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On a Few Diophantine Equations Related
to Fermat’s Last Theorem

O. Kihel and C. Levesque

Abstract. 'We combine the deep methods of Frey, Ribet, Serre and Wiles with some results of Darmon,
Merel and Poonen to solve certain explicit diophantine equations. In particular, we prove that the area
of a primitive Pythagorean triangle is never a perfect power, and that each of the equations X* —4Y* =
7P, X* + 4YP = 72 has no non-trivial solution. Proofs are short and rest heavily on results whose
proofs required Wiles’ deep machinery.

1 Introduction

Very recently, A. Wiles [W] proved that every semi-stable elliptic curve over Q) is mod-
ular, a result from which he deduced a proof of

Theorem 1.1 (Fermat’s Last Theorem) For n > 3, the diophantine equation
X' +Y' =2"

has no solution with XY Z # 0.

The last theorem implies that for p an odd prime and g = pr1, the diophantine
equation
(x+y+2)? =Gx,y,2).

where

9 a7 p p_l_zj U,
G(x, y,z) = 4(xyz) Z Z (2] N 1) ( pit1 )xp12]21y21Z2]’

j=0 =0
has no non-trivial solution, because of the Lamé identity:
x+y+z2)f —(—x+y+2)! —(x—y+2)! — (x+y —2)? = G(x, y,2).
Theorem 1.1 allowed Cao [C2] to prove that the diophantine equation

(1.1) Xt —vt=27,
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with p prime > 3, has no solution with XYZ # 0 and ged(X,Y) = 1. In fact,
equation (1.1) was previously studied by B. Powell [P] and H. Darmon [D2]. Cao
[C2] also considered the equation

(1.2) Xt —1=2mzP

with p prime > 3,m € N = {0,1,2,..., }, and we will solve in Theorem 2.1 (i) the
more general equation

(1.3) Xt —yt=2mzP.

We will also solve in Theorem 2.1 (ii) the diophantine equation
(1.4) X* —4y* =Z7P (p prime),
whose study was initiated by B. Powell [P] and Cao [C2].

Thanks to A. Wiles and some members (C. Breuil, B. Conrad, F. Diamond and
R. L. Taylor) of his school, we know that the Shimura-Taniyama conjecture is true
[B-C-D-T]: Every elliptic curve over Q) is modular. As a result, some new challenging

diophantine equations were completely solved by Darmon [D1], Ribet [Ribet], Serre
[S], Darmon and Merel [D-M] and Poonen [P].

Theorem 1.2 (Darmon) The diophantine equation
(1.5) X" +4Y" = 72,
where nis a prime =1 (mod 4), has no non-trivial solution with gcd(X,Y) = 1.
Theorem 1.3 (Serre) Let p be a prime > 11, let q be a prime of
8 ={3,5,7,11,13,17,19,23,29, 53,59}

with q # p, and let m € N. Then there are no triples of non-zero integers (X,Y, Z)
which satisfy

(1.6) XP +g"YP + 2P = 0.

Theorem 1.4 (Ribet) Let p be a prime > 3. Then for a > 2, the equation
(1.7) XP+2YP +ZP =0

has no solution in non-zero integers with gcd(X, Z) = 1.

Theorem 1.5 (Darmon-Merel) Let n > 3. Then the diophantine equation
(1.8) X'+Y"=27"

has no primitive solution with | XY Z| > 1.
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Theorem 1.6 (Darmon-Merel-Poonen)

(i) Forn > 4, the diophantine equation
(1.9) X'4+Y" =272

has no solution with XYZ # 0 and gcd(X,Y) = 1.
(ii) For n > 3, the diophantine equation

(1.10) X' +yr=2

has no solution with XYZ # 0 and gcd(X,Y) = 1.

In fact, in Theorem 1.6, Poonen [P] took care of the equations
X+Y' =27, X+Y' =27} X +Y’ =2

In the following sections, we will solve some diophantine equations and solutions
will rely on Theorems 1.1 to 1.6: see Theorems 2.1, 3.1, 3.2, 4.1 and 4.2. In some cases,
we generalize some particular cases considered by previous authors. Though most
of the times, proofs are short, they rest heavily on some deep results whose proofs
required Wiles’ machinery. A striking corollary of Theorem 3.1 is the following result.

Theorem 1.7 The area of a primitive Pythagorean triangle is never a perfect power.

