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On Quotients of Non-Archimedean
Kothe Spaces

Wiestaw Sliwa

Abstract. 'We show that there exists a non-archimedean Fréchet-Montel space W with a basis and with
a continuous norm such that any non-archimedean Fréchet space of countable type is isomorphic to
a quotient of W. We also prove that any non-archimedean nuclear Fréchet space is isomorphic to a
quotient of some non-archimedean nuclear Fréchet space with a basis and with a continuous norm.

Introduction

In this paper all linear spaces are over a non-archimedean non-trivially valued field K
which is complete under the metric induced by the valuation | - |: K — [0, 00). For
fundamentals of locally convex Hausdorff spaces (Ics) and normed spaces we refer to
[4, 5, 6].

In [9, 10] we investigated closed subspaces in Fréchet spaces of countable type. In
this paper we study quotients of Fréchet spaces of countable type.

By a Kothe space we mean a Fréchet space with a basis and with a continuous
norm. First, we prove that any Fréchet space of countable type is isomorphic to a
quotient of some Kothe space V' (Theorem 3 and Corollary 4) and any Kothe space
is isomorphic to a quotient of some Kothe—Montel space (Theorem 5). Thus any
Fréchet space of countable type is isomorphic to a quotient of some Kothe—Montel
space W (Corollary 6).

Next, we show that any nuclear Fréchet space is isomorphic to a quotient of some
nuclear Kothe space (Theorem 7), but there is no nuclear Fréchet space X such that
any nuclear Kothe space is isomorphic to a quotient of X (Theorem 10 and Corol-
lary 12).

Preliminaries

The linear span of a subset A of a linear space E is denoted by lin A.

Let E, F be locally convex spaces. A map T: E — F is called an isomorphism if T is
linear, injective, surjective and the maps T, T~! are continuous. E is isomorphic to F
if there exists an isomorphism T: E — F.

A seminorm on a linear space E is a function p: E — [0, co) such that p(ax) =
la|p(x) for all &« € K,x € Eand p(x + y) < max{p(x),p(y)} forallx,y € E. A
seminorm p on E is a norm if ker p = {0}.
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The set of all continuous seminorms on a metrizable Ics E is denoted by P(E). A
non-decreasing sequence (py) C P(E) is a base in P(E) if for every p € P(E) there
exists k € N'with p < pi. A sequence (pi) of norms on E is a base of norms in P(E)
if it is a base in P(E).

Any metrizable Ics E possesses a base (px) in P(E).

A metrizable Ics E is of finite type if dim(E/ ker p) < oo for any p € P(E), and of
countable type if E contains a linearly dense countable set.

A Fréchet space is a metrizable complete Ics. Any infinite-dimensional Fréchet
space of finite type is isomorphic to the Fréchet space K" of all sequences in K with
the topology of pointwise convergence (see [2, Theorem 3.5]).

Let (x,) be a sequence in a Fréchet space E. The series Eiil X, is convergent in E
if and only if lim x,, = 0.

A sequence (x,) in an lcs E is a basis in E if each x € E can be written uniquely as
x = E;’il anxy with (o) C K. If additionally the coefficient functionals f,: E —
K,x — a,, (n € N) are continuous, then (x,,) is a Schauder basis in E. As in the real
and complex case any basis in a Fréchet space is a Schauder basis (see [3, Corollary
4.2]).

A Banach space is a normable Fréchet space. Any infinite-dimensional Banach
space E of countable type is isomorphic to the Banach space ¢, of all sequences in K
converging to zero with the sup-norm [5, Theorem 3.16].

Let p be a seminorm on a linear space E and t € (0,1). A sequence (x,) in E
is t-orthogonal with respect to p if p(Z?:l Qix;) > tmaxi<i<n p(oyx;) foralln €
Nyaq,...,a, € K.

A sequence (x,) in an lcs E is 1-orthogonal with respect to (px) C P(E) provided
Pk(Z?:l oyx;) = max<j<, prlaix;) forallk,n € N,ay, ..., a, € K.

Every basis (x,) in a Fréchet space E is 1-orthogonal with respect to some basis
(px) in P(E) [2, Proposition 1.7].

