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THE ABBENA-THURSTON MANIFOLD AS A CRITICAL POINT

JOON-SIK PARK AND WON TAE OH

ABSTRACT.  The Abbena-Thurston manifold (M, g) is a critical point of the func-
tional /(g) = .’M(% rQ> — R) dVy, where Q is the Ricci operator and R is the scalar
curvature, and then the index of /(g) and also the index of —/(g) are positive at (M, g).

1. Introduction. Let M be a compact symplectic manifold with a symplectic form
Q. From Q(X, Y) = g(X,JY), g and J are created simultaneously by polarization. A met-
ric g created in this way is called an associated metric and the set of these metrics will
be denoted by 4. In particular 4 is the set of all almost Kédhler metrics on M which have
Q as their fundamental 2-form. Let M be the set of all Riemannian metrics of volume
1 on M. The *-Ricci tensor and the x-scalar curvature of an almost Hermitian manifold
are defined by

Rj:= Ry J"J, R':=R},

where R, is the component of the curvature tensor.

Blair and Ianus [3] showed that g € A4 with QJ = JQ is a critical point of K(g): =
Ju(R—R*)dV and H(g): = [y RdV on A. Here, R is the scalar curvature of (M, g). Since
R — R* = —1|VJJ* [7], Kahler metrics are maxima of functional K(g). Moreover, Y.
Muto [4] has studied whether a given Einstein metric gives a minimum of H(g) or not.

It is natural to ask for some concrete functional / on A (or M) such that a given
metric g, is a critical point of functional /. And then, it is interesting to compute the
second derivative of /(g) at the critical point g,,.

In this paper, we show that the Abbena-Thurston manifold, which is a compact sym-
plectic and not Kaehlerian and not Einstein manifold, is a critical point of some function
I(g), and investigate the index of /(g) and the index of —/(g).

2. A.-T. manifold as a critical point. Let G be the closed connected subgroup of

GL(4, C) defined by
| agn ags 0
0 1 a 0
0 0 fz 0 apn,a)3,as, x €R5,
0 0 0 leria
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ie.,G= HxS'isthe product of the Heisenberg group H and S'. Let ' be the discrete
subgroup of G with integer entries and M = G/I. Denote by x, y, z, ¢ coordinates on G,
say for 4 € G,x(4) = a12,(A) = ax,2(4) = ai3,1(4) = a. If Lg is left translation by
B € G,Lydx = dx,Lydy = dy,Ly(dz — xdy) = dz — xdy,Lydt = dt. In particular,
these forms are invariant under the action of I'; let m: G — M, then there exist 1-
forms «, o2, a3 and a4 on M such that dx = 7y, dy = 70, dz — xdy = 73 and
dit = m™ay. Setting Q = ag Ay +op A oz, weseethat Q AQ # 0and dQ = 0 on M
giving M a symplectic structure. The vector fields

9 e—£+xé e—2 e—a

Ty e O YT a

are dual to dx, dy, dz — x dy, dt and are left invariant. Moreover, {¢; } is orthonormal with
respect to the left invariant metric on G given by

ds* = dx* + dy* + (dz — x dy)> + d*.

On M, the corresponding metric is g = Y o; ® ;. The Riemannian manifold (M, g) is
referred to as the Abbena-Thurston manifold. Moreover, M carries an almost complex
structure J defined by

Je1 = &4, Jez = —e3, Je3 = ey, J84 = —€j.

Then noting that Q(X, Y) = g(X,JY), we see that g is an associated metric.
The curvature of g was computed by E. Abbena in [1]. With respect to the basis {e;},
the non-zero components of the curvature tensor are

3 1
Ko = - Knn = T Kz = T

Thus the Ricci operator Q is given by the matrix

-3 0 00
0 —3 00
o o Lo
0 0 00

and we note that Q? is parallel with respect to the Levi-Civita connection of g but that Q
is not parallel.

REMARK. From the expression for Q it is clear that (M, g) is not Einstein nor is
QJ = JQ. Thus the metric is not a critical point of H(g): = [y RdV, considered as a
functional on M or on 4 or for K(g): = [y(R—R*)dV, on A(C M). Here, M is the set
of all Riemannian metrics of volume 1 on G / I' = M, and A4 is the set of all associated
metrics on (M, Q).
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In the following we use local coordinates, and tensors are expressed in their compo-
nents with respect to the natural frame. When we take a C™ curve g(¢) in ‘M, we get
several tensor fields defined by

a h i i J
D/'i = ag/‘i, Df' = Dikgkl, Dh = Dlg‘gkg'h,

1
(1) D]hl e —Z—(VJDf + V,Dlh — VhDj,'),
D/i’,‘f = kajl?i - V./Di'iv

where V means the covariant differentiation with respect to the metric g(¢). Then,
0 P o) . '
(2) 5;{”} = Dji’ 51(1\7‘1‘ = l‘_{ji’ é“tRji = VSD;i - V/D:,

where {}}, K};; and R;; denote the Christoffel symbol of the metric g, the components of
the curvature and Ricci tensors respectively.
Then we get

