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POLYNOMIAL RINGS OVER RINGS INTEGRAL
OVER THEIR CENTRES

C.L. WANGNEO

We prove in this paper that every finitely generated critical

module over A\_X~] is compressible where A is a Noetherian ring

integral over a subring of its centre. Here /1[Z] denotes the

polynomial ring over A in a commuting indeterminate X.

Introduction

This paper is divided into two sections. Section 1 is essentially

devoted to extending results of Wangneo and Tewari ([14] Section 2) to

arbitrary right Noetherian rings. We define the support of a finitely

generated module M over a right Noetherian ring B and show that if a

prime P is a minimal element of the support of M then a prime

ideal Q is associated with M if Q lies over P n R where R is any subring

of the centre of B containing its identity. This result may be used to

determine the assassinators of finitely generated modules over right

Noetherian rings which are well behaved with respect to their centres. In

the present paper we use it to prove in Section 2 that finitely generated

critical modules over A[X] are compressible where A is a two-sided

Noetherian ring integral over a subring of its centre. This is proved in

the uncertainty of fully bounded Noetherianness of A[X]. Note that

Jategaonker [9] has proved that over a fully bounded Noetherian ring,

every finitely generated critical module is compressible. However proving

A[X] is fully bounded Noetherian, even in the case when A is a division

ring algebraic over its centre, is another version of an open problem due

to Amitsur [1].
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1 2 C .L . Wangneo

Also note tha t in general se t t ing Goodearl and Lenagen ([8] , p. 863)

have given an example of a r igh t and le f t Noetherian ring Q such tha t a l l

f i n i t e l y generated c r i t i c a l Q-modules are compressible but such tha t the

polynomial ring Q[X] possesses incompressible f in i t e ly generated

c r i t i c a l modules.

Final ly we conclude t h i s introduction with a few remarks concerning

our nota t ion and terminology. All our basic def ini t ions and terminology

are given in Section 1 of Wangneo and Tewari [14] except tha t whenever we

re fe r to a ring A we do not necessari ly mean (unless otherwise stated)

t h a t A i s a r igh t Noetherian r ing integral over a subring R of i t s

c e n t r e . I f B i s a r ing , then B [X] w i l l mean the polynomial r ing over

B in a commuting variable X ; the centre of B wi l l be denoted by Z(B)

and a l l r ings mentioned in t h i s paper possess an iden t i ty . Also, i f M

i s a r igh t B-module, then E^{U) will denote the in jec t ive hul l of M

over B .

1.

We begin by extending r e s u l t s of Wangneo and Tewari ([14] Section 2)

t o any r igh t Noetherian r ing . We also prove some preliminary r e su l t s

about polynomial r ings over r i gh t Noetherian rings in tegra l over t h e i r

cen t res which wi l l be used l a t e r in Section 2.

PROPOSITION 1.1. Let A be a right Noetherian ring. Then for every

cyclic, prime, critical module M with annihilator P and M * •=• (I a

right ideal of A ) we have:

either (i) U is admissible in which case P, the annihilator of M

is a completely prime ideal of A ,

or (ii) I is a prime right ideal of A and P is the bound of I

in A .

Proof. If M is admissible, then I = P and so A/I is a prime

ring which is also uniform as a right A/I module. Since A/I is also

a right Noetherian ring, we have by Goldie ([4] Theorem 2) A/I is a

domain and I = P is a completely prime ideal of A . This proves (i) .

In the case that U is not admissible, then I contains P properly and

f is tne Dound of 1 in A . I is a prime right ideal, for, if not,

then there exists elements x,y ? I such that x A y C J . Clearly the
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Polynomial rings over rings 13

image of the right ideal xA in A/I namely xA is such that

Ann (xA) = P . Hence, since xA ̂  0 , so y G P C_ I a contradiction to

what we have assumed. Thus I is a prime right ideal.

Next we consider localization of a noncommutative ring A at a

multiplicatively closed subset S of any subring R of A which contains

the identity of R and which does not contain zero divisors and such that

R is contained in the centre of A . For this localization see Wangneo

and Tewari {[14], p. 1579). Let M be a finitely generated module over

A and consider the localized ring A~ and the localized module M,, .

Then, we have the following:

PROPOSITION 1.2. Any Ag submodule N of Mg is of the form Ws

for some submodule W of M .

Proof. This follows exactly as in the commutative case.

Note. We will use this fact in the sequel.