Let B = (b, ) be an infinite real matrix with 0 < b,y < b, 441 Vi, k € N. The
space K(B) = {(a) C K : lim, |avy|byx = O for all k € N} with the base of norms
(pr): pr(ay)) = kmax, |o|buk, k € N, is a Kothe space. The sequence (e,) of
coordinate vectors forms a basis in K(B); the coordinate basis is 1-orthogonal with
respect to the base (px) [1, Proposition 2.2].

Put Bk = {a € K : |a|] < 1}. Let A be a subset of an lcs E. The set coA =
{3, aiai:neN,ay,...,a, € By, ay,...,a, € A} is the absolutely convex hull of
A; its closure in E is denoted by CoA.

A subset B of an Ics E is absolutely convex if co B = B.

A subset B of an Ics E is compactoid if for each neighbourhood U of 0 in E there
exists a finite subset A of E such that B C U + co A.

By a Fréchet—Montel space we mean a Fréchet space in which any bounded subset
is compactoid.

Let E and F be locally convex spaces. A linear map T: E — F is compact if there
exists a neighbourhood U of 0 in E such that T(U) is compactoid in F.

For any seminorm p on an Ics E the map p: E, — [0,00),x +kerp — p(x)isa
norm on E, = (E/ ker p). Let p,: E — E,,x — x + ker p.

An Ics E is nuclear if for every continuous seminorm p on E there exists a contin-
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uous seminorm g on E with g > p such that the map
©pq: (Eq,q) — (Ep, p),x +kerqg — x +kerp

is compact.

Let E be a Fréchet space with a basis (x,) which is 1-orthogonal with respect to
a base of norms (py) in P(E). Then E is nuclear if and only if Yk € N, Im > k :
lim, [ px(x,)/pm(x,)] = 0 [1, Propositions 2.4 and 3.5].

Results

A sequence (x,) in a Fréchet space X is a pseudo-basis of X, if for any element x of X
there is a sequence (a,) C K such that the series >~ | a,x, is convergent in X to x.

In [8] we have proved that there exist nuclear Fréchet spaces without a basis. For
pseudo-bases we have the following.

Proposition 1 ~ Any Fréchet space E of countable type has a pseudo-basis.

Proof Let (py)beabasein P(E)and Uy = {x € E: px(x) < 1},k € N.Let § € K
with 0 < || < 1. Choose a linearly independent and linearly dense sequence (z;) in
E. PutZ, =lin{z; : 1 <i < n},n € N. Let (Ny) be a partition of N into infinite
subsets. Forn € Ny, k € N, letx,,. .., %, be a basis in Z, which is | 3]-orthogonal
with respect to pi (see [10, proof of Lemma 1.1]). We will show that the sequence
(x4) = (X101, %21, %22, X3.1, %32, X33, . . .) is a pseudo-basis in E.

Let k € N,x € Uy and m € N. Then for some n € Ni with n > m there is
y € Zy N (x+ Ugr). Thus 3By,..., B, € K: y = 31| Bixy; and

18] lrgiagnpk(ﬂixn.i) < pi(y) < max{pi(y —x), pr(x)} < 1.

Hence B1%,1, - - -, BuXun € B Uk
We have proved that Vk € NVx € Uy Vm € Nds > m 3y, ...,as € K:

(x— Z a;x;) € Ugy1 and {aunXyy, . . ., agxs} C B Uy

i=m

It follows that the sequence (x,) is a pseudo-basis in E. ]

Remark 2 It is easy to see that any dense sequence (x,) in a Fréchet space E is a
pseudo-basis of E. Unfortunately, any non-zero Fréchet space over a non-separable
field is non-separable.

Using the existence of pseudo-bases in any Fréchet space of countable type we get
the following.

Theorem 3  Any Fréchet space E of countable type is isomorphic to a quotient of some
Kathe space.
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Proof Assume that E is not of finite type. Then for some p € P(E) the quotient
space (E/ ker p) is infinite-dimensional. Let G be an algebraic complement of ker p
in E. Since G is an infinite-dimensional metrizable Ics of countable type, it contains
a linearly independent and linearly dense sequence (g,). Let (s¢) be a linearly dense
sequence in ker p and let (IN;) be a partition of N into infinite subsets. We can choose
a sequence (o) C (K\ {0}) with lim,en, angy = 0,k € N. Put z, = g, + si for
n € Ni,k € N. The sequence (z,) is linearly independent and linearly dense in E,
and lin(z,) Nker p = {0}.