This generalizes the previous result of Fermat that the area of a primitive Pythag-
orean triangle is never a perfect square (a fact which by the way is equivalent to the
statement that 1 is not a congruent number).

2 Some Diophantine Equations

In this section, we will prove Theorem 2.1, sometimes using the equality
(2.1) (x+) = (x=p)* =20 + ).

Theorem 2.1 Let p be an odd prime and let m € N. In cases (vii) to (x), if m % 0, then
p > 11, and q is a prime of § = {3,5,7,11,13,17,19,23,29,53,59} with q # p.
Then each of the following diophantine equations has no solution with XYZ # 0 and
gcd(X,Y) = ged(X,Z2) = ged(Y,Z2) = 1:

(i) X*-—Y*=2mzP;

(ii) X*—4y* =2p;

(i) X% +2mYP =27%

(iv) X*+4YP = 7%

(v) 4X*+YP=2%

(vi) X6 +4YP =77

(vii) X*—Y*=8q"ZF;

(viii) 2%P~2gPmX2%P — Y2 = ZF;
(ix) X% +4q"YF =27%
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(x) X2+4YP = g*m7%p,

Proof (i) If m = 0, this is Cao’s result [C2]. Let m > 1. The integers X, Y are
odd since gcd(X,Y) = 1. Moreover ged(X? + Y2, X? — Y?) = 2. Without loss of
generality, Z is also odd. Suppose first m > 2. Then

X+Y =2m"2¢P
(2.2) XFY =2d°
X2 +Y2 =2bP,

with Z = cdb, ged(c, d) = ged(c, b) = ged(d, b) = 1 and with c even if m = 2. Using
(2.1), we obtain

(2.3) 22m=6:2p 4 2P — pP,

For m = 3, this contradicts Fermat’s last theorem; for m > 4 and for m = 2, this
is a contradiction to Theorem 1.4.

Suppose now m = 1. Then X* — Y* = (X?> + Y?)(X? — Y?) = 2ZP. Hence
X2 +Y?=2b" and X*> — Y2 =2Pal, X + Y =247, X Y = 2P~ 'al; from (2.1), we
deduce a? +22~4a2P = bP, a contradiction to Theorem 1.4.

(i) We have (X? — 2Y?)(X? + 2Y?) = ZP with ged(X? — 2Y%, X? +2Y?) = 1.
Hence

X2 —2Y2=a?
(2.4)

X2 +2Y? =P,

with Z = ab and gcd(a,b) = 1, whereupon (2Y)? = a” + bF, a contradiction to
Theorem 1.5 (ii).

(iii) Theorem 1.6 takes care of m = 0. Let m > 1. Then (Z—X?)(Z+XP) = 2™YP
leads to

(2.5)

Z + XP = 2qf
Z T XP =2m1pp,

with Y = ab, ged(a, b) = 1, and with b even if m = 1. Hence £X? = a? — 2M=2pP q
contradiction to Theorems 1.1 and 1.4.
(iv) Here (Z + X*)(Z — X?) = 4Y? with gcd(Z + X?,Z — X?) = 2,50

Z+Xx* =27
(2.6) { !

Z—X*=2v7,

whereupon X? = Y! — Y7, a contradiction to Theorem 1.6.
(v) From (Z + 2X?)(Z — 2X?) = Y? and gcd(Z + 2X?,Z — 2X?) = 1, we deduce

Z+2x2=Y?
(2.7) { !

Z-2X2=Y},
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whereupon (2X)? = Y} — Y7, another contradiction to Theorem 1.6.

(vi) We have (Z + X°)(Z — X°) = 4Y? with ged(Z + X*, Z — X?) = 2. Hence

Z+ X3 =2y?
(2.8) { !

Z - X3 =2y},

whereupon X* = Y/ — Y7, a contradiction to Theorem 1.6.
(vii) Again X and Y have to be odd. Since (X*+Y?)(X*>—Y?) = 84™Z", we obtain

X*+Y?=2q"at X*+Y?%=2al
r
X2 —Y? =4pP X2 —Y? = 4q9™b?,

with Z = ab and gcd(a, b) = 1. Therefore we have

X +Y*=2q"at X*+Y?%=2al
X+Y =2 or X+Y =2q"c
XTFY =24d° XFY =24,

with b = ¢d and ged(a, ¢) = ged(a, d) = ged(c, d) = 1. Using (2.1), we obtain
H+d? =qg"a? or g +d* =at,

which are contradictions to Theorems 1.1 and 1.4.