PROPOSITION 1.3. Let A be a right Noetherian ring and S a

multiplicatively closed subset of R containing no zero divisors and

containing the identity of R , where R is a subring of the centre of

A . If M is a finitely generated right A module, then

f1 (Ass. M1^) = Ass. (MA) n {p\p n s = 0 }) , where M
1 = Ms > A

1 = Ag

and f is the usual map A -*• Ao .
o

Proof. First note that the proof of proposition (2.5) of Wangneo and

Tewari [14] can be carried over in the case of any right Noetherian ring.

Together with this result and propositions 1.1 and 1.2 above the whole

proof of proposition (2.6) of Wangneo and Tewari [14] carries over to

yield,the required result.

Notation. Consider B any right Noetherian ring with R a subring

of the centre of B containing the identity of B . Let P be a prime

ideal of B . Denote by Fpnp t n e s e t o f prime ideals of B lying over

P .

DEFINITION. As on p. 1582 of Wangneo and Tewari [74], we define the

support of a module M over B where B is as in the notation above.

Let P be a prime ideal of B and localize M at P n R in R (this
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14 C.L. Wangneo

is the usual localization at the prime ideal of a commutative ring).

Denote the localized module of M by Mpc\f> • We s a ^ ^ i s i n t h e

support of M i f Mpnn ¥ 0 . we say P i s minimal supporting for M

i f P n R i s minimal such tha t ^pc\p ? ® • Denote the support of M by

supp. M .

THEOREM 1.4. Let B be a right Noetherian ring. Then
Ass. M c supp. M for any finitely generated right module M over B ,
and for any minimal element P of supp. M there is a prime ideal in
the set fppin belonging to Ass. M , where R is a subring of the centre

of B containing the identity of B .

Proof. With the aid of Proposition 1.1 and Proposition 1.3 above

the whole proof of Theorem 2.1 of Wangneo and Tewari [74] carries over

in th is case.

Next, suppose that D is a division ring algebraic over a subfield

K of i t s centre. I t is celar that ideals of D[X] l ie uniquely over

their contractions in Z (0) [X] where Z (D) is the centre of D . Since

Z(D) is algebraic over K , we get that Z (D) [X] is integral over K[X]

and hence, by a well-known result from commutative algebra, we get that

there is lying over, going up and incomparability between the prime

ideals of D[X] and K[X] . Invoking the Wedderburn-Artin Theorem, we

can extend this result to any simple Artinian ring S algebraic over a

subfield K of i t s centre. Thus we have the following proposition:

PROPOSITION 1.5. Let S be a simple Artinian ring algebraic over

a subfield K of its centre. Then there is lying over, going up and

•incomparability between the prime ideals of S[X] and K[X] .

Note. We will henceforth abbreviate lying over, going up and

incomparability by l .o , G.U., and Inc.

THEOREM 1.6. Let A be a right Noetherian ring integral over a

subring R of its centre. Then there is l.o, G.U. and Inc. between the

prime ideals of R[X] and A[X] .

Proof. We wi l l give the proof for lying over. Let P be a prime

idea l of R[X] . Let P n R = p be a prime ideal of R . By Blai r [2]

A
there exists a prime ideal Q of A lying over P . Consider A = j— .

1 «j
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Polynomial rings over rings 15

Note that i? = p— can be identified with a subring of the centre of A ,

where A i s integral over R . Localize A and R at the set S of

regular elements of R and denote a l l the localized objects by suffix S .

Clearly Ro i s a field and, by Chamarie and Hudry ([3] corollary (1.8)) ,

Ac i s a simple Artinian ring. By Proposition 1.5 above, there exists a
o

prime ideal Qg of AglX] such that ?s = ®s
 n ^ s ^ • where Q and P

are the images of the prime ideals Q and P of A and R respectively

in A and R . Clearly $ is a prime ideal of A[X] lying over P of

The proofs for G.U. and Inc. are similar, and are left to the reader.

PROPOSITION 1.7. Let M be a finitely generated critical right

module over A [X] , where A is a right Noetherian ring integral over a

subring R of its centre. Let Ann. M = I3 and let P be the assassinator

A [X] P
of M , then —y^- is y primary.

Proof. Clearly M i s f ini tely generated, faithful and P-primary

module over —j— (denote —j.— by ^ ) . Let Q be a prime ideal

associated with A . Then Q = Ann. M where M i s a non-zero

p 7? r yi
submodule of M . So Q C — . Next, l e t „ „ , v . be the ring denoted by

J. 1' '/l IA J

n . Also denote the module M localized at Q ̂ R by ^nnRl ' s^-nce >

M^^^ f 0 , there exists a minimal prime ideal P. of R such that

P. C Q C\R and Mp f 0 where M-, has the usual meaning. So there

exists P € F* ,-.„-, such that Pn i s associated with M (see Theorem1 P^Rl 1

1 P
1.4). So P = Y • By what we have done above, i t is apparent that

P 1 P P
= y n R . Since ? C y and so by Inc. (Theorem 1.6) Q = y .
1 P

So A i s y primary.