By Proposition 1 and its proof, the space E has a pseudo-basis (e, ) such that (e,) C
(lin(z,) \ {0}). Let (px) be a base in P(E) with p; > p. Puta,x = pi(e,) forn,k € N.
Clearly, 0 < a, 4 < a, 441 foralln, k € N. Let A = (a,%) and let X be the Kothe space
K(A).

For any & = (a,) € X the series Z:; ane, is convergent in E. Moreover,
PO, amey) < max, |aylanx < gi(a) for k € N,a € X, where (gy) is the stan-
dard base of norms in P(X). Thus the linear operator T: X — E, Tac = > | atpen,
is well defined and continuous. We show that T(X) = E. Let e € E. Then there exists
(an) C Ksuch that 7, ae, = e. Clearly, lim, |ay|a,x = lim, |a,|pi(x,) = 0,
k € N. Thus @ = (a,) € X and Ta = e. It follows that E is isomorphic to the
quotient (X/ ker T) of X.

If E is of finite type, then it is isomorphic to a quotient of KN x ¢y and, by the first
part of the proof, to a quotient of some Kothe space. ]

In [12] we have proved that there exists a Kothe space V' (unique up to isomor-
phism) such that any Kothe space is isomorphic to a complemented closed subspace
of V. Thus, by Theorem 3, we get

Corollary 4  Any Fréchet space of countable type is isomorphic to a quotient of the
Kothe space V.

Now we prove the following.

Theorem 5  Any Kothe space X is isomorphic to a quotient of some Kothe—Montel
space.

Proof Let (x,) be a basis in X. This basis is 1-orthogonal with respect to a base of
norms (px) in P(X). Without loss of generality we can assume that p;(x,) > 1,n €
N. Put dy,, = pi(xy) for m,k € N. Let (Nj), (S,,) be two partitions of N such that
the set N; N S,, is non-empty for all i, m € N.

Forn € NN S,,,i,m € Nand k € N we put b, = kKd,rifk < iand by =
k*d,, , ifk > i. Clearly, 0 < by, < by 41 forall n,k € N. Put B = (b, x). The Kothe
space K(B) is a Fréchet—-Montel space (see [10, Corollary 1.10, Example 1.9 and its
proof]). We will prove that X is isomorphic to a quotient of K(B). PutY = K(B).

Let (f,) C Y’ be the sequence of coefficient functionals associated with the co-
ordinate basis (e,) in Y. For any @ = (a,) € Y we have lim, f,(a) = 0, since
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lim, o |by = 0. Put g(a) = 3 s fala) for m € Nand o € Y. By the Banach-
Steinhaus theorem, the linear functionals g,,, m € N, are continuous on Y. For all
k,m € Nand o € Y we have

Pi(gm()xm) = |gm(a)|dmi < sup | fule)|dmr < sup |o|buk
neS,y, nes,,

and lim, |a,|byx = 0, so lim,, gn(a)x, = 0in X, foranya € Y. Pt T: ¥ —
X, Ta=>" " gu(a)xy. Fork,m € Nand o € Y we get

pi(Ta) < maxmax |f,(@)|dmx < maxrrégqu(a)(dm,kb;é) < qi(a),

where (qy) is the standard base of norms in P(Y). Thus the linear operator T is con-
tinuous. We show that T(Y) = X. Let x € X. Then F(av) C K:x = > | X
and Vk € N,lim,, |am|dnr = 0. Therefore there exists an increasing sequence
(my) C Nwith m; = 1 such that |a,|dmx < k75 1pi(x) for my < m < myyy, k€ N.
Lett, € Ny NS, for mpy < m < myy1,k € N. Let ] € N. Then for k > [ and
my < m < my,; we have

|am|bt,,,,l < ‘O‘m|btmﬁk = |am|dm,kkk < kilpl(x)-

Hence VI € N, lim,, |ovu|by, 1 = 0. Thus the series Y~ ae;, is convergentin Y to
some element y. Clearly, Ty = x;s0 T(Y) = X. It follows that X is isomorphic to the
quotient (Y / ker T) of Y. [ |

By Corollary 4 and Theorem 5 we obtain

Corollary 6  Any Fréchet space of countable type is isomorphic to a quotient of some
Kothe—Montel space W.

For nuclear Fréchet spaces we shall prove the following.

Theorem 7  Any nuclear Fréchet space E is isomorphic to a quotient of some nuclear
Kothe space.

