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SOME INTEGER-VALUED TRIGONOMETRIC SUMS

by GRAEME J. BYRNE and SIMON J. SMITH

(Received 10th October 1995)

It is shown that for m = l , 2 , 3 the trigonometric sums ELi( - ' )* ' c o t ^ ' ^ f c - \)n/4n) and
5Z*=i cot2"^^ — l)7i/4n) can be represented as integer-valued polynomials in n of degrees 2m — 1 and 2m,
respectively. Properties of these polynomials are discussed, and recurrence relations for the coefficients are
obtained. The proofs of the results depend on the representations of particular polynomials of degree n — 1 or
less as their own Lagrange interpolation polynomials based on the zeros of the nth Chebyshev polynomial
T.(x) = cos(narccosx), - 1 < x < 1.

1991 Mathematics subject classification: primary 33B1O; secondary 11B68, 41A05.

1. Introduction

An identity of M. Riesz [4] (see also Zygmund [6, Volume II, p. 10]) states that if
Sn is a trigonometric polynomial of degree at most n, then for arbitrary 0,

l

where 9k = (2k - \)n/2n. Setting Sn{0) — sin 6 and 0 = 0 establishes that

while putting Sn(9) = sin nd and 0 = 0 yields

The purpose of this note is to point out that the identities (1.1) and (1.2) can be
generalized to sums of arbitrary odd and even powers of cot((2fe — \)n/4n),
respectively, and that somewhat surprisingly these sums are integers for each value
of n.
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Our main results are presented in Theorems 1 and 2. Note that a polynomial p(x)
is said to be integral-valued if p(x) is an integer whenever x is an integer.

Theorem 1. For m= 1,2,3 the sum Y^^-lf^cot^^^lk - \)n/4n) is an odd,
integral-valued polynomial pm{n) in n of degree 2m — 1, of the form

.jn^, (1.3)

where ami = (— I)"1"1. The remaining amj can be determined recursively from the
relations

1 m~' /2m — \
fl»v = 2^>^7 2 > 1 ) r ( r

and

Hence the leading coefficients of pm(n) are given explicitly by

22"1-2 (2m - 1)22""4

! 2""2f a m m - ' ~ 3(2w 4)! 2""4>(2m - 2)! 2""2f a m m - ' ~ 3(2w - 4)!

< W 2 - 4 5 ( 2 m _ 6 ) ! "2m-"'

(2m - 1 )(70m2 - 217m + 153)22m"8

flm-m"3~ 2835(2m - 8)! 2m"8'

where the E2) are the even-numbered Euler numbers, defined by

secx = ^ £ 2 ; . - ^ i ( | X | < T T / 2 ) .

Theorem 2. For m = l , 2 , 3 , . . . , the sum J2l=i c o t 2 ™ ^ - l)rc/4n) is a/i integral-
valued polynomial qm{n) in n of degree 2m, of the form

= «„(») = (-i)m» + YSKP1'- (1-6)
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The bmJ can be determined recursively from the relations

and

,,, = l + (-1)""1. (1.8)

Thus the leading coefficients ofqm(n) are given explicitly by

22"-1 . m:
"mm

45(2m - 5)! M'^

m(70m2 - 147m + 62)22m'6

2835(2m - 7)! '

3(2m-3)! "-"

(1.9)

Ae £2i_, are f/ze odd-numbered Euler numbers (also known as the tangent
numbers), defined by

x
tanx = J2Ey.t p._ 1); (|x| < TE/2).

The proofs of the theorems will be presented in Section 2, and depend on the
Lagrange formula for polynomial interpolation based on the zeros of the wth
Chebyshev polynomial

Tn(x) = COS(M arccos x) ( -1 < x < 1). (1.10)

Calogero and Perelomov [1] have obtained trigonometric summation formulas that
are similar in type to those reported here. (These results are also described in
Gradshteyn and Ryzhik [2, pp. 1122-3].) For example, Calogero and Perelomov obtain
formulas for YllZl csc^fai/n), m = 1,2,3,4, as polynomials in n of degree 2m.
However, their method of deriving the formulas (by eigenvalue calculations for
particular off-diagonal Hermitian matrices) is very different to our approach, and the
trigonometric sums they consider are not necessarily integer-valued.
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2. Proofs of the Theorems

Our starting point is the Lagrange formula for polynomial interpolation of a given
function /(x) at the nodes

= xkn = cosr(ZK - 7 . . j / i_ , -> _.\ Oil

(These nodes are the zeros of the nth Chebyshev polynomial Tn(x), defined by (1.10).)
The unique polynomial Ln_,(x) = Ln_\(f,x) of degree n — 1 or less which agrees with
/(x) at all the nodes xk (k — 1, 2 , . . . , n) is given by

(See, for example, Rivlin [5, Section 1.3].) Now, if /(x) is itself a polynomial pn_i(x)
of degree n — 1 or less, then Ln_,(x) = pn_i(x), and so

' J Y Y . "

Differentiating this formula r(> 0) times, then putting x = 1, gives

or (on employing (2.1)),

where 0fc = (2/c — \)n/2n. We will shortly exploit this formula by choosing specific
pn_,(x), but firstly we establish a lemma that will be used to interpret the right-hand
side of (2.2).