2.

In this section we prove that every finitely generated critical

module M over A[X] , where A is a Noetherian ring integral over a
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16 C.L. Wangneo

subring R of i t s centre, is compressible.

DEFINITION. Let M be a right module over a ring B . Then M is

said to be finitely annihilated over B if Ann. M is a finite

intersection of annihilators of M .

PROPOSITION 2.1 (Goldie). Let M be a finitely generated module
over a right Noetherian ring B with Ass. M = P . If every cyclic

R 1

uniform module W of M is such that Ass. -T 77 = P and such that
W is P - torsionfree, then M is finitely annihilated.

Proof. With the conditions given above on B and W , the result

follows by proposition (8) of Goldie [5].

The following proposition is useful. But before that we give a

remark.

REMARK. If P is a prime ideal of a right Noetherian' ring B , then

we say that the torsion theory cogenerated by E(B/P) is the torsion

theory at P . This torsion theory is the same as the torsion theory at

c(P) where e(P) is the set of elements of B regular modulo P . For

th is see Lembek [JO].

PROPOSITION 2.2. Let A be a right Noetherian ring integral over a
subring R of its centre. Let P and Q be prime ideals of A[X] lying
over a prime ideal P of R[X] where P is of the form q[X] for

some prime ideal q of R . Then the torsion theories at P and Q are
equivalent.

Proof. By Mueller ( [ J J ] , theorem (1.3)) p i s either torsion or

torsionfree with respect to the torsion theory at Q . If —5^- i s

torsion in this torsion theory then by the remark above there exists an

element c of A[X] , c regular modulo Q such that c 6 P . Let us

denote by I the two-sided ideal generated by e in A [X] . Then, i t

follows that I^RIX] C Pf\R[X] = P . Also notice that since P = q [X] ,

and P and Q l ie over Py , we must have P = P1 [X] and Q = Q1 [X] for

some prime ideals P1 and Ql of A . Clearly PlriR = QlDR = q .

Localize A and R at q and denote these localized rings by A^ and

i?^ . Denote the ideal I localized at q by J and suppose the image
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Polynomial rings over rings 17

of e in Iq is c Let c have the form a = aQ + a X + . . . + a^X ,

a f 0 . I t is not difficult to see that a is regular modulo Q and

hence regular modulo Q . Clearly since A is integral over R , the

image of a in Aa is invertible in /4C and so multiplying c by a
n o o

suitable element of Ao gives us a monic polynomial e of degree n in

I „ which is regular modulo Qo . Also since c generates J and a
D O n

is regular modulo Q , i t follows that c is a polynomial of minimal

degree in I . Hence c is a monic polynomial of minimal degree in

J o . For any r 6 Ac , f = {re -c r) 6 J c and / is of lower degree

than c . Hence f - 0 . So c 6 Z{AC) [X] and c. is regular modulo
1 1 o l

<5O . Since Z{Aa) [X] is integral over R[X] , i t can be easily shown
O b

that there exists an element g of ^c^] such that 0 f C g e RC[X]

and C g & P . Hence -TnirfZ] ? P. a contradiction to what we had in

f i rs t paragraph of this proposition. Hence -p is torsionfree with respect

to the torsion theory at Q . Since the above argument can be reversed,

we get that the torsion theories at P and Q are the same.

DEFINITION. Let B be a ring and M a right module over B , such

t h a t \M\ = a. . M i s called smooth i f \N\ = a , fo r every non-ze ro

submodule N of M .

Now let A be a right Noetherian ring integral over a subring R of

i t s centre. Let M be a finitely generated cr i t ical module over A[X]

with Ann. M = I . Clearly M is a finitely generated, faithful module

over —•=— (denote —=— by A ) . If M is P-primary for some prime

ideal P of A , then A is P-primary by proposition 1.7. Consider

Let Px = POff1 . Localize M , A1 and R1
at P± as

usual and denote these localized objects by /./ , A c and R „ etc.
D O b

Then we have the following proposition.

PROPOSITION 2.3. If, in the above notation, we have

then M is either compressible or finitely annihilated.