Proof Assume that E is not of finite type. Let § € Kwith 0 < |3| < 1. Then E
possesses a base (px) in P(E) such that:

(1) dim(E/ ker p;) = oc;

(2) Vk €N, p < B prsss

(3) for any k € N the canonical map g g+1: (Exs1, Pr+1) — (Ex, px) is compact.

Let (z,) be a linearly independent and linearly dense sequence in E such that
lin(z,) N ker p; = {0} (see the proof of Theorem 3). Put Z = lin(z,) and U,, =
{x €E: pu(x) <1} form € N. Letk € N.

Let (v,) be a | 3|-orthogonal basis in (Eg1, prr1) with |3| < Piri (vs) < 1,n € N,
such that lin(v,) = lin(gk+1(2z,)) (see [5], Theorem 3.16 (i) and its proof). Put
Uy = (pes1|2) " (), n € N. Then (u,) C Z N Upyy.
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We will show that Uy, C co(u,). Let x € Uiy, Assume that m € N, oy, ...,
am € Kand (x — Y7 aju;) € Ugya. Then

o (zm:ai“i) < maX{ s (zm:ai”i - X) ,pkﬂ(x)} <|6/°
i—1 i—1

and
m m
il | = E a'v-) > max ;) > 2 max |a;l.
Pk+1(zl: i 1) Pk+1(A 1 Vi Z |B‘ lgigmkarl( i 1) = |B‘ 1§i§m| 1|
i= i=

Hence max;<i<, || < 1. We have proved that | oju; € co(u,) provided
(x — sz:l ait;) € Ugyp. Thus x € co(u,), since (u,) is linearly dense in E. Hence
Uk+2 C E(un)

Put W = ZNUjy,. The set (W) is absolutely convex and compactoid in (Ej, pi)-
Therefore there exists a sequence (y;) C (8~ '¢r(W)\ {0}) with lim; p(y;) = 0 such
that (W) C co(y;) (see [6, Proposition 8.2]).

Letd; € B7'W with pi(d;) = y;,i € N. Clearly, 0 < pr(d;) < |8],i € N, and
lim; pi(d;) = 0. Since (u,) C Z N Uyy1, we have

VneNdImeNday,...,am € Bg : 0 < prlor(u,) — Zaiy,-) <n L
i=1

Putb, = u, — > . a;di,n € N. Then 0 < pi(b,) <n~',neN.

Letxs, | =d,, x5, = b, forn € N. Clearly, (xX) ¢ Zn(U;\ {0}), lim,, py(xk) = 0
and (u,) C co(xk); hence Uyy, C T0(u,) C co(xk).

Let (Si) be a partition of N into infinite subsets and let (x,,) be a sequence in E such
that (x,)nes, = (x’l‘,x’g, ...)forany k € N. Let d,x = pi(x,) for n,k € N. Clearly,
0 < dyix < dyjsr for n,k € N. Moreover, 0 < d,,,, < 1forn € S,,,m € N, and
limnesm dn,m =0,meN.

Put b, = dn,kd;,,ﬁ/mwrk’” forn € S,;,m € N, and k € N. Clearly, 0 < b, <
|B)byuk forall n,k € N. Letk € N. Forn € S,,,m € N, we have bn,kb_1 <

n,k+1
d,l,/,:,"|ﬁ|m Lete > 0. ThenI e NVm > L |f|" < eand F# e NVI <m <I1Vn €
(Sm \{1,...,t}),dnm < €". Hence Vn > t’b”akbn_ll+1 < e. Thus lim, bn,kb;iﬂ =
0, k € N; so the Kothe space K(B), associated with the matrix B = (bug), is nuclear.
We shall show that E is isomorphic to a quotient of K(B). Put Y = K(B) and
qr(a) = max, |ay,|byg for o = (o) € Y and k € N. Clearly, (qx) is a base in P(Y).
Let o = (a;) € Yand k € N. Forn € S,,,, m € N we have

Prlanxy) = Janldni < qe(e)byydui = qela)(dy|B]™)".

