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A NOTE ON BUMP FUNCTIONS THAT LOCALLY DEPEND
ON FINITELY MANY COORDINATES

M. FABIAN AND V. ZIZLER

We show that if a continuous bump function on a Banach space X locally depends
on finitely many elements of a set F in X*, then the norm closed linear span of
F equals to X™. Some corollaries for Markusevi¢ bases and Asplund spaces are
derived.

Real valued functions with bounded nonempty support (bump functions in short)
are important in analysis on Banach spaces. Bump functions that locally depend on
finitely many coordinates play an important réle in Banach space theory (see for exam-
ple, {1]). The main result of this note is related to the Bishop-Phelps theorem on the
density of norm attaining functionals.

DEFINITION 1: Let F be a set in X*. A function ¢ that maps a Banach space
X into R U 4oo and is such that the set {z € X; ¢(z) < +oo} is open is said to
locally depend on finitely many elements of F if for every £ € X, where p(z) < 400
there is a neighbourhood U of z in X, a finite collection {fi, f2,...,fr} in F and
a continuous real valued function ¢ on R™ such that ¢(y) = ¢(fi(y),..., fn(y)) for
every y € U. If {za, fa}aer is a MarkuSevi¢ basis for a Banach space X and a
continuous bump function ¢ locally depends on finitely many elements of F' = {fa}qer,
we say that a function ¢ locally depends on finitely many coordinates of the Markusevié
basis {zq, fa}. If F = X* and a bump function ¢ on X locally depends on finitely
many elements of F', we say that ¢ locally depends on finitely many functionals or
coordinates.

Recall that a biorthogonal system {z4, fo}acr is a Markugevi¢ basis for a Banach
space X if the norm closed linear span of {z}aer equals X and {fa}aer separates
the points of X (that is, given £ € X, there is a € T' such that f,(z) # 0). If,
moreover, the norm closed linear span of {f,}aer equals to X*, we speak of a shrinking
Markusevi¢ basis for X (see for example, [2]).
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It was shown in [5] (see for example, [1, Proposition V.2.5]) that an infinite dimen-
sional Banach space X contains a subspace isomorphic to ¢y if it admits a continuous
bump function that locally depends on finitely many coordinates. Hajek showed in
[3] that a separable Banach space X admits an equivalent norm that away from the
origin is C'*°-smooth and locally depends on finitely many coordinates if X admits an
equivalent norm that away from the origin locally depends on finitely many coordinates.
We do not know if Hajek’s result can be extended for bump functions or for norms in
the case of nonseparable X . It is known that a Banach space X is an Asplund space
(that is, each separable subspace of X has separable dual) if it admits a Fréchet dif-
ferentiable bump function (see for example, [1, Theorem I1.5.3]). In this note we shall
prove the result stated in Abstract, which implies that a Banach space is an Asplund
space if it admits a continuous bump function that locally depends on finitely many
coordinates. Also, we shall show that a Markusevi¢ basis {z, f»} of a Banach space X
is necessarily shrinking if X admits a continuous bump function that locally depends
on finitely many coordinates of the Markusevi¢ basis {Z4, fo}. We shall prove that
continuous bump functions depending locally on finitely many coordinates cannot exist
on any infinite dimensional dual Banach space.

THEOREM 1. Let X be a Banach space and let F' be a set in X*. Assume that
@ Is a continuous bump function on X that locally depends on finitely many elements

of F. Then the norm closed linear span of F equals to X*.

PROOF: Define the function ® on X by

-2 i z
Q(z):{so (z) .f w()fo
+00 if o(z)=0.

It follows that ® is a bounded below lower semicontinuous function on X such that
S:={z € X;®(z) < +oo} is open and & locally depends on finitely many elements
of F.

In order to show that the norm closed linear span of F equals X*, let f € X* and
g > 0 be given.