(viii) Here 2P~ 1gmXP+Y = aP and 2P ~!1g"XP —Y = b? with Z = ab, whereupon
q"(2X)? = a? + bP, a contradiction to Theorem 1.4.

(ix) There exist a, b such that Y = ab and

Z+ XP =2q"ab
Z F XP =2bP.

Hence £X? = q"a? — b?, a contradiction to Theorems 1.1 and 1.4.
(x) From (q"ZF + X)(q"ZF — X) = 4Y P, with ged(q"ZP + X, q"ZP — X) = 1, we
obtain
q"ZP + X = 2af
q"zP — X = 2P,
with Y = ab, from which (after adding) we deduce q"ZP = a? + b?, a contradiction
to Theorem 1.3. [ |

3 Other Diophantine Equations

Let us recall that the primitive solutions of X*+Y? = Z? are given by the Pythagorean
triples

(3.1) X=a*—-V, Y=2ab, Z=da-01,

https://doi.org/10.4153/CMB-2002-028-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2002-028-1

252 O. Kihel and C. Levesque

with a, b € N, gcd(a,b) = 1 and 2|ab. By definition, a Pythagorean triangle is a right
triangle with integral sides.

Fermat proved that the area of a primitive Pythagorean triangle cannot be a square.
In fact, we will prove a stronger result.

Theorem 3.1 Let p be an odd prime and let m € N. If m # 0, then p > 11, and q
is a prime of § = {3,5,7,11,13,17,19,23,29,53,59} with q # p. Then there is no
integral solution to

(3.2) X*+Y?* =27 with XY =2q"T?,
where XYZ # 0 and gcd(X,Y) = 1.
Proof From (3.1), we have X = a> — b?, Y = 2ab, Z = a® + b?, subject to a,b € N,

gcd(a, b) = 1 and 2|ab. Hence XY = 2ab(a* — b*) = 2q™T? with (a,b) = 1. Then
we have three possibilities

a qrr? | r? rP
b sP qrs? | sP
a? = | tP qt?

leading respectively to

PR e VT R LT S B Ry 3
three contradictions to Theorem 1.3. |

As a corollary, we have Theorem 1.7 given in the introduction. By the way, the
hypothesis that the Pythagorean triangle be primitive is a crucial one as can be seen
withA =3.6,B=4-6,C=5-6(s > 1), where A + B> = C* and AB = 6*"".

Theorem 3.2 Letq € {3,7,11,19,23,59} and let p be a prime > 11 with q # p.
Then the diophantine equation

(3.3) X*+qY?=27* with XY =2DF

has no solution with XYZ # 0 and gcd(X,Y) = 1. Moreover, the only positive integral
solution of

(3.4) X?+2Y? =2 with XY =2DF >2,

where XYZ # 0and ged(X,Y) =1,isX =1,Y =2,Z = 3.
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Proof (i) If X is even, then Y and Z are odd and the congruence X* + qY? = Z2 is
impossible modulo 4, because g = 3 (mod 4). Since XY = 2D?, we have X = a®,
Y = 2b? with D = ab. From (Z + X)(Z — X) = 4qb*! withgcd(Z+ X,Z — X) =1,
we get

Z+X =2qb7"

ZF X =27,
whereupon upon subtraction, we deduce

+af = £X = qb%p - b;p,

a contradiction to Theorem 1.3.
(ii) Wehave X = a?, Y = 2b?, (Z + X)(Z — X) = 8b°?, so

Z+X=2b7
ZF X =4b7,

with b = byb,. Hence £a? = +X = b;? —2b3?, whereupon by Theorem 1.6, we have
|ab1b2|Sl,i.e.,le,Y:2,Z:3. ||

4 Equations Involving Fermat Quotients

For an odd prime p, the Fermat quotient Q,(X) of an integer X coprime to p is de-
fined by

p—1 _
(4.1) Q==L

Lucas already knew that Q,(2) is a square only for p = 3,7. Cao and Pan proved that
Q,(X) is a square only for (p, X) = (5, 3), (7, 2), and that Q,(X) is never the double
of a square (see [C-P] or [C2]). Osada and Terai [O-T] proved that the diophantine
equation

(4.2) Qy(X) =27 (qodd prime)

has no solution for p > 5 and Z odd and that for p = 3 the only solution is X = 2.
Cao [C2] proved thatif p = 1 (mod 4), then (4.2) has no solution, improving upon
a previous result of Le [L]. Moreover, Le [L] proved that for p = 1 (mod 4), the
only solution of Q,(X) = 2"Z%is (p,q,m,X,Z) = (5,3, 1, 3,2). The next theorem
covers other cases.