PROPOSITION 1. The Abbena-Thurston manifold is a critical point of the functional

4. 3
I(g) = ./M(E trQ® — RydV,
M, where R is the scalar curvature.
PROOF. By straightforward computation, we get in general

d , )
(3) (20) = [ [2(VuViRgR™ +V, ViRyR" — V"V, RERy

—/
dt
1
— gV VIR R} — 2RIR}' R, + 5Ry)
14 5 i

T3 00— RgylDT dV.
Since Q7 is parallel and O° = %Q on the Abbena-Thurston manifold, we see [3, Lemma
of p. 25] that this metric on the underlying manifold M = G/T is a critical point of /(g).

REMARK. This Proposition stems from conversations between D. E. Blair and the
second author.
Now, differentiating [, dV = 1, we get

[¢ %’ dv =0,
4) .

0 i Lo
./Mg’ = dV—./M[D’D,»,-~5(D,-)]dV.
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Using general facts (2),(4) and Green’s Theorem, and the facts tr 0 = —1,0* = 10 and
V@? = 0 on (M, g), we get by computing

3

(dzl(g)
dr

o 1 "
) = LD D)+ (DY)
0
L 1 . . .
= (VD")(ViDy) = 5(V'DYVID)) + 2R R{(ViD)(ViD)
+2RY(V,V;R)(ViVR) + 2R™(V,V; D})(V, V/ DY)
+4RY(V, VDYV, VDY — 2R*(V,V'D; )V, VA D))
— 8R¥(V,V*D))(V,D})) + 8RY(V,;D);X(V'D},)
— 16R(V,; D}V D'**) — 8R, DY R;i(V,D*")
+ 16R"Ry D" (V; D) + 8R* Dy R (V;Dfy)
+4RR;D,, (VD" + 8RR;D}, (V,D'")
+ 8D Ry RID'R;j] dV.
The right hand side of (4) is a functional of the tensor field Dj;;. Denote this integral by
J(D).

DEFINITION 2. Let D be the set of all symmetric tensor fields D

(6) [M D dV =0.

Let us say that the dimension of the vector space {D € D | J(D) < 0} (resp. {D € D |
—J(D) < 0}) is the index of the functional /(g) (resp. —I(g)) at the critical point (M, g)
of I(g).

Then we obtain

THEOREM 3. Let I(g) be the integral as defined in Proposition 1. Then the index of
I(g) and also the index of —I(g) are positive at the Abbena-Thurston metric on ‘M.

PROOF. If we put D;; = fg;; where f is a C* function such that [y, /' dV = 0, then we
have from (4)

(M

(dzl(g)
ar

) = [M BRY(VVINNVIVi) + 8RV(V,VN(ViVH)
=0 !

—4R"RP (Vi Vuf) = 12 = AV
— (VN VAN av.

All the local calculations on M will be done on G and on its Lie algebra g because G is
locally isomorphic to M. Let x', x?, x3, x* be local coordinates of M and G = H x S' such
that x!, x2, x> are local coordinates of H and x* is a local coordinates of S'. The local
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components R} and R* with respect to local coordinates x',x, x>, x* of (M, g) are zero.
We can choose functions / on M which make (7) negative. This proves that the index of

I(g) 1s positive.
Now, let’s prove that the index of —/(g) is positive.

Let U be a coordinate neighbourhood of M, and let N C U be a neighbourhood of a

point p, € U, where the local coordinates are such that

gi =& {i}=0

at po. We assume that N is sufficiently small so that there exists a positive number ¢ such

that g satisfies in N

lgi — b5l <e, 17 —é4l <e, i} <e.

