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Abstract. Let G be a locally compact unimodular group, and let ¢ be some function of n variables
on G. To such a ¢, one can associate a multilinear Fourier multiplier, which acts on some n-fold
product of the noncommutative L,-spaces of the group von Neumann algebra. One may also define
an associated Schur multiplier, which acts on an n-fold product of Schatten classes S, (L2(G)). We
generalize well-known transference results from the linear case to the multilinear case. In particular,
we show that the so-called “multiplicatively bounded (pi,..., pn)-norm” of a multilinear Schur
multiplier is bounded above by the corresponding multiplicatively bounded norm of the Fourier
multiplier, with equality whenever the group is amenable. Furthermore, we prove that the bilinear
Hilbert transform is not bounded as a vector-valued map L, (R, Sp,) x Ly, (R, Sp,) = Li(R, S1),
whenever p; and p, are such that i + 171; = 1. A similar result holds for certain Calderén-Zygmund-

type operators. This is in contrast to the nonvector-valued Euclidean case.

1 Introduction

In recent years, the analysis of Fourier multipliers on noncommutative L,-spaces
has seen a rapid development. In particular, several multiplier theorems have been
established for the noncommutative L,-spaces of a group von Neumann algebra (see,
e.g., [CCP22, CGPTb, JMP14, MeRil7, MRX22, PRS22]). Here, the symbol of the
multiplier is a function on a locally compact group and the multiplier acts on the
noncommutative Lj-space. In particular, the group plays the role of the frequency
side.

In several of these approaches, Schur multipliers are used to estimate the bounds of
Fourier multipliers and vice versa. For instance, upper bounds on the norms of Fourier
multipliers in terms of Schur multipliers play a crucial role in [PRS22]. Conversely,
transference from Fourier to Schur multipliers was used by Pisier [Pi98] to provide
examples of bounded multipliers on L,-spaces that are not completely bounded.
In [LaSall], analogous transference techniques were used to provide examples of
noncommutative L,-spaces without the completely bounded approximation property.
Furthermore, the use of multilinear Schur multipliers and operator integrals led to
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several surprising results such as the resolution of Koplienko’s conjecture on higher-
order spectral shift [PSS13] (see also [PSST17]).

Bozejko and Fendler proved the following in [BoFe84]. Let G be a locally compact
group. Let ¢ € C,(G) and set ¢(s,t) = ¢(st™!),s,t € G. Then the Schur multiplier
Mg : B(L2(G)) - B(L2(G)) is bounded if and only if it is completely bounded if and
only if the Fourier multiplier Ty : LG — LG is completely bounded.

Several papers have treated the extension of the Bozejko-Fendler result to non-
commutative L,-spaces. In particular, in [NeRill], Neuwirth and Ricard proved for a
discrete group G that

M5 Sp(L2(G)) = Sp(L2(G))[ev < [ Ty : Ly(L£G) = Ly (LG) co-

If G is moreover amenable, then this is an equality. The same result was then obtained
for G a locally compact group in [CaSal5]. An analogous result was obtained for
actions and crossed products by Gonzalez-Perez [Gonl8], and in an ad hoc way in
the bilinear discrete setting, a similar result was obtained for the discrete Heisenberg
group in [CJKM, Section 7].

The purpose of this paper is to prove transference results for Fourier and Schur
multipliers in the multilinear setting for arbitrary unimodular locally compact groups.
We confine ourselves to the unimodular setting for reasons further discussed in
Remark 4.4.

Now, we describe in more detail the contents of the paper. Our first main result
(Theorem 3.1) is the following multilinear extension of [CaSal5, Theorem 4.2]. The
definition of (py, ..., p,)-multiplicatively bounded maps is given in Section 2.7. If
n =1, then we are in the linear case and by a well-known theorem of Pisier [Pi98] a
map is “p-multiplicatively bounded” if and only if it is completely bounded as a map
on the L,-space with the natural operator space structure that was also introduced in
[Pi98].

Theorem A Let G be a locally compact second countable unimodular group, and let
1< p<oo, 1< py,..., py < 00 be such that p~ = Y1_, p;'. Let ¢ € C,(G*") and set
¢ € Cb(Gxn+l) by

(1.1) B(505-->5n) = (5057 515505 - Sty )5 si €G.

If ¢ is the symbol of a (p1, . . ., pn)-multiplicatively bounded Fourier multiplier Ty of G,
then ¢ is the symbol of a (py, . . ., pn )-multiplicatively bounded Schur multiplier Mg of
G. Moreover,

[ Mg =S5, (L2(G)) x -+ xSy, (L2(G)) = Sp(L2(G)) | (pycrps)-mb
<[ Ty Ly (£G) x -+ x Ly, (L£G) = Lp(LG) (py...op)-mb-

Note that in the linear (unimodular, second countable) case of n = 1, this result is
actually a strengthening of [CaSal5, Theorem 4.2]. Namely, the symbol here is only
assumed to define an L ,-Fourier multiplier at a single exponent p, whereas [CaSal5,
Theorem 4.2] requires that the multiplier is (completely) bounded for all 1 < p < co
simultaneously. The current proof takes a different route and uses results that appeared
after [CaSal5] in the papers [CJKM, CPPRI15, CPR18].
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For transference in the other direction, we need our group G to be amenable,
just as in [CaSal5, NeRill]. In fact, amenability is a necessary requirement for our
proof strategy (see [CaSal5, Theorem 2.1]). The following is our second main result
(Corollary 4.2). Note here the strict bounds 1 < p < oo, caused by the requirement that
the maps i, from Theorem 4.1 are complete isometries.