Theorem 4.1 Let p be an odd prime =1 (mod 3), let q be an odd prime, let m € N,
and let (; = eXp(sz) be a third root of unity. Let T be the set of primes of N which
do not split in Q.((3) (i.e., which are inert or which ramify in Q.((3)). Let P be a finite
product of elements of T (repetitions are allowed and an empty product is 1). Then the
only solution with X > 1 of the diophantine equation

(4.3) Q,(X) = p"PZ!

correspondsto P =3 -3 andisgivenby X =2, p=7,m=0,Z = 1.
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Proof Note that r € T ifand only if r = 3 or r = 2 (mod 3) (see [E-M]). Here
p = 6k + 1 for some k € N. Since (X* + 1)(X** — 1) = p™*1PZ1, we have three
possibilities to investigate

X*+£1 || p™'Piat | 2p™'Pial | 2Paf
X*F1 || P 2971p, bl 24~ pmtlp) i

where P = P, P, and Z = ab with gcd(P;, P;) = 1 and ged(a, b) = 1.

(i) Suppose (X* F 1)(X?* & X* + 1) = P,b%. Let us recall that the prime de-
composition in Q(¢3) of a prime r is given by the decomposition modulo r of the
minimal polynomial of (5. Therefore a prime r different from 3 and dividing P, does
not divide X2 + X* + 1, since it is inert in Q((3). Hence

(4.4) X*+xk+1=0 or X*+X*+1=130

According to Nagell (see p. 96 of [Riben]), the solutions (with X > 1) of the first
equation of (4.4) correspond to g = 3, +X* =18 0r —19,ie,k=1,X = 18 or 19,
and p = 7.

When X = 18, we have 18° — 1 = 7"*1PZ4, i.e, m = 2, P = 17 - 19 - 307, which
leads to a contradiction, since in particular 19 ¢ T. When X = 19, we have 19 — 1 =
23335 . 7°127 = 7"*1PZ4, Since q > 1, we have 127|P, another contradiction since
127 ¢ 7.

As far as the equation X** + XK + 1 = 3b’f is concerned (see p. 105 of [Riben]),
the solutions (with X > 1) are +X* = —2,9 # 2, i.e, k = 1, X = 2. Hence p = 7,
26 —1=37=7""1p7Z%,ie,P=3*m=0,Z=1.

(i) Suppose (X* F 1)(X* + X + 1) = 2971P,b%. Asiin (i), we have

(4.5) X+ xkr1=¢1 or X*£X+1=3,

which is dealt with as in (i).
(iii) Finally suppose (X*F1)(X* £ X*+1) = 2P,a". This case is again taken care
of as before. u

Last theorem takes care of Q,(X) = Z7 and of Q,(X) = 2"Z%. Note also the
infinite number of possibilities for the value of P.

For an odd prime p, we define the generalized Fermat quotient Q,(X,Y) of two
integers X, Y coprime to p by

Xp=t —yr-t
(4.6) QX)Y)= —7——.

Theorem 4.2 Let p be an odd prime and let m € N.
(i) Ifq = 2 or 3, then the diophantine equation
(4.7) Q(X,Y) =p"Z*

has no non-zero solution with Z odd and gcd(X,Y) = 1 (i.e., with 2|XY).
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(ii) Ifqis a prime dividing p — 1, then the diophantine equation
(4.8) Qy(X,Y) =2"Z1.
has no non-zero solution with gcd(X,Y) = 1.
Proof (i) Write p = 2k + 1. So we have
(4.9) (X* — YR (XF 4 YRy = pmtlza,
Since Z is odd, we obtain
(4.10) xXk+ryk=a1 Xtgyk=pmip
with Z = ab and gcd(a,b) = 1. The first equation in (4.10) has no solution by
Theorem 1.6.
(ii) Let p — 1 = 2lq. Then we have (X' + Y')(X"1 — yl) = 2"pZ1, so
(4.11) xXHT+ (YH1 =201, (XN F (YH =2 pbt

with Z = ab, ged(a,b) = 1, and

m ifm>1,
s+t =<0 ifm=0andZiseven,
q ifm=0andZisodd.

The first equation in (4.12) is impossible by Theorems 1.4, 1.5 and 1.1 according to
whether s > 2, s = 1, s = 0 respectively. ]
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