PS
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1 8 C.L. Wangneo

P1 1
Proof. Let P = -j- • If P i s not of the form q[X] for some

prime ideal q of A , then — — x ( ~T ) W where X i s algebraic
P PO4

A 1
over — . If 5 = complement of {P <^R[X]) in R[X] then, localizing

P 04

at 5 yields that | (̂ -̂ -) J = 0 because (̂ -̂ -) c is a proper
PX b P1 S

homomorphic image of (— ) „ and
. A[X]

l
P DA[X]

1 . S o , s i n c e

,A .
= 1 , we get that P*1" is of the form q [X] for some prime ideal q

o f i4 . Now, by Gordon and Robson ( [ 6 ] , C o r o l l a r y ( 7 . 5 ) ) t h e r e e x i s t s a

p r i m e i d e a l Q1 „ o f (A[X])C s u c h t h a t \Al J = \ (^~) Q\ . C l e a r l y

Q1S a
—=— contracts to the prime ideal Pc of H „ , and i t is not difficult to

IS b S

see tha t Q i s of the form q [X] for some prime ideal 17 of A . So

( «i 's = \A q\ = 1 . Now, if |Af_| = 0 , then since M i s uniformQ\ — X . 1IVJ", x x l ' J c l

and hence so is Mr, , i t follows that M~ i s simple. Let N be non-zero

submodule of M , then W~ / 0 because M is P-primary and so is N .

M J.
So (77) „ = 0 which means that there exists an element s of n such

that Ms C il? . The multiplication by s gives a monomorphism of M into

N becasue no nonzero element of M can be annihilated by 5 . So M i s

compressible. Next consider |/tfc| = 1 . So = \MS\ = 1 . Let Ns

be a non-zero maximal submodule of Mr, such that |#<J = 0 . Clearly

MS MS 1
= 1 and TT— i s smooth . Le t B be t h e a n n i h i l a t o r o f 77— i n A „ .

NS S NS S

Ms A s 1
So jr- i s a faithful -73 module. Let §„ be a maximal ideal of X .

FTcontaining B . Then Qc clearly lies over P _ of FT„ because i?"1-
^> & l£> o o

is a local ring and P c is also a unique minimal prime ideal of it _ for
• ^ d l b

. 1
„ i s P_-primary (see proposition 1.7). So S

= 1 by the same
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Polynomial rings over rings 19

argument as given in the beginning of this proposition. Hence

also. So we have that -rr- i s a faithful Br
module and Br

= 1

= 1 .

S
H e n c e , by Gordon ( [ 7 ] , lemma ( 1 . 7 ) ) - 5 — embeds i n a d i r e c t sum o f c o p i e s

1 S

W9 A S MS
of -7T- . So -=— is smooth. Let J/_ C —— be a nonzero critical prime

Ns Bs s Ns
Ms x

submodule of JT- such t h a t Ann. £/_ = J~ fo r some prime i d e a l J of A .

Note that \Ur = 1 . Also J = ~- where = J [X] for

some prime ideal J of A . Notice also that J lies over P. .

S
Since = 1 , so £/_ i s e/c torsion free. Now P_ and J"o

l ie over the same prime ideal of R c . So by proposition 2.2 the torsion

theories at Pc and J<-, are the same. Hence £/„ is Pc torsionfree

also. Hence £/ is P-torsionfree and since A i s P-primary we are in

the situation of proposition 2 .1 . So U i s a finitely annihilated uniform

module over A . Therefore \il\ = I A[X] I
' A n n . U>

A[X] iA[X]
\M\ .

the second and third equality follow because J. and q lie over the

same prime ideal in R . But this is a contradiction because M is

critical and U is a submodule of M/N . So \NC\ ¥ 0 . Hence Ma is

S
smooth and by the same argument as for -JJ— and UQ above we get that M

is finitely annihilated over A and hence over A [X] ,

,1

REMARK. If in the above proposition = 0 , then \*S\ - 0 •

Clearly \M_| = 0 in this case and so M is compressible. Combining

this with the above proposition, we have the following theorem.

THEOREM 2.4. Let A be a right Noetherian ring integral over a

subring R of its centre. If M is a finitely generated critical module
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20 C.L. Wangneo

with Ass. M = P then

either (i) M is finitely annihilated

or (ii) M is compressible.

Also in case (i) we have that P has the form P [X] for some prime ideal

P± of A .

In what follows we will use the concept of an affiliated bi-submodule,

and affiliated series for a bimodule B of a Noetherian ring C . One

can attach to B a set of primes P. called the affiliated set of primes
Is

of B (or more s t r i c t l y the a f f i l ia ted set of primes of an af f i l ia ted

s e r i e s ) . For these defini t ions we refer the reader to Stafford [73].