Thus lim,, px(a,x,) = 0 and max, pi(a,x,) < gi(a) forall = (a,) € Y and
k € N. It follows that the linear map

oo
T: YHE,Ta:Zanxn

n=1
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is well defined and continuous. Put V,, = {a € Y : q,y(«) < 1},m € N. Let (e,) be
the coordinate basis in Y. Let m € N. Since qm(ﬁmzen) = |ﬁ6’|m2bn7m = 1forn € S,
we have T(V,,,) D {,Bmzx,, :n € Spt;soT(Vy) D ﬁ’”zﬁ{xn’” :n €N} D B’”ZU,,HZ.
Thus the map T is almost open. By the open mapping theorem [4, Theorem 2.72]
we infer that T(Y) = E and E is isomorphic to the quotient (Y /ker T) of Y.

If E is of finite type and K(B) is a nuclear Kéthe space, then E is isomorphic to
a quotient of KV x K(B) and, by the first part of the proof, to a quotient of some
nuclear Kothe space. ]

Finally, we shall show that there is no nuclear Fréchet space X such that any nuclear
Kothe space is isomorphic to a quotient of X.

For arbitrary subsets A, B in a linear space E and a linear subspace L of E we denote
d(A,B,L) = inf{|3| : B € Kand A C BB+ L} (we putinf@ = o0). Let d,(A, B) =
inf{d(A,B,L): L < EanddimL < n},n € N.

It is easy to check the following.

Remark 8 Let E and F be linear spaces. If A, B C E and T is a linear map from E
onto F, then d,,(A,B) > d,(T(A), T(B)) forn e N.IfA’ C AC Eand B C B’ C E,
then d,(A,B) > d,(A’,B’) forn € N.

By the second part of the proof of [11, Lemma 2], we get

Lemma 9 Let (f,) be the sequence of coefficient functionals associated with a basis
(x,) in an lcs E. Let (ay), (bx) C (0,00). Put A = {x € E : max; \fk(x)\a;l <1} and
B = {x € E:maxy|fu(x)|b; ' < 1}. Then foranyn € N and o € K with || < 1 we
have d, (A, B) > |ala,b; .

Ifa = (a,) C (0,00) is a non-decreasing sequence with lima, = oo, then the
following Kothe space is nuclear: Ao(a) = K(B) with B = (bi,), brn = k* (see
[1]); Axo(a) is @ power series space of infinite type.

Now we can prove our last theorem.

Theorem 10  For any nuclear Kithe space X there exists a non-decreasing sequence
(ay) C (0,00) with lim, a, = oo such the space Ax(a) is not isomorphic to any
quotient of X.
Proof Let 8 € Kwith0 < |8] < 1. Let (x,) be a basis of X which is 1-orthogonal
with respect to a base of norms (py) in P(X) with lim,,[pk(xn)pk_;1 (x,)] =0,k € N.
Put Uy = {x € X : pr(x) < 1} for k € N. It is easy to see that

Vie NVm € N3n € N: Uy C 8"U; +lin{xy, ..., x,}.

Hence lim, d,(Uj;1,U;) = 0,i € N. Thus there exists an increasing sequence
(v4) C N such that for any n € N we have

max d, (Ugi, Up) < |Bln~".
max v, (Uki1, Ux) < | 6]
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Puta,, = min{n € N:v, > m},m € N,and a = (a,). Clearly, 0 < a,, < a,,, for
m € N, and lim,, a,, = oo.

Assume that the space A (a) is isomorphic to a quotient of X. Then there exists a
linear continuous and open mapping T from X onto A, (a). Thus for some k,s € N
we have

Vi D T(Uy) D T(Ugsr) D Vs,

where V; = {a = () € Axo(a) : max,, |a,|i* < 1},i € N.
Using Remark 8, we get

dm(Uk+1; Uk) 2 dm(T(Uk+1)a T(Uk)) Z dm(vs; Vl)a m € N.

Let n € Nwith a,, > max{k, s}. Put m = v,; then a, = n > max{k, s}. By Lemma 9
we have
du(Vs, Vi) > |6‘57um > |6|n7n > dp(Uk+1, Uk)s

a contradiction. u
Similarly to the proof of Theorem 10 one can show the following

Remark 11  For any nuclear Kéthe space K(A) with A = (a, ) there exists a non-
decreasing sequence (t,) C N with lim, ¢, = oo such that for B = (b, ;) with b, =
a, 1, 1, k € N, the nuclear Kéthe space K(B) is not isomorphic to a quotient of K(A).

By Theorems 7 and 10, we obtain

Corollary 12 There is no nuclear Fréchet space X such that any nuclear Kéthe space
is isomorphic to a quotient of X.
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