .
Lemma 3.1. Let ¢ = ¢(d) = 2(d + 3)/(d + 1). Then inequality (3.1) holds for all
A < 6~ d=D/2)+a/4(p—q) (3.2)

S ATPE P 2, (3.1)

Proof. Let 8 = (d —1)/4(d + 3). By Chebyshev’s inequality and (1.9), we have

q/2
{IfI > AH <A1 = 5_"B>\_q(z ||fk||§>
k
and estimate

/2
(Z IIfkﬁ) < 6= (=D/2(@/2/@/2) | g |
k k

LI VA Sup (7 o
k
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Since by assumption ||fx|lcc < 1 and by almost orthogonality >, || fxll3 ~ | I3, it
suffices to show that in the desired range of A\ we have §—90—(([d=1)/2)(¢/2-1)\~q <
§—([@d=Dp/2)=d\=Pwhich is equivalent to (3.2). O

At this point one can proceed exactly as in the proof of [11, Proposition 3.2] (or [22,
p. 1277], when d = 2). The desired gain comes from using A > ¢~ ((d=1)/2)+a(d)/4(p=a(d))
(rather than A < 6~ ((4=1)/2)+1/(r=2)) in [11, Step (54)] (or [22, (68)]).

For completeness, we shall briefly sketch this procedure here, referring always to the
notation in [11]. Localizing with v/N-cubes A as in [11, Lemma 6.1], one can find a
collection of functions {fa} with spectrum in I 5 and a number

A € (ASU—D/4+e 5=(d=1)/4) (3.3)

so that
{11 > X 2D HIfal > A
A

and
card(P(fa)) S AZA~26~Gd-D/4, (3.4)

Here P(fa) refers to the set of plates in the wave-packet decomposition of fo. When the
cardinality of this set is ‘small’, a further localization argument and induction on scales
allows us to conclude the theorem (see [11, Lemmas 6.2 and 6.3]).

In [11,22], the size of card(P(fa)) which ensures the validity of these arguments is
controlled in three different ways, each depending on a different combinatorial estimate:

card(P(fa)) < ce0°\2 (3.5)
or

card(P(fa)) < c.0G4=3)/8+2)\4 (3.6)
or, in three dimensions (i.e. d = 2) only,

card(P(fa)) < c.01/®+e)9, (3.7)

The last estimate is by far the most difficult (see [11, Lemmas 5.2 and 5.3] and [22,
Lemma 3.2]).
Given the lower bound for A, in (3.3) and

A > 5 (d=1)/2)+a/4(p—0) (3.8)
and given (3.4), it remains to verify the estimates (3.5) in the claimed range p > pg,
d > 5, (3.6) for p > pg, d = 3,4 and (3.7) for p > ps.

This is straightforward. By (3.4) and (3.8) we have

card(P(fa)) S 5—5)\2561—1—(q(d)/2(p—q(d)))5—(3d—1)/47
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which, in the case when d > 4, gives the assertion (3.5) if

d d—1
qgld) 3 -

S Sp—g@) 3

0

or, after a short computation,

N ORI R B
p~q d—3)  “Td-3d+1

This is the asserted range if d > 5.
Next we examine the validity of the inequality (3.6) under condition (3.8). We now
have
A§—((Bd=D)/4)=  \d5—((3d=1)/4)< §—((5d—3)/4)—3¢
N2 S Nig@ DDz S joa@ D@ r—a@)

card(P(fa)) < Ce

This quantity is < §656(34=3)/8\% if and only if

5d — 3 q(d) 3d—3
— —2d-1)+ —F5 tde < ——F—,
o @ s
which yields the range p > ¢(d)(1 + 8/(3d — 7)). Notice that this inequality amounts to
p>7.28if d =4 and p > 15 if d = 3, which is the assertion in those cases.
Finally, we consider the case d = 2 when ¢(2) = 1. By (3.4) we need to have