Theorem B Let G be a locally compact unimodular amenable group, and let 1<
PyP1s-- s Pn < 00 be such that p~' = Y1 p7'. Let ¢ € Cp(G*™) and define ¢ as in
(11). If ¢ is the symbol of a (pis ..., py)-bounded (resp. multiplicatively bounded)
Schur multiplier, then ¢ is the symbol of a (p1, . .., pn)-bounded (resp. multiplicatively
bounded) Fourier multiplier. Moreover,

1 Toll(prverpn) S IMG orrpn)s N Tol (prrespi)-mb < MGl (prs....pu)-mbo
with equality in the (py, ..., pn)-mb norm when G is second countable.

The proof is a multilinear version of the ultraproduct techniques from [CaSal5,
Theorem 5.2] and [NeRill].

In the final section, which can mostly be read separately from the rest of the paper,
we consider the case of vector-valued bilinear Fourier multipliers on R. Lacey and
Thiele have shown in [LaTh99] that the bilinear Hilbert transform is bounded from
Ly, (R) x Lp,(R) » Ly(R), when 2 < p<oco and % =L+ L The vector-valued

- P P2
bilinear Hilbert transform is bounded as a map from

LPI(R’ Sqn) x LPZ(R, qu) - LP(R, Sq)

whenever 1 <

1 1 1
+ + v
0T x(and] o 8 shown by Amenta and Uraltse

in [AmUr20] and Di Plinio et al. in [DMLV22]. In particular, this class does not
include Holder combinations of q;. We show that this result does not extend to the
case when p; = q;, p = g = 1, using a transference method similar to the ones used in
earlier sections. To be precise, we prove the following result (Theorem 5.2).

Theorem C  Let 1 < py, pa < oo be such that i + i =1and set h(s,t) = yso(s — ).
There exists an absolute constant C > 0 such that, for every N € Ny, we have

1T < Ly, (RSN x Ly, (R, SY) = Ly(R, SV) [ > Clog(N).

Additionally, we show a similar result for Calder6n-Zygmund operators. Here,
Grafakos and Torres [GrTo02] have shown that for a class of Calder6n-Zygmund
operators, we have boundedness L; x L; — L 1 oo in the Euclidean case. Later, a vector-
valued extension was obtained in [DLMV20]. Here, for a class of Calderén-Zygmund
operators, the boundedness of the vector-valued map was obtained for L, x L, — L,
with1< p, p1, p2 < coand % = i + i. Theorem 5.3 shows that the latter result cannot
be extended to the case when p = 1.

The structure of this paper is as follows. In Section 2, we treat the necessary pre-
liminaries and establish the definitions of multilinear Fourier and Schur multipliers.
We also look briefly at transference in the case that p; = oo for all i. In Section 3, we
prove the transference from Fourier to Schur multipliers for general p;; the other
direction for amenable G is proved in Section 4. Finally, in Section 5, we give the
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counterexamples for the vector-valued bilinear Hilbert transform and Calderén-
Zygmund operators.

2 Preliminaries

2.1 Notational conventions

N denotes the natural numbers starting from 0, and N5, denotes N\{0}. M,, := M,,(C)
denotes the complex n x n matrices. We denote B(H) for the bounded operators on a
Hilbert space H. We denote by E;,1< s, t < n, the matrix units of M,,. Likewise, Es;,
s, t € F denote the matrix units of B(¢,(F)) whenever F is a finite set. We also use 1p
to denote the indicator function on the set F.

2.2 Locally compact groups

Let G be a locally compact group, which we assume to be unimodular with Haar
measure yc (see Remark 4.4). Integration against the Haar measure is denoted
by [ -ds. For 1< p<oo, we let L,(G) be the p-integrable functions with norm

determined by | f Hg = [|f(s)|ds. C.(G) denotes the continuous and compactly sup-
ported functions on G. L;(G) is a *-algebra with multiplication given by convolution
(f »g)(t) = [ f(s)g(s't)ds and involution given by f*(s) = f(s!). A denotes the
left regular representation of G on L,(G), i.e., (A;f)(t) = f(s7't). A also determines
a representation of L;(G) by the strongly convergent integral A(f) = [ f(s)Asds. The
Fourier algebra [Eym64] is defined as

(CAY A(G) = La(G) * L2(G) = {s = (A& 1) [ &, € L2(G) }
Set the group von Neumann algebra
LG ={As|se G} ={Mf) | feLi(G)}".