Lemma 1. For k = 0, 1, 2 , . . . , put

Then Ak is an even integral-valued polynomial in n of degree no greater than 2k, with
constant term of I ifk — 0 and 0 ifk> 1.
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Proof. Since 7̂ (1) = 1, the result is true for k = 0. Suppose, by induction, that the
lemma holds true for k - 0, 1, 2, . . . , € - 1 {I > 1). Then, on differentiating i times the
identity Tn(x)(Tn(x))~l = 1, then putting x = 1, we obtain

or

By Rivlin [5, p. 38],

(" ^ l " * ) ( r = 1 , 2 , 3 , . . . ) . (2.4)

(This result is obtained by differentiating r — 1 times the equation (1 — x2)T|,'—
XT;, + M27; = 0, then putting x = l to yield the recurrence relation T<r)(l) =
(n2 - (r - l)2)(2r - I)"1 Tir"°(l).) Hence (2.3) can be written as

_ ^ ,_,_, n /n + t - k - \ \
--2_,2 m\u-2k-\ )Ak- ( 2 -5 )

Now, an even polynomial P(x) of degree 2m is integral-valued if and only if it can
be written as

x (x + l\ , x (x 4- m —

where do,dud2,...,dm are integers. (See, for example, Polya and Szego [3, pp. 129—
130].) Thus for 0 < k < t - 1, the quantity

]_n_(n + l - k - l \
i-k\2Z-2k-l)

is an even integral-valued polynomial in n of degree 21 — 2k, and so by the induction
assumption, the right-hand side of (2.5) is a sum of even integral-valued polynomials in
n of degree 21 or less. Hence At is an even integral-valued polynomial in n of degree
no greater than 21. Further, n2 is a factor of each term of the form (2.6) for
k — 0, 1 £ — 1, and so n2 is a factor of At. Thus At has zero constant term, and the
lemma is established. •
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Proof of Theorem 1. Put pn_,(x) = 1 in (2.2), so that

Therefore

1 f i - C S C 2 T cot -^

By Lemma 1 it follows that ^^ ( - l^ ' co t 2 ™" 1 -^ is an odd integral-valued polynomial

in n of degree no greater than 2m — 1, whose coefficient of n is (—l)m~'.
To obtain the recurrence relation (1.4), use the identity cot 29 = (cot 9 — tan 9)/2, so that
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Thus

1 1

Equating coefficients of like powers of n gives

and so

m-ri

which is (1.4).
The recurrence relation that has just been derived enables all the coefficients in the

polynomial representation of X!Li(~1)'c"lcot2m~l (-—7——). except for the leading

coefficient amm, to be determined from the coefficients in the representations of

ELiC-O^'cot^'f-—-—— J, where j < m. Further, by putting n = 1 in (1.3), we

obtain X]jL|fim,/=l, and so amm can be determined from the amj (1 <j<m). An

alternate approach to finding the coefficients of pm{n) is as follows.
For 0 < 6 < n/2, we can write cot0 = 0"1 + 0(6), so cot2"1"^ = 0H2m~l) + O(0-(2m"3)).

Thus

Now,

: - I)2""1

https://doi.org/10.1017/S001309150002383X Published online by Cambridge University Press

https://doi.org/10.1017/S001309150002383X


400 GRAEME J. BYRNE AND SIMON J. SMITH

oo (-I)'"'
(The summation formula for Y\ . =—r can be found in, for example,
Gradshteyn and Ryzhik [2, p. 7].) From (2.7) and (2.8) it follows that

Comparing (1.3) and (2.9) gives

The remaining formulas in (1.5) (and analogous, though progressively more complicated,
formulas for am m_;, where; > 4) then follow recursively from (1.4). D

Proof of Theorem 2. Put pn_,(x) = T'n{x) in (2.2). Since T'n(xk) = (-l)*~'«csc0k (by
(1.10)), we obtain

V+l r

(c=0

and on replacing r with r — 1 and employing (2.4), it follows that

Now, (r — fc)2r *"' I ) is an even integral-valued polynomial in n (with
f — k \ 2r — 2rC — 1 y a

zero constant term) for k = 0 , 1 , . . . , r — 1, and so by Lemma 1, ££__, csc2r -^ is an even

integral-valued polynomial in n (with zero constant term) for r— 1,2,3,... Since

cot2"1^ = I c s c 2 ^ - 1 I , we conclude that Z!Licot ;2my x% a n integral-valued

polynomial in n of the form (1.6). Finally, we remark that the verification of the

recurrence relation (1.7) and the identities (1.8) and (1.9) can be made in a very similar

manner to that employed to prove the corresponding results of Theorem 1. •
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