AEA”&‘S“‘E < 65511/8)\27

ie. A\"26721/8=¢ < ¢ AT provided that A, > A'/4t¢. Thus, taking the smallest possi-
ble \* yields 673%/8-1% < A% and this has to hold for all A satisfying (3.8), i.e. A >
§~1/2+a(2/4(p=4() Taking the minimal A, this is achieved if 22 —10e < 2 —9¢/(4p —4q)
with ¢ = ¢(2) = 2. Solving in p and letting ¢ — 0 yields the range p > 19¢(2) =
63+ 3. O

Sketch of proof of Theorem 1.3. The proof is similar to the proof of Theorem 1.1.
Instead of (1.10) we use a square function inequality for the sphere

’ zk:fk (zk:|fk|2)1/2

with a(q) = d(1/2 —1/q) — 3 and ¢ = 2(d + 2)/d. In two dimensions this is an old
observation by Fefferman [8] and holds for ¢ = 4 with £ = 0. In higher dimensions the
inequality (3.9) was proved by Bourgain [4] for the range of the Stein—Tomas restriction
theorem (i.e. ¢ > 2(d + 1)/(d — 1)). For the larger range ¢ > 2(d + 2)/d the proof
of (3.9) is analogous to the proof of Proposition 2.3; one now uses Tao’s bilinear Fourier
extension inequality [19] (see also [12] for related results). Unlike (2.11) in the conic

< O 5a)/2—=
a

, Suppfk C B,ié), (3.9)
q

case, the inequality (3.9) in the spherical case is essentially optimal for the given range
q > 2(d+ 2)/d. We omit further details. O
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4. More on square functions

We shall now discuss some improvements of the square function estimate in Proposi-
tion 2.3 in low dimensions; thus, we seek estimates of the form

[, < ()

for some 0 < u(p) =d/4— (d+1)/2p.
We shall assume throughout this section the following Wolff hypothesis and aim to
prove estimates of the form (4.1) conditional on this hypothesis.

< C50e
p

. supp fr C 1\ (4.1)
p

Hypothesis W(w;d). For all § € (0,1) and all families {hy} of functions satisfying
supp hi, C H,gé),
|
k

1/w
<@ (Siulz) (12)
w k

where

(see Table 1).

We note that in view of the embedding LP(¢?) C LP(¢P) the inequality (4.2) trivially
implies (4.1) with 0 = a(p), for w < p < co. Another trivial observation is that (4.1)
holds with § > %(d — 1) in view of the Cauchy—Schwarz inequality, as

1/2
S Il < 5-<d-1>/4(2 |fk<x>|2)
k k

for every x.
The method for our improvement over the exponent min{s(p), (d—1)} will be limited
to the case where

a(p) < min{u(p), 3(d - 1)}, (4.3)
which holds if and only if
< min 2(d—1) 4d
P i—2 'd—1J

We have the additional restriction p > 2(d+3)/(d+ 1) in Proposition 2.3. Summarizing,
we obtain an improvement which is limited to d = 2, 3,4 and to the ranges

2, Y <p<min{8 w},
d=1{3, 3<p<4, (4.4)
4, Y <p<s.
We emphasize that square function estimates such as (4.1) cannot a priori be interpo-

lated when subject to the Fourier support condition (1.4). We shall, however, start with
a preliminary result that is proved using an interpolation.
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We let ¢, be a bump function adapted to the plate IT ,Ef;) satisfying the natural esti-
mates, so that ¢ equals 1 on the plate, and is supported on the ‘double plate’. Define
the operator Py by

Pif = ouf. (4.5)
Each P, is bounded on LP(R4*+1), 1 < p < oo, with uniform bounds.
Lemma 4.1. Let d = 2, and suppose that Hypothesis W(wj;2) holds. Let

3w — 13 Jw — 40

= * 5 = _ 40
B=0:pw) = 5030 ~ w—20)p (46)
and let r = r(p,w) be defined by
1 1 w—2 10
e 3—— ). 4.7
r(p,w) 2 6w—20< p) (47)

Then, for % <p < w,

T

C.6P=

\

for all families {g} with gj, € S(Rd+1).

(sr)

p

Proof. By W(w;2) and the embedding LP(¢?) C ¢P(LP) we have the inequality

1/w
\ < .5+ <Z ||Pkgk||w)

1/w
s e e (o) m
k. w
We also observe that, for 2 < p < 4,
1/2 /2
[(Simak) | <coiosyee (= |gk|2) (1.9
k P P

Indeed the left-hand side is estimated by using

1/2 1/2
sup (Z/|Pkgk|Qde) < sup (Z/|gk|2M6Wd$> ; (4.10)
% %

weL®/2)! weL®/2)

where M; is a Besicovitch-type maximal operator associated to the light cone which is
bounded on L? with norm O(y/log(2 4+ 6-1)) if 6 < 1 [7,14]. Thus, Hélder’s inequality
implies (4.9).

Now we can combine Proposition 2.3 with respect to the double plates, applied to
fx = Prgr, and (4.9) to obtain

1/2
<o | (o)
10/3 k

(4.11)

10/3
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After a little arithmetic the claimed bound follows by interpolation between (4.8) and
(4.11). O

Since r(p,w) > 2 in Lemma 4.1, we immediately get the following result.

Corollary 4.2. Let d = 2 and suppose that Hypothesis W(w;2) holds. Then for all
families of functions { fi} with supp fi C H}g&) the estimate (4.1) holds for 13—0 <p<w
with § = 8. (p, w).

In particular note that B.(4,w) = (3w — 12)/(24w — 80), so that 3.(4,6) = . If we

32°
190 89

use the exponent obtained in Theorem 1.1, i.e. w = py = 5=, we get only (.(4,p2) = =55,
which is worse than the ﬁ exponent that is already known from [20,23].

For large values of w one can improve on the result of Corollary 4.2. Our approach will
be similar to the one by Tao and Vargas [20] in 2 + 1 dimensions. By using W(wj;2) in
that approach one can slightly improve on the previously known exponents.

Theorem 4.3. Let 2 < d < 4 and let p be as in (4.4). If Hypothesis W(w;d) holds,
then for all families of Schwartz functions {fi} with supp fi, C II ,55) the estimate (4.1)
holds with

B=pup) -

d—l( ((d+1)/2(d+3)) —1/p >(1 d—
2 \((d+1)/2(d+3))+ (1/p) —2(p—1)/(w—1)p

The proof (of a slightly more general result) will be given in §5.
In 2+ 1 dimensions, Theorem 4.3 yields inequality (4.1) for the range % < p < w with
G equal to
1 (3p? — 2p — 20)w — 23p? + 82p — 40
Bux(pyw) = — ;
2p (10 + 3p)w — 23p + 10

in particular, we have (..(4,w) = (5w — 20)/(44w — 164), which (with ps = w)
occurs in Theorem 1.7. We compare this result with (4.6). Notice that 55 = (.(4,6) <
Bux(4,6) = 1—10. A straightforward computation shows the inequality S..(p, w) < B«(p, w)

holds if and only if (9p — 30)w? + (=9p? — 39p + 230)w + 23p(3p — 10) > 0 and after
10

factoring we see that for - < p < w we have B..(p,w) < Bi(p,w) if and only if

(p— ) (w—2%)(w—p) > 0. Thus, for any p € (12, w) we have

(4.13)

Bux(pyw) < Bu(p,w) <= w> %, (4.14)

so that the LP result in Theorem 4.3 is better than the result of Corollary 4.2 in the
range w > 23—3 We obtain the following corollary, which yields Theorem 1.7.

Corollary 4.4. Let d = 2 and suppose that W(w;2) holds for some w > 6. Let
1730 < p <4 and let a > min{ B, (p, w), Bux(p,w)} (ie. @ > Bux(p,w) if w > %)
Then

(i) the smoothing inequality (1.6) holds true and

(ii) the Fourier multiplier m,, in (1.7) defines a bounded operator on LP(R?).
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We also observe that by interpolation we obtain the analogous boundedness results for
the range 4 < p < w under the assumption that
1 2 4(w-—p)

0> g = g i w) B ()

If we use the result of Theorem 1.1 in 2 + 1 dimensions (i.e. Hypothesis W(w;2) with

w = py = 13%) we obtain this result for

501p% — 134p — 3920
m =
o > 5**(27, 3 ) 2p(501p + 1930) ,

which equals % if p = 4. This represents a slight improvement over the Tao—Vargas

result [20], which yields the L? boundedness for o > 2 = 0.11363; note that s ~
0.11311642. ... We also see from Corollary 4.2 that the validity of (1.3) for the optimal
(conjectured) range p > 6 implies the L* boundedness for o > 3% = 0.09375; however, it

has been conjectured that it should hold for all a > 0.

Proof of Corollary 4.4. It remains to estimate the LP-norm of the square function.
For part (ii) this is done as in [13]; namely, one first uses a weighted L? bound as in (4.10)
together with the optimal L(®/ 2)" bound for a Besicovitch maximal function associated
with the light cone. Now let Si be the region in R? obtained by projecting the plate
H}ga) to the &1—&s-plane. Now define an operator &y, by Cg]:g(T, &) = nk(£)g(7, &), where
& = (&1,&) and ng is a function adapted to the double of Sk, with the property that
P.S, = P,.. We then obtain

() (Siout)’

and by Cdérdoba’s estimate for a sectorial square function [7] one dominates the latter
LP-norm by C(logd)||g|l,-
For part (i) one argues similarly, except that now one has to use a result for a Besi-

< CO(1+logdh)/2=1/p
P

(4.15)

p

covitch maximal function which sends functions on R3 to functions on R2; this variant
and its application are discussed in [14]. O
5. Proof of Theorem 4.3

We work with the operators Py in (4.5), which localize in Fourier space to the doubles
of the plates IT S). It will be convenient to consider the following mixed norm variant of
the ‘Wolff hypothesis’.

Hypothesis W(r, s;d). Given r > 2(d+1)/(d — 1) and 1 < s < r, we say that
Hypothesis W(r, s;d) holds if, for all § < 1, ¢ > 0 and all families of Schwartz functions

{hy}, we have
1/s
| S rn| < e (i) (5.)
k T k

where a(r,s) = (d—1)/2s' — (d+1)/2r.
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We shall prove the following variant of Theorem 4.3.

Theorem 5.1. Let 2 < d < 4, and let p be as in (4.4). Let ¢ = 2(d + 3)/(d +
1). If Hypothesis W(r, p; ) holds, then for all families of Schwartz functions { f} with
supp fx C H( ) the estimate (4.1) holds with

d—1 1/q—1/p }(1 d—2 )
_ _ [p——— 5.2

p=u0) =3 |t Za) G~ s 2
Theorem 4.3 is an immediate consequence of Theorem 5.1, by the following observation.

Lemma 5.2. Let w > 2(d+ 1)/(d — 1) and fix p € [2,w]. Then W(w;d) implies
W(r,p;d) with r = p'(w — 1).

Proof. This follows by interpolation between the Wolff inequality (i.e. (4.8) in d
dimensions) and the trivial bound || Y, Prhk|loo S D op 17kl oo- O

Remark 5.3. In [9] we establish certain cases of the mixed norm inequality W(r, s; d)
which do not simply follow by interpolation from the original Wolff inequality (as for-
mulated in W(w;d)). In such cases Theorem 5.1 leads to further improvements of Theo-
rem 1.7.

To establish Theorem 5.1 we shall work with the following hypothesis.
Hypothesis SQ(v,p). For all 6 < 1, ¢ > 0,
1/2
(Zimr)

>
k P k
provided that supp hy C IT ,E(S).

By Proposition 2.3 we know already that for p > 2(d+ 3)/(d + 1) this inequality holds
true with the exponent v = u(p) = d/4 — (d+1)/2p and we seek an improvement in the
ranges (4.4).

We use Hypothesis W(r, p;d) to prove the following proposition, which amounts to
an improved version of [20, Proposition 5.4] (where the case r = oo was considered in
the (2 + 1)-dimensional situation). As in §2 we work with a covering Q(6~'/2) of \/1/§
cubes.

<C77F

: (5.3)

Proposition 5.4. Let d > 2,2 < p < r, and suppose that hypotheses W(r, p;d) and
S9(~,p) hold. Then, for all functions hy with supp hy, € H( ) we have

( > (%:VLHQ)W

QEQ(s~1/2)
Proof. We group the indices k (and therefore the corresponding plates IT ,gé)) into
O(6~(4=1/4) disjoint families S; so that dist(wy,ws ) < 61/ for k, k' € S;. Define

:ng-

kES;

P

1/p
hy ) < 055—(7-5-04(17))/2—6 (5.4)

L™(Q) Lr(RI+1)

k
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As in the proof of Proposition 2.2 we also work with the functions g adapted to
the cubes Q € Q(6~1/?). By the support property of 1/3@ the Fourier transform of oG,
is supported in a Cv/d plate and these plates form an essentially disjoint plate family.
Therefore,

1/p
< 6—““*“/2(2 wQGlnf) , (5.5)
s l

|5
l

by Hypothesis W(r, p; d) with ¢ replaced by V4. By the support property of @ and
Young’s inequality,

<fpoxe
L™(Q) 1

[¥Glr < WD/ 10 Gy, (5.6)

and therefore

(]ze
Q 1
A little algebra shows that

_olrp) | d+1(1 1) __a(p)

2 4 \p r

P 1/p 1/p
) < §—(alrp)/2)+((d+1)/4)(1/p=1/r) (Z ||¢QG1§> .
Q,l

L™(Q)

From some straightforward estimation using the decay of the g we also obtain

(Z]5e

As G, is supported in a CV/4 plate we may use rescaling arguments as in the proof of
Lemma 2.1 to deduce from Hypothesis SQ(v, p) applied with parameter V4 that

( > |9k|2>1/2

/p

1/p 1
) soeor( i) 6.7
l

p

L™(Q)

Gl S 67772

keS; p
and hence
p 1/p 1/2)1p\1/p
(Zlxel,,) <o (E|(Zwr) )
Q l Lm(Q) l kES P
1/2
< .6 (eP4)/2—e (Z|gk|2> ,
k p
which is the assertion. O

In order to complete the Proof of Theorem 5.1, we begin by observing that Hypothe-
sis SO(u(p), p) holds by Proposition 2.3.
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Assuming that SQ(v,p) holds for some v < u(p), the following estimate for bilinear
expressions is an immediate consequence of Proposition 5.4:

p/2 2/p
(2N )2 )],00)
QeQ wEEN Wy €82 Lm/2(Q)
1/2 1/2
soeo|(S me) | (2 ) 55)
wi €S2 p wyr €42 p

We now assume that 2 and 2’ are separated as in Proposition 2.2 and interpolate the
inequalities (5.8) and (2.9) with ¢ = 2(d + 3)/(d + 1). As a result we obtain

p/2 2/p
(ZIE ()],
Qeo !l Nupen wyr €0 Lr/2(Q)
1/2 1/2
soere| (X me) | (X wer) |
wrEN p wk/EQ’ p
where
alp)+v . (1 1)(1 1)1
I'p,y)=01-1¢ + 99— withd=(--=|[-—~-] .
(p,7) = ( Ju(p) 5 RIAVEE:
By Lemma 2.1 we also obtain
1/2
Hka é 5—F(P>’Y) < Z |fk2> (59)
k P P

W€

The assumption p < 2(d — 1)/(d — 2) in (4.4) implies that a(p) < I'(p,y) < p(p),
provided that a(p) < v < u(p). Moreover, v = I'(p,) if and only if v equals

= g7 (- D) + 0 ) =) = 5 00) — o),

The fixed point is contained in the interval (a(p), u(p)) and one observes that I'(p,y) < 7y
for v* < v < wp(p). Thus, if we define a sequence =, by setting 7o = p(p) and y,41 =
I'(p,7yn) for n > 0, then 7, is decreasing and bounded below and converges to v*. We
compute that ¥/(2 —9) = (1/¢—1/p)/(1/q+1/p —2/r) and a(p) — pu(p) = (d — 2)/4 -
(d —1)/2p and see that 7. is equal to the right-hand side of (5.2). Thus, (5.9) and an
iteration yield the assertion of the theorem.
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