Before proving the main resul t we quote a resul t of Gordon ( [7] ,

Proposition (3.6)) which i s actually the crucial resul t from which our

main theorem follows.

PROPOSITION 2.5 (Gordon). Let B be a Noetherian ring of Krull

dimension a such that B/N(B) is smooth, where N(B) is the nilpotent

radical of B .

(i) A finitely generated module M is N-torsion (that is torsion

in the torsion theory eogenerated by E (B/N)) if and only if

\M\ < a .

(ii) ——r=rr- is an order in an Artinian ring if and only if every

finitely generated a-critical module is compressible. (T (B)

is the N-torsion ideal of B ) .

THEOREM 2.6. Let A be a Noetherian ring integral over a subring R

of its centre. Let M be a finitely generated critical module over A[X] 3

then M is compressible.

Proof. By Theorem 2.4 we have to consider the only case when M i s

f i n i t e l y annihi lated, and the assassinator P of M i s of the form

q [X] for some prime ideal q of A . Let J = Ann. M in A [X] .

Consider A = —j— and R = -^ and as in proposition 2.3 l e t

P 1 Pl
_ n R = J = jpipr̂ , for some prime ideal P of R[X] . Localize all

these objects at P and denote these localized objects as usual by
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suffix S . Notice that (IOR[X])S
is a unique maximal and minimal prime

ideal of i? and any prime ideal of A „ l ies over P. and they are
S S ls

all finite in number. Clearly all prime ideals of {A[X])g containing I

are of the form (Q[^])e for some prime ideal Q. of A . Let us

enumerate these prime ideals as (£n [X]) , (Q.[X])~, ..., (Q [X])„ for

some prime ideals Q [X], Q [X], ..., Q [X] of A[X] , all containing I

and lying over the same prime ideal P of R[X] . Consider the

nilpotent radical N of A and let C(0) be the set of regular elements

of A and C(N) be the set of elements of A regular modulo N . It

is well known that C(0) C C(N) . Conversely, let x e C(N) . Denote by

N the image of N in A _ and by x the image of x in A „ .

Notice that N is the nilpotent radical of A „ . Consider an affiliated

series A1^ = B > B > ... > B =(0) of A „ where clearly S. ,

S ms m-ls 0s S i

0 < i < m are bi-submodules of <4 and B. is the usual localization

of B. at
J.' \ti I A J

of the form {(
Fi

e affiliated primes of this series will be primes

for some i , 1 < i < n} . We can clearly lift this

affiliated series to an affiliated series of A namely A > B > ... B =0

Pi [*]

with affiliated primes of the form {—=— , for some i , 1 < i < n} .

Now p .
xA*

AIX]

./im +P. m
where x = x + I

. M s o

xA
1 P i '

< A1

Pi[X]

I

, 1 < i < n .

So by proposition 2.3 of Stafford [13] we have that x i s a right regular
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22 C.L. Wangneo

element of A - Since A has left r ight symmetry, the same argument

gives that x i s l e f t regular too. Hence x 6 C(0) .

So C(0) = C{N) . Hence A has an Artinian quotient ring by Small's

Theorem [12] . Note that M i s a faithful f ini te ly annihilated module

o v e r A1 . Therefore \M\ = \AX\ . Also | 4 ^ 7 w l = I^TVr l ' { l < ^ < ? < n }

<• o

because P . and P . l i e over the same prime ideal of R[X] . Therefore

JJ i s smooth. Hence, by proposit ion 2.5 above of Gordon, M i s compressible

over A and hence over A [X] . This proves the theorem.

REMARK. Note t ha t Theorem 1.6 can be extended to the case of a

polynomial r ing in n-commuting indeterminates, n > 2 , namely

A [X , . . . , X ] . We have not been able to prove whether a l l f i n i t e l y

generated c r i t i c a l modules over A [X , . . . , X ] are compressible. The

r e s u l t seems to be not known even for the r ing D[X . . . » X ] where D

i s a d iv i s ion r ing a lgebraic over i t s centre k . However the r e su l t i s

t rue i f D{X , . . . , X ) = D[X , . . . , X ]®, k{X , . . . , X ) i s an a r t in ian
1 Yl i- 71 K L Yl

ring, where k(X , ..., X ) is the quotient field of k[X , ..., X ] .

In the case of one indeterminate over D this is an open problem due to

Amitsur; see for example Amitsur [/]. It may be remarked that

D(X , ..., X ) is artinian if and only if D[X , .... X ] is a fully

bounded Noetherian ring.
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