From the Ekeland variational principle (see for example, [1, Theorem 1.2.4.]) it
follows that there is zg € S such that

(1) (@~ f)(@) 2 (2 - f)(@o) — €llx — Tol

forall z € X.
Let U, fi,f2,...,fn € F and ¢ be as in Definition 1 for ® — f and z,.
Let

W = {z € X; fi(z) = f2(z) = fu(z) = 0}.
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Finally let § > 0 be such that zo + h € U whenever h € X is such that ||h|| < 4.
Then if h € W, {|h|| < §, we have

®(zo + ) — B(zo) = ¥(f1(@o + h), ..., falzo + h)) — ¥ (f1(z0), . - ., fn(m0))
= ¥ (f1(20), -, falz0)) — ¥ (f1(z0), - - ., fn(x0))
= 0.

Hence from (1), for h € W, ||h}| < § we have
(2) f(h) = f(zo+ k) — f(zo) < ®(zo + h) — ®(z0) +€||h]| = £ ||Al}.

Let f be the restriction of f to W. Then by (2), for f as an element of W* | we have

<

Let ]71 be a norm preserving Hahn-Banach extension of f~ to X .
Note that f — }?1 € W+ and it follows from the bipolar theorem that W+ =
span{f1, f2,..., fn} as finite dimensional subspaces in X* are weak star closed.

Hence

dist (f, span F') < dist (f, span{fi, fa,.-., fn})
= dist (f, W)

<dist (£.f - 1)
- ]

<E.

Thus the norm closed linear span of F' equals X*. Theorem 1 is proven. a

COROLLARY 2. Assume that a Banach space X admits a continuous bump func-
tion that locally depends on finitely many coordinates. Then X is an Asplund space.

ProOF: Let ¢ with ¢(0) # 0 be a continuous bump function on X that locally
depends on finitely many coordinates. Assume that Y is a separable subspace of X .
Let @ be the restriction of ¢ to Y. Then ¢ is a continuous bump function on Y that
locally depends on finitely many coordinates (use the restriction of functionals on Y').

By Definition 1, for every z € Y choose a neighbourhood U, in Y, a finite number
of elements {f¥, f¥,..., f,fl} of Y* and a continuous function %® on R™* such that
®(z) = P (fF(2), f¥(2),..., fZ (2)) for every z € U,. By the Lindeldf property, let

{arn}:i1 C Y be such that {Uzn}oc> covers Y.

n=1

o0
For n e N let F, = {fi™, f3",..., fiz }. Denote by F'= |J Fn.
1

n=
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Then ¢ is a continuous bump function on Y that locally depends on finitely many
elements of F' and F is countable. By Theorem 1, Y* is a norm closed linear span
of F' and thus Y™ is norm separable. Hence X is an Asplund space. Corollary 2 is
proven. 0

COROLLARY 3. Assume that {za, fa}aer is a Markusevi¢ basis for a Banach
space X . Assume that X admits a continuous bump function that locally depends on
finitely many coordinates of the MarkusSevic basis {Zq, fa}aer. Then {zq, fa}aer isa
shrinking MarkuSevi¢ basis for X .

Proor: It suffices to use Theorem 1 for F = {fa}aer- 0

COROLLARY 4. Assume that an infinite dimensional Banach space X admits a
continuous bump function that locally depends on finitely many coordinates. Then X
is not isomorphic to a dual Banach space.

PROOF: Assume that X is isomorphic to Y* for some Banach space Y. By the
result in [5] (see [1, Proposition V.2.5]), X contains a subspace isomorphic to cg. Thus
Y* contains a subspace isomorphic to £, by the result of Bessaga and Pelczynski (see
for example, [4, Proposition 2.e.8]). The space X is an Asplund space by Corollary 2.
Hence Y* is an Asplund space and thus 4, is an Asplund space. This is not true as
{ contains a subspace isometric to £; the dual of which is nonseparable. Corollary 4
is proven. 0

Corollary 3 can be compared with the fact that a monotone Schauder basis {z,} for
a Banach space X with the Fréchet differentiable norm is necessarily shrinking (see for
example, [2, Proposition 240]). The canonical supremum norm of ¢ is a typical example
of a norm that away from the origin locally depends on finitely many coordinates of the
standard Schauder basis for ¢g. If {zn, fu} is a nonshrinking Schauder basis for ¢y (see
for example, [4, p.10]), then it follows from Corollary 3 that ¢g admits no continuous
bump function that locally depends on finitely many coordinates of the basis {z,, fn}.
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