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On a family of contractive maps

Milan R. Taskovic

The object of this paper is to study common fixed points of

mappings of a complete metric space into itself. The results

obtained are generalizations of theorems of Iseki and Ray. An

example is given to show that our results are indeed extensions

of the theorem of Iseki.

1. Introduction

Let {X, p) be a metric space. A mapping T : X ->• X i s called an

/-contraction iff for every x, y € X , there exist real numbers

a. = a.(x, y) ( i = 1, . . . , 5) such that

p[Tx, Ty] S f[axp[x, y], a 2 p [ z , Tx], c^pfy, Ty], a^pfx, Ty], o^pfy, Tx]) ,

sup{/(a1, a 2 , a 3 , 0^, 0^) : x, y € x} = 1 € [0, l ) ,

where the mapping f : R •*• R i s increasing, semihomogeneous [that is to

say, for a l l & > 0 one has / ( S x ^ 6a;,,, . . . , SxJ 5 6/(3^, x^, ..., xj]

and g{x) = / a x , . . . , a a: continuous in the point x = 1 .

In [6] I proved the following r e su l t .

THEOREM T. An f-contraction T : X •* X on a T-orbitally complete

[that is to say, every Cauchy sequence {'f'x \ n 6 N, x € x] converges in

X] metric space X has a fixed point, and this is unique when

\Q
 e sup{ (0^, 0, 0, 0^, a ) : x, y € X) < 1 .

In a recent paper [2] Iseki proved the following:
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THEOREM I. Let X be a complete metric space, T (n = 1, 2, ...)

a sequence of mappings of X into itself. Suppose that there are non-

negative numbers a, b, c such that for x, y £ X ,

^ 0 i* 0

+ b[p[x, T Ay)]+p[y, T.(x)]) + ap[x, y] ,
j <-

where 2a + 2b + c < 1 . Then the sequence of mappings {T } has a unique

common fixed point.

(Let I be an in f in i t e set of indices and le t F = {T : \ € i] be a

family of maps which map X into i t se l f . A point E, € X is a common

fixed point for F i f f £ = T^E, for each T^ € F .)

THEOREM 1 . Let X be a complete metric space, {T : n € Pi} a

sequence of mappings of X into itself. For x y € X , let there exist

real numbers a- ( i = l , . . . , 5 ) such that

( 1 ) p[T.x, T.y] 5 / ( a , p [ x , y], o u p [ z , T.(x)], a p Q / , T Ay)],
U J -L C. L, J> J

s u p { f ( a l 5 a 2 , a 3 , a^, a ) : x, y € x} = 6 € [o , l ) „

where the mapping f : R -*• R is increasing, senrihomogeneous and

g(x) = / a x , . . . , ai-a; is continuous in the point x = 1 . Then the

sequence of mappings {T } has a common fixed point £ € X , and this is

unique when sup{ / (a , 0 , 0 , %alj, %a ) : x y^X}=6Q<l, and for

arbitrary x € X the sequence

(2) xn = Tn{xn_J , (n = 1 , 2 , . . . ) ,

converges to E, .

Proof. We prove that (2) is a Cauchy sequence, where x* (. X is

arbitrary. By assertion (l) we have
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P[V W = P ^ U ' T*+lM ~ ^ V ^ - l ' xJ ' V^n-l' *„] '
a3p[V Xn+J' Hptxn-1' X*+J' *V[V XJ) '

Now we use the following lemma, proved in [5 ] , p . 198.

fc+2
LEMMA. Let f •• R -*• R (k € N) be a monotonically increasing

(with respect to every real argument) and semihomogeneous mapping, let

g(x) = / a . , a.x, . . . , a,+-.x be continuous in the point x = 1 , and

let the sequence [x ) 0 / nonnegative real numbers satisfy the condition

Xn+k S fboxn> alxn+l> •-" akXn+k> ak+lC^ > n = l , 2 , . . . ,

where k is a fixed natural number, a , a , . . . , a , + . , C are real

constants, and f{aQ, a , . . . , a,+1) ? [0, l ) . Then there exist positive

numbers L and 8 € ( 0 , l ) such that

(3) a: 2 L6n (n = 1 , 2 , . . . ) , L = max

n i = l , 2 , . . . . f c

Applying this lemma to the sequence {pQc , x ]} , we obtain,

according to (3),

Hence, for n , s € tf ,

n a x

max fpQc., a;.+1]e"
7']e"(l-e)"1 , (n € W, 9 € (0, l)) ,

i=l,...,fc l t ^ X J

which implies that {x } is a Caucny sequence. Hence, by the completeness

of X , [x } converges to some point £ in X . For the point E f X ,

p[C, rB(5)] = P [ 5 . xm+1] - P
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Applying t h i s lemma to the sequence {PG£W-,» T (£)!} , we obtain,

according to (3 ) ,

Letting m -* <*> , we have p [£, T (£)] = 0 ; that i s , the point £ is a

common fixed point of a l l T

To show that £ i s the unique common fixed point of a l l T , we

consider a point y in X such that T (y) = y for every n . Then we

have

Hence p[5, y] = 0 ; that is, £ = y . This completes the proof of

Theorem 1.

Now we give an example of a family of maps satisfying the conditions

of Theorem 1, for which the conditions of Theorem I do not hold.

EXAMPLE. Let X = [0, 10] be the subset of reals with the usual

metric and let {T } be a sequence of functions which maps X into

itself, defined as follows:

'0 , x Z [0, 10/11) ,

T (x) =
1 , x i [10/11, 10] ; n = 0, 1, 2, . . . .

Then the conditions of Theorem I of Iseki [2] are not sa t i s f ied , since for

x = 10/11 , y = 1 ; while our conditions of Theorem 1 are sat isf ied for

the mapping

, t t € S)

with ox = a2 = 1 , a = 0 , a^ = -3 , a = a, = 0 .
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2.

In a recent paper [/], 6\r\6 proved the following:

THEOREM C. Let F = {T^ : A € i} be a family of functions which

maps a complete metric space (X, p) into itself and let 0 - q < 1 . If

there exists some T-. € F such that for each T, € F [A # A ) there are
A0 A 0

positive integers i, and j\ such

[ A A I I f -i — A I

. *0
 A J I L A

o J
f r i i i r S "in

%lp |x , Tx i/J+ply, Tx x\\j ,

holds for all x, y € X 3 then every T-. (. F has a unique fixed point in

X j which is a unique common fixed point for F .

Let F = |5" : A £ l\ be a family of functions each of which maps a

metric space (X p) into i t s e l f . If there exis ts some T-. € F such
Ao

that for each f. E f (A # A ) there are positive integers i, j , and

for every x, y € X there exist real numbers a. (£ = 1, ..., 5) such

that

j (x), p[(y)] < /(o^pfx, z/], a2p^x, rj (x)] , a

i\ (

sup{/(a1, a2, oy a^, a?) : x, y € j} = 6 € [0, l)

where the mapping f : R -*• R is increasing, semihomogeneous and

g(x) = /|aia;» •••» o'c;-c continuous in the point x = 1 , then mappings

T of this type will be referred to as having property (/") over X .
A

THEOREM 2. Let F = {r : A e !} be a family of functions which
A

maps a complete metric space (X, p) into itself, and let T, f F have
A
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property if) over X . Then every T, € F has a fixed point in X , and

it is unique when 6 < 1 3 and it is then the unique common fixed point

for F .

Proof. Let 5", f F be arbitrary. For arbitrary x (. X let us
A

c o n s i d e r a s e q u e n c e

~ \ X 2 n - l ' • • • •

By a s s e r t i o n (h) we h a v e

- l ' ^ n . J • a
3

P[X
2n' ̂ ^

V X2

Then by a r o u t i n e c a l c u l a t i o n one can show t h a t (5)> from the lemma, i s a

Cauchy sequence. Using completeness of X we have t h a t l im x = % , for
n

some C ̂  X . By assertion (U),

[5, 4Q(C)] = P[£. ^ * P ^ . rjo(«] 5 p[5, x

A p p l y i n g t h e l e m m a t o t h e s e q u e n c e \p\x , T , ( O f , we o b t a i n a c c o r d i n g
I L 2 n A

o J J

t o ( 3 ) ,

p j j , i \ ( 5 ) 1 £ p[C, x 2 n ] + L6n (n f N, 9 ? ( 0 , 1 ) ) .

L e t t i n g w -»• °° , t h e n we have p | £ , 7 , ( C ) | = 0 ; t h a t i s , t h e p o i n t
0

is a common fixed point of T, , and it is unique.
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By Theorem 1 and assert ion (k) , £ i s a unique fixed point of T^

and 2"? . Since T\ 2\ £ = 21, \T\ £ = 21. £ , 21. £ i s also a fixed
A V A

0
 J V A0 J A 0 A 0

point of 21!" , and therefore 21, £ = £ . Similarly i t follows that
A0 A0

2\£ = £ . So we have proved tha t £ i s a unique fixed point of 21, andA AQ

Tx •

Now we shall show that £ is a unique common fixed point for F .

Let 31, f F (A / X ? A) , be arbitrary. Since £ = 2", £ implies
A U J_ A

£ = T^ £ , by (U) and Theorem 1, £ is a unique fixed point of T{ . This
Ao x

implies that £ is a unique fixed point of 2", . This completes the
Al

proof of Theorem 2.

THEOREM 3. Let X be a metric space, and let {T } be a sequence

of mappings which map X into itself. Let T : X -*• X be an

f-contraction and let X be T-orbitally complete, and. 6 < 1 . If each

T has at least one fixed point u , and if we suppose that {T }

converges uniformly to T , then the sequence [u } converges to the

unique fixed point u of T .

Proof. By Theorem T, T : X •*• X has a unique fixed point u . We

have

5 /(alP[M, un], a2-0, «3p[wn, T{un)},

Applying the lemma to the sequence {p[w> u J} we obtain, according to

(3),

p[w, un] 5 LQn + p[r(Mn), ^ ( M J ] (n 6 ff, 6 € (0, D) .

Since {r } converges uniformly to 2" ,
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and we have that lim p[u, u ] = 0 , which completes the proof.
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