We want to take a suitable C*> tensor field D;;. We know that for any given tensor field

Dj; there exist g(¢) such that

6gj,-
— | =Dj.
( ot )0 ’

First we assume D; = 0 on M. Then we get from (1) and (5)

d*1
(8) (_ dt(:)_g))():,/M(Fl-*-Fz-*-FB + Fy)dV,
where
©9) Fy == (VD")(V,Dj) — E(VhDjf)(VhD") — 8D R RID"Ry;,
(10) Fy 1= 8R4 DY Rj(V,V° D) — 4Ry DY R;(V V' D),
(11) F3 := 2RSR)(V;DI)(V D)) — 4R Ry(V,D*)(V, DY)
+4RR(V,D* (V' Dy) — 8RRy (V,D*)\(V D)),

(12) Fy := —2R(V,V;D))(V,V°D* — 2R*(V,V, D))V, ¥/ D)

— 2RY(V,V'Dy)(Vi VD)) — 4RY(V, VD)V, V,;D")

+4RY(V,V'Dy)(ViVD*) + 4R (V, VD))V, V¥ D).
Define S;; by
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gji = éj, + CS},'.

Then S;; satisfy |S;;| < 1 onN.
Assume Dj; vanishes everywhere except in the interior of N, and define M, M,, M3
and M, by

M = max{lei(p)|;P € N;i,j=1,2,3,4},
M, = max{|0;Dy(p)|;p € N3j,i,h = 1,2,3,4},
My = sup{|g{}}p):p € N:Lij.k = 1,2,3,4},
My := max{|0(0;Di)p);p € N;Lij,k =1,2,3,4}.

(13)

From (13), we obtain on N

,Rji, < 8M;3 + 0(52),
(14) |V,Dy| < M, +8Me,
|0/(V;Di)| < Ms,

where M5 := My +8M M3 +8Mye,andj, i,k = 1,...,4. Inthe following we putn = 4.
Using (13) and (14), we find

(The first term of Fy)
= —2Ra(ViV;Die)(ViVDuo)g"g" g g" g
=3 > > “2Ra[0/(V;Di) = {;;}V:Die — {;i}ViDre — {1} V;Dir]

cb ljie ksda
[0(VsDaa) = {3V yDaa — {1} VsDya — {2, VsDay)
“(Oes T €8s )Opj + €S 6ot + ESen)Oak + €Sk )(Oai + €S4i)
< An° M3 (M) + 160" M\ (M3)> My + 16n° (M) ) (M3’
+ (32n8M, MoMs + 160" MaMy + 240" MaMs + 20n8(M5)2)M35 +0(e?).

Similarly, we get by computing

(15) Fy < 320D+ 6:Din)onDji| =3 (8;Diy)* + 64n* MM
h,ij h,ij

+120* My Mye + 9n* (M) e + 3200 M3MS + o(2),

(16) Fy < 48n"M\(M3)* My +96n* (M )2 (M5)
+240n" M\ Ms(n MoMs + MsM, + 2n My (M3)?) + o(e2),

17) F3 < 7207 (M>)2(M3)? + (360M- + 288n M )n” Ma(M3)e + o(<?),
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(18) Fy < 36n°(Mj +4nM\ M3Mj + 4n (M) (M3 ) ) M5
+ (288nM\ My Ms + 144M> My + 216M>Ms
+ 180n(M5)2)n7M35 +o(2).

Now let us consider a tensor field T};, which vanishes everywhere except in the interior
of N, such that all components are identically zero except

To=Tn=/,
where / is a C* function. By putting

1 1.
Dji =T — ;ng”‘g_/f =Ti— Ef g" g,

we get D! = 0 and

L] :
|6;Din — 6;Ti| < (If] + zla/fl)bmf +o(s).

Hence,
My = (max [f)(1+0(c)), My < max(|9f] + |f]£)(1 +o(c?))

and My = max|J,0;f|. Moreover, M3 is constant which is the geometric quantity of
(M, g) and Ms = My +8M M3 + 8M;e. Therefore, we can neglect all minor terms in
F\+ F> + F3 + F4. Now we replace 6;D;;, by 0;T};, to obtain

d’l 1
(%) = LT @TaeT) — 53 @1+ Clbt o M b)) 0V
dr 0 M hiij 2 hiij

= [ [=@fY — @) + CMy Mo, M, Ma)) Y

where C(M|, My, M3, My) = 304n®(M))2(M3)* + 1920 M (M3)* M4 + 720" (M> ) (M3 )* +
36n°M3(Ms)>.

As there exist functions /" on (M, g) for which the last integral is negative, the index
of —I(g) is positive.

Thus we have proved this theorem.

REMARK. (M, g) is also a critical point for K in a different context; C. M. Wood [6]
showed that the Abbena metric on the Thurston manifold is a critical point of K defined
with respect to variations through almost complex structures J which preserve g. For
this problem the critical point condition is [/, V*VJ] = 0, where V*VJ is the rough
Laplacian of the metric in question.
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