It comes equipped with a natural weight ¢ called the Plancherel weight that is given,
for x € LG, by

o (") :{ gn;, if3f € Ly(G) s.t. VE€ Co(G) : xE = f % &,

otherwise.
¢ is tracial since (in fact if and only if) G is unimodular, i.e., p(x*x) = p(xx*).
2.3 Noncommutative L ,-spaces

Let L,(£G) denote the noncommutative L,-space associated with £G and the
Plancherel weight ¢. Since ¢ is a trace, this space can be viewed as the completion
of the set of elements in £G with finite | .||, (c¢) norm:

Iz o)
L,(LG) = {x € LG : x|, (cc) = o(|x[P)V/P < 0o} .

Let C.(G) » C.(G) denote the span of the set of functions of the form f; * f,, f; €
Cc(G).Then A(C.(G) » C.(G))isdensein L,(LG) forevery1 < p < co and is weak*
dense in Lo, (LG) = LG.
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2.4 Multilinear Fourier multipliers

Let ¢ € C,(G*"). The Fourier multiplier Ty associated with the symbol ¢ is the
multilinear map defined for A(f;), f; € C.(G) = C.(G) by

Te(A(fi)s -5 A(fn)) = fG Sty .. ta) ilt)) oo fu(t)A(t1 .. ty)dty ... dty.

Let 1< pp,...,pp,p< oo with p™' =3, p;'. Assume that Ty maps A(C.(G) *
Cc(G)) x -+ x M(C.(G) * C.(G)) into L,(£G). Equip the ith copy of A(C.(G) *
Cc(G)) with the .|, (cc) topology. If Ty is a continuous multilinear map with
respect to the above topologies, we extend Tg toamap L, (£LG) x -+ x L, (£G) -
L,(£G). By mild abuse of notation, we also denote this map by Ty, and call it the
(p1> ..., pn)-Fourier multiplier associated with ¢. When some or all of the p;, p are
equal to co, we equip the corresponding copy of A(C.(G) ~ C.(G)) with the norm
topology from Cj (G), and replace L,,(£G) by C; (G).

By a closed graph argument, Ty is then a bounded multilinear map, and we denote
its norm by || T [ (p,.....p.)-

2.5 Schatten p-operators

For 1< p < oo, let S,(H) denote the Schatten p-operators on a Hilbert space H
consisting of all x € B(H) such that |x|s, := Tr(|x[?)Y? < co where Tr is the usual
trace on B(H). Se (H) denotes the compact operators on H. For 1 < p < g < oo, we
have the dense inclusions S,(H) ¢ S,(H).

Again, let G be a unimodular locally compact group. For F c G arelatively compact
set with positive measure, let Pr: L,(G) — L,(F) be the orthogonal projection.
Then, for 1< p < oo, and x € L,,(£G), xPr defines an operator in S,,(L,(G)) (see
[CaSals5, Proposition 3.1]). For x € L,(£G) with polar decomposition x = ulx|, we
will abusively denote by PrxPp the operator (|x|"/2u*Pg)*|x|/?>Ps, which lies in
Sp(L2(G)) whenever x € L,(£G). We will additionally use the fact that the map

x> g (F) VP PexPr

defines a contraction from L,(£G) to S,(L,(G)) [CaSal5, Theorem 5.1].

Let E be an operator space. For N € Nyj,and1< p < o0, S f," [ E] will denote the space
My (E) equipped with the “operator-valued Schatten p-norm.” When E = C, thisis the
Schatten p-class associated with a Hilbert space of dimension #, or equivalently, the
noncommutative L,-space associated with My equipped with the normalized trace,
and is denoted by just Sg .When p = oo, the norm on S, [ E] is the operator space norm
on My (E); for p = 1, this is the projective operator space norm on S;¥ ® E. The rest are
constructed via interpolation. The particulars will not be used in what follows; we refer
to [Pi98] for the details. If E is the noncommutative L ,-space associated with some
tracial von Neumann algebra M, S;’ [E] can be identified with the noncommutative
L ,-space corresponding to My ® M.
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2.6 Multilinear Schur multipliers

Let X be some measure space. We identify S,(L,(X)) linearly and isometrically
with the integral operators given by kernels in L (X x X). This way A € L,(X x X)
corresponds to (A&)(t) = [ A(t,s)&(s)ds. Throughout what follows, we will make
no distinction between a Hilbert-Schmidt operator on L,(X) and its kernel in
L (X x X).

For ¢ € Lo, (X*™*!), the associated Schur multiplier is the multilinear map
S2(L(X)) x - -+ x §2(La(X)) = S2(L2(X)) determined by

My(Avs... An)(tortn)
:fxm_l¢(t0,...,tn)Al(tO,tl)Az(tl,tz)...An(tn_l,tn)dtl...dtn_l.

That My indeed takes values in S, (L, (X)), or rather L, (X x X), is an easy application
of the Cauchy-Schwarz inequality, as we show here in the case of n = 2:

2drdt

, f)(¢(rs5,t)A(T,S)B(s,t)d5

X
g\|¢\|;fXfX(fx|A(r,s)|2ds)dr(fx|B(s,t)|2ds)dt
= [olZ% 1Al BI3-

The case of higher-order # is similar to [PSST17, Lemma 2.1].

Let 1< p,piy..., pu < 00, with p7' = ¥7 | pi'. Consider the restriction of Mg
where its ith input is restricted to S, (L, (X)) N Sy, (L2(X) ). If the resulting restriction
takes values in S,(L,(X)) and has a bounded extension to S, (L(X)) x --- x
Sp, (L2(X)), its extension, also denoted by My, is called the (pi,...,p,)-Schur
multiplier.

2.7 Norms for multilinear maps

IfE,,...,E,, E are Banach spacesand T : E; x --- x E,, — E is a multilinear map, we
recall that | T is the quantity sup, g .1y [ T(x1, .., x0) |-

If Ey,...,Ey, E are operator spaces, T is a multilinear map, and N € Ny, the
multiplicative amplification of T refers to the map

2.2) T - My(E) x -+ x My(E,) - My(E),

which sends x; = a; ® v; where a; € My, v; € Ej;to (a1 ... 00) ® T(vy,...,vy). T®)
is viewed as a multilinear map on the space My (E;), which is equipped with the
matrix norm from the operator space structure of E;. We say T is multiplicatively
bounded if | T np = supy | T < oo.

Let1< p, pi,...,pn < 0o with pt = 7| pi'. Generalizing a definition by [Xu06],
we will say a multilinear map T : Ey x --- x E, — E is (py, ..., p)-multiplicatively
bounded if the multiplicative extensions

T .= TV

SNIEDx - x SY [By] ~ SY[E]
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have uniformly bounded norms. The (py, ..., p,)-multiplicatively bounded norm of

.....

Remark 2.1 Ttisunclear ifthis definition of (py, .. ., p, ) -multiplicative boundedness
corresponds to complete boundedness of some linear map on some appropriate tensor
product of the E;’s. In the special case that the range space is C and n = 2, such a tensor
product has been constructed in [Xu06, Remark 2.7]. However, this tensor norm does
not seem to admit a natural operator space structure, nor does it seem to work in the
multilinear case.

The norms of multilinear Schur multipliers are determined by the restriction of
the symbol to finite sets. This is the multilinear version of [LaSall, Theorem 1.19] and
[CaSal5, Theorem 3.1].

Theorem 2.2 Let y be a Radon measure on a locally compact space X, and let ¢ :
X" - C be a continuous function. Let K > 0. The following are equivalent for 1 <
Plseevs P> P < 00:
(i) ¢ defines a bounded Schur multiplier S, (Ly(X)) x -+ x Sp, (L2(X)) -
Sp(L2(X)) with norm less than K.
(ii) For every o-finite measurable subset X, in X, ¢ restricts to a bounded Schur mul-
tiplier Sp, (L2(Xo)) x -+ x Sp, (L2(Xo)) = Sp(L2(Xo)) with norm less than K.
(iii) For any finite subset F = {s1,...,sn} ¢ X belonging to the support of u, the symbol
@l pxneny defines a bounded Schur multiplier S, (£,(F)) x -+ x Sp, (£,(F)) -
Sp(£2(F)) with norm less than K.

The same equivalence is true for the (py, ..., pn) — mb norms.

Proof (i) = (ii) is trivial. The implication (ii) = (i) remains exactly the same as
in [CaSal5, Theorem 3.1] except for the fact that we have to take x; € S, (L2(X))
and take into account the support projections of xy,x;,...,%x,, %, when choosing
Xo. The equivalence (ii) <> (iii) is mutatis mutandis the same as in [LaSall, The-
orem 1.19]. For the (py,..., p,) — mb norms, we apply the theorem on the space
Xy =Xx{l,...,N} and function ¢n((s0,i0)>---> (Sn>in)) = &(s0,...,s,) and use
the isometric identifications

Sq(La(Xn)) 2 Sq(L2(X) ® (CN) ~ S?(Sq(LZ(X)))
and the fact that under these identifications, we have

M;N)(xl,...,x,,):M¢N(x1,...,x,,), xieS;\i(Spi(Lz(X))). m
2.8 Transference for p; = oo

Let G be a locally compact group which in this subsection is not required to be uni-
modular. The following Proposition 2.3 (based on [EfRu90, Theorem 4.1]) was proved
in [ToTul0, Theorem 5.5]. This is a multilinear version of the Bozejko-Fendler result
[BoFe84], and it yields a transference result between Fourier and Schur multipliers for
the case p; = - -+ = p, = co. We give a proof of the ‘if” direction that is slightly different
from [ToTul0] by using the transference techniques from Theorem 3.1, which simplify
in the current setup.
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Proposition 2.3  For ¢ € Cp(G*"), set
$(so, ossn) = B(soss 51857 o Snisy ), s;i€G.
Then Mg is multiplicatively bounded on Seo(L2(G))*" = Seo(L2(G)) iff Ty defines a
multiplicatively bounded multilinear map on LG*" — LG. In this case, we have
I Tslmb = | Mgl

Proof of the “if” direction Assume that T is multiplicatively bounded. Let F ¢ G be
finite with |F| = N. Let ps € B(¢,(F)) be the projection on the one-dimensional space
spanned by the delta function 8. Let ¢ := ¢|pxns1. By Theorem 2.2 (using that ¢ is
continuous), it suffices to prove that

Mg, : B(£2(F))™" — B(£2(F))
and its matrix amplifications are bounded by ||Ty|mp. Define the unitary U =
Yser Ps ® As € B(£2(F)) ® LG and the isometry
m:B(l,(F)) - B(£L2(F))® LG, n(x)=U(x®id)U".
Note that 7 satisfies 7(Es;) = Es; ® Ag41. For sg,...,s, € F,

(Mg, (Esysps Esysys > Es,1s,)) = (@505 -+ 5n) Esys,)
= (057" s 5n15, ) Esys, ® Asoscts
whereas
Ty ((Eegs)s - 7(Eeyi5,)) = T (Bagsy @ A5 Beyys, ® A1)
= Egp5, ® Tp(Agpicts o5 Ag, 1)
= (s0s7h .. ssn15, ) Egys, ® Agosits

It follows that TqEN) om*" = mo Mg, . This implies that

N N
‘|M$FH = Hn’oM$FH = HT¢(> )OT[H < HT¢(> )H < HT¢Hmb-

By taking matrix amplifications, we prove similarly that | Mg, [ mp < | T/ mb- |

Remark 2.4 A multilinear map on the product of some operator spaces is mul-
tiplicatively bounded iff its linearization is completely bounded as a map on the
corresponding Haagerup tensor product. However, as [JTT09, Lemma 3.3] shows, for
Schur multipliers Mg on See(L2(G))™", just boundedness on the Haagerup tensor
product is sufficient to guarantee that My is multiplicatively bounded. Note that even
in the linear case, when p < oo, it is unknown whether a bounded Schur multiplier on
Sp(L2(R)) is necessarily completely bounded unless ¢ has continuous symbol (we
refer to [Pi98, Conjecture 8.1.12], [LaSall, Theorem 1.19], and [CaWil9]).

3 Transference from Fourier to Schur multipliers

Let G be a locally compact group, which is again assumed to be unimodular. We
will prove that symbols of (py,...,pn)-Fourier multipliers are also symbols of
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(p1>- - > pn)-Schur multipliers using a multilinear transference method. This yields
a multilinear version of [CaSal5, Theorem 4.2]. We stipulate that in the proofs of
[CaSal5, Section 4], the transference is carried out for rational exponents p. In order
to treat the general multilinear case, we present an alternative proof that transfers
multipliers directly for every real exponent p € [1, 00). In fact, this gives an improve-
ment of [CaSal5, Theorem 4.2], which is stated under the stronger assumption that
the multiplier acts boundedly on the Fourier algebra (equivalently is a p-multiplier
at p =1). The fundamental difference in the proof is that we base ourselves on the
methods from [CPPRI5, Claim B, p. 24] and [CJKM, Lemma 4.6].
As before, for ¢ € C,(G*"), we set ¢ € C, (G*"*1) by

B(505-->5n) = (505755157 5 - - Sn_15,0)s s; €G.

Theorem 3.1 Let G be a locally compact, second-countable, unimodular group, and
let 1< p<00,1<py,...,pp < 0o besuchthat p' = Y% pit. Let ¢ € C,(G*™) be the
symbol of a (i, . . ., py)-multiplicatively bounded Fourier multiplier of G. Then ¢ is the
symbol of a (p1, . .., pn)-multiplicatively bounded Schur multiplier of G. Moreover,

|Mg: Sp,(L2(G)) x -+ x Sp,(L2(G)) = Sp(L2(G)) | (pus...op)-mb
< ”Tqb : LPI(LG) Xooee X Lpn(LG) - LP(LG)H(pl ..... pn)-mb-

Proof Let F C G be finite. Consider the Hilbert space ¢,(F), and for s € F, let p;
be the orthogonal projection onto the one-dimensional space spanned by the delta
function ;. By Theorem 2.2, it suffices to show that the norm of

Mg :8p,(62(F)) x -+ x 8p, ((2(F)) = 8,(£2(F))

and its matrix amplifications are bounded by | T | (p,,....p,)-mb-

The proof requires the introduction of coordinatewise convolutions as follows. Fix
functions ¢y € A(G) such that ¢ > 0, ||, (g) = 1 and such that the support of ¢y
shrinks to the identity of G; from (2.1), it is clear that such functions exist. Then, for
any function ¢ € C,(G™"), we set

(3.1)
Or(s1,...,80)

n
= fo” (1 s1ta, 1y S2t3, ooy ty ySncatnts By 1Snots Snty ) (H QDk(tj)) dt...dt,.
j=1
For the particular case n = 1, this expression becomes by definition

¢ (s) ::[Gqs(st-l)(pk(t)dt:fG¢(t-l)<pk(ts)dt.

Let (Uy)q be a symmetric neighborhood basis of the identity of G consisting of
relatively compact sets. Set

ke = |Ua| 22 (10,)s

with polar decomposition ky = ugh,. Then k, is an element in L, (L G) with | ky|2 =
1. Consequently, h2/? is in L,(£G) for 1< q < oo with [hZ9] = 1. In case g = o0 by
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mild abuse of notation, we set h2/4 = 1. Set the unitary

U=> ps®A €B({:(F)) ® LG.

seF

Now, let a; € S, (£,(F)). Since ¢ converges to ¢ pointwise, we have

Mgg(al,...,an) = liIICnM&(al,...,an).
So, with N = |F|,

2
|Mz(ar, ... a,,)HS;v :liinlimsup Mg (ar,...,a.)®hg HSQ’®LP(LG)
o

3.2 o -

( ) :ll}{nhmasup HU(M@((&II,,an)@hD’:)U HS;"@LP(LG)
<A+B,

where

(3.3)

A =limsuplimsup | TékN)(U(al ®hPHU,...,U(a, ® ho’?‘)U*)Hslz’vmp(LG),
k o

B = limsup limsup | TS (U(a1 ® hf )U*,..., U(a, ® " )U*)-
k a

2
U(M&(al, PP an) ® hg )U* ”S;’@LP(LG)'
Below, we prove that B = 0. Therefore,

(3.4)
[Mg(a,..., ) [y

< limksup limasup I3 (U ® hfl)U*, .., U(a, ® hiv YU*)syer,c0)
< limksup limasup | T(;iﬁ U (a1 ® hf‘ )U*Hslz)vlmm(gc) < U(an ® h&%" Yur Hs;’n@Ll,n(L‘G)
= lim sup 1Tge Hanlsy - lanlsy

where the norm of TékN) is understood as in (2.2) for the map T, : L, (£G) x

- x Ly, (L£G) = Ly(LG). By [CJKM, Lemma 4.3] and the fact that |k, 6) =1
it follows then that | TékN) [ <] TéN) |. Hence,

N
(3.5) [Mg(ar, ... an)lsy <ITM Marlsy - lanlsy

This finishes the proof. The multiplicatively bounded case follows by taking matrix

amplifications.
Now, let us prove that the last term in (3.2) goes to 0. By the triangle inequality, it
suffices to prove that the limits of the following terms are 0. For ry,...,r, € F with
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matrix units E,, ;..

(3.6)
2 2 2
T (U (Ergr, ® W)U, U(Er, yr, ® hE")U") = U(Mg—(Ergrys - Ery yry) ® B2 YU

2 2 2
—E,, ® (T¢k g hB s Ay BT AL) = B (rors s Fuara YA )Lfn) .

Applying the transformation formula [CJKM, Lemma 4.3] to the Ty, term,

2 2 2 2
To (Aroha' Arps o5 Ary B A7) = Ao Ty (g -1ty - vy (Bt 5o B )AL
Taking the norm of the expression in equation (3.6),

(37) [(3-6)lsyer,c6)

2 2 2
= Tyro- ritvorn -y (BE 5o BE) = $i(rory s raary D BE | Ly c0)-

We now claim that limy limsup,, of this expression yields 0, by almost identical
arguments as those used in [CJKM, Lemma 4.6]. Since we have a couple of differences,
namely that we have a translated function ¢x(ro - 77%,...,7,—1 - ;') and we do
not use the small almost invariant neighborhoods (SAIN) condition (see [CPPRIS5,

Definition 3.1]), we spell out some of the details here.
Let { : G — R, be a continuous compactly supported positive definite function in

A(G) with {(e) =1, so that T; is contractive. For 1< j < n, let {(s) = C(rjf_llsrj) and

let p(Crsevs Ga) (S0 o5 8n) = 9(s1, -5 80)G(s1) - .- Cu(sy). Then

2

2 2 2
" -1 -1
HT¢k(ra»r" ..... r,,,,-r;l)(holt)l»nﬂh; )_¢k(r0r1 see e a1ty )hnft) ”L,,(LG)

1

2
<T@ o s rucary) = dkCrory sy ruar,) ) e 6

F TGt o s - ey (s oo 1) = Ty vt ey (a5 R ) 6y

= Ak,a + Bkﬂx + Ck,a~

The terms Ay 4, By, «> and Cy , should be compared to the terms occurring in [CJKM,
equation (4.7)]. Since ¢ have support shrinking to e, and j(rj,lrjfl) =1, it follows
that limy Ago=0.

For fixed 1y, ..., t, € G, define

andforl<j<n-2,
2
_ pj
Yia = At;‘r]-_lh(x Arjflt,-ﬂ’

2
— Pn-1
Yn-l,a = At;llr,,,zhut /lr;il’

2
— 4
Yna =Ar,  hg" /\r;lt;I'
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By the same arguments as in [CJKM, Lemma 4.6, after equation (4.8)], we get, for
1<j<n-2,

li;n H(T(j — id) ()’j,rx)Hij(,cg) =|((r;_11t;lrj_lr;ltjﬂtj) — 1|,
(3.8) lim (Tt , =1d)(yn-1,a) 1, (c6) =[C(rlstnliraa) =1,
lign ”(T(n - id)()’n,tx)HLp,, (£G) =|C(r;1t;1r,,) - 1|-

Crucially, here we require this argument from [CJKM, Lemma 4.6, after equation
(4.8)] only for x; = 1. Hence, we do not require the use of [CJKM, Lemma 3.15], which
uses the SAIN condition. Furthermore, note that in this case, the above equalities are

trivially true when p; = oo (as hz/ Pi'~ 1 in that case), so we do not require the use of
[CJKM, Proposition 3.9], which holds only for 1 < p; < co. Integrating Cq (1, ..., t,)
against ]7_; ¢x(#;), we can show that limy limsup, Ci,q =0, just as in [CJKM,
Lemma 4.6].

To show that limy lim, By o = 0, we only note the modifications from [CJKM,
Lemma 4.6]. As before, x; = 1in the proof of [CJKM, Lemma 4.6]. The operators T;

appearing in that proof are to be replaced with T, ;. ) forl1<j<m-land T,
is Ty, (t,rsy - r:1)- Since all x; are 1, the term Sin(xj418j42(xjs2 .. Sp1(Xp-1) ...)) in
the definition of R; y that appears in [CJKM, Lemma 4.6] is now just the scalar

n-1

I1 or(riari't).

i=j+1

Now, in equation (4.13) of [CJKM], the commutator terms vanish, as one of the terms
in every case is a scalar. Additionally, since the 3; in the estimate for the first summand
in equation (4.14) of [CJKM] is a scalar, we can once more avoid [CJKM, Lemma 3.15]
and the SAIN condition. Once again, note that since x; = 1, the proof remains valid
even when some of the p; = oo. [ ]

Remark 3.2 Theorem 3.1 assumes G to be second-countable since its proof relies on
[CJKM], which assumes second countability.

Remark3.3 Fix1<i<n.Incasep;=p=1andp;=ooforalll<j<n,i#j,wedo
not know whether Theorem 3.1 holds. The reason is that we do not know whether the
limits (3.8) (at index i) hold and neither do we know if the two further applications of
Proposition 3.9 in [CJKM, Proof of Lemma 4.6] hold.

4 Amenable groups: transference from Schur to Fourier multipliers

Recall [BHVO08, Section G] that G is amenable iff it satisfies the Folner condition:
for any & > 0 and any compact set K C G, there exists a compact set F with nonzero
uc(s.FAF)

pe(F)
allows us to construct a net F(, gy of such Folner sets using the ordering (&1, K1) <
(82,K2) ifEl > Sz,K] c Kz.

measure such that < eforalls € K. Here, A is the symmetric difference. This

Theorem 4.1 Let G be a locally compact, unimodular, amenable group, and let 1 <
Py P1s--vs Pn < 00 be such that p™' = Y7 pil. Let ¢ € Cp(G*™) be such that ¢ is the
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symbol of a (p1,..., pn)-Schur multiplier of G. Then there is an ultrafilter U on a
set I and there are complete contractions (resp. complete isometries if 1< q < 00) ig:
Ly(LG) = Ty Sq(L2(G)) such that, for all f;, f € C.(G) » Cc(G),

(4.1)

(ip(T¢(X1, o ’Xn))’ ip'()/*))p,P' - <(M’¢V(ip1,a(xl)) RN ip”’a(x”)))ael’ ip’()’*))p’p,;

where x; = A(fi), y = A(f), and ; + % = 1. In a similar way, the matrix amplifications
of iy intertwine the multiplicative amplifications of the Fourier and Schur multipliers.

Proof Let Fy,« €I be a Folner net for G, where I is the index set consisting of
pairs (& K) for ¢ >0, K € G compact. It has the ordering as described above. Let
P, = Pg, be the projection onto L, (F, ). Let U be an ultrafilter refining the net I, and
consider the map i, : L,(LG) — [Ty Sp(L2(G)) defined by ip(x) = (ip,a(x))aer =

(mP‘Xme),xe 1- From [CaSal5, Theorem 5.1], i, is a complete contraction (and

even a complete isometry for 1< p < co [CaSal5, Theorem 5.2]); here, the Folner
condition is used.

Fix a and let f € C.(G) * C.(G). We first observe that by [CaSal5, Theorem 5.1]
applied to the bounded operator x = A(f) we have Pr A(f)Pr, € Sq(L2(G)) for all
1 < g < oo and the kernel of this operator is given by the function

(s:1) = 1e, () f (st )1E, (1)

So we have
M~<z'pla(x1) evipya () (for )

- )1/p1p (o)1, (t,,)f B0t taa ) it o (taaty Yt b,
G

Moreover, after some change of variables, we see that Pp, T¢(x1,. . .,%,)Pf, is given
by the kernel

(to>tn)
H1Fa(t0)foH¢(tot;1,...,t,,_ltgl)ﬁ(totl‘l)...f,,(tn_lt;I)lF(tn)dtl...dt,,_l.
Let @ denote the function
D(to,...rtn) = d(tot; s tuaty ) filtotrh) o fu(taat]) f(Eatsh),
and let ¥,, be defined by

\P‘x(t(], PRI tn) = 1Fa(t())1F,x(tn) - 1F;<n+l(t(),. cey tn)

Let K be some compact set such that supp(f;j),supp(f) € K. Let to,...,t, be
such that both ®(#g, ..., t,) and ¥, (to,...,t,) are nonzero. Since ¥, (fg,..., t,) is
nonzero, we must have g, t, € Fyand ty, ..., t,-1 ¢ F,.Since ®(to,. .., t,) is nonzero,
there are ky,...,k, € K such that t,_1 = k,t,, thz = kp_1kntn, ..., to =ki...kut,.
Hence, we find that t,, belongs to the set

FonFau(ki...ky) ™\ (Fa.(ka...ky) U+ UFg K,
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Using these facts, along with some change of variables, we get

(4.2)
ipa(To (21,3 x0))s ipra (3 ) ppr = Mg (ippa(31)s - s ipua (X)) ipra (7)) |
1
N uc(F) O(to,...,tn)¥a yeoustn
pc(Fa) Jon+t (to ta) Wa (to )dto...dt
1
=|— O(ky...kntus.. . kntn, tn)Wulki... kntn,.... kntn, ta)dky...dkydt,
e (Fa) K"./G (ki RAG Yk

1
ol [ L
10l [ s
x (Fan (Fa (k1 k) ™) A (Fac(kz o kn) ™) 00 (Fa(kn) ™)) dk ... dky
s||q>||mf —— i (Fan (Fa. (k) ™)) dky ... k.
(F )
Using the ordering described earlier, if the index & > (& x (| @[ oopc(K™)) ™", K™),
then the Folner condition implies that (4.2) is less than ¢, and hence equation (4.1) is
true.
A direct modification of this argument now shows that the i, also intertwine

the multiplicative amplifications of the Fourier and Schur multipliers. That is, for
Bie Sﬁ.,[é’ € Sfﬂ, we have

(4.3)
(id@ip (TS (B ® 21, Bu ® 24)), id@ip (B® y*))p p =
<(M%N)(id®ip1,a(ﬁ1 ®X1)5..- )id@ipn,a(ﬁn ®xn)))a ’id®ip'(ﬂ ®)’*)> :
| |

Combining this with Theorem 3.1, we get the multilinear version of [CaSal5,
Corollary 5.3]

Corollary4.2 Let1< p,py,..., pn < oo besuchthatp™ =Y pi'. Let ¢ € Cp(G*")
and assume that G is amenable. If ¢ is the symbol of a (py, ..., pn)-bounded (resp.
multiplicatively bounded) Schur multiplier, then ¢ is the symbol of a (p1,...,pu)-
bounded (resp. multiplicatively bounded) Fourier multiplier. Moreover,

I Tollprpm) < IMGleorrpnys [ Tolprcpi)-mb < MGl p,.ocip)-mb>
with equality in the (p1, ..., pn)-mb norm when G is second-countable.

Proof Forl< p < oo, i, isa (complete) isometry. Hence, for x; as in the hypothesis
of Theorem 4.1, we get

1T (1.5 %0) |, (0)
= Hip ° T¢(X1,~--,Xn)“L,,(LG) = HM:;(ipl(xl),---,ipn(xn))”L,,(LG)

<IMglipr...pn TTI%ilL,, 26)-
i=1
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For 1< p; < oo, such x; are norm-dense in L,,(£G), so we get the bound on
1Tl (py,....pn)- The multiplicatively bounded version follows similarly, with the other
inequality coming from Theorem 3.1. [ ]

Let H < G be a subgroup. Clearly, from Theorem 2.2, the restriction of ¢ to H also
determines a bounded Schur multiplier, with

Mg o) < IMG (i)

Combining this observation with Corollary 4.2 gives us the multiplicatively bounded
version of the multilinear de Leeuw restriction theorem [CJKM, Theorem 4.5] for
amenable discrete subgroups of second-countable groups. Note that the SAIN con-
dition used in [CJKM, Theorem 4.5] is implicit here since the subgroup is amenable.

Corollary 4.3 Let G be a locally compact, unimodular, second-countable group,
and let 1< p,p1,..., pn <00 with p~' =3, pi’. Let ¢ € C,(G*™) be a symbol of a
(p1> - - -> pa)-multiplicatively bounded Fourier multiplier. If H is an amenable discrete
subgroup of G, then we have

H T(P‘HH(PI ..... Pn)—mb < H T¢ H(p1 ..... pn)—mb-

Remark 4.4 We now discuss some difficulties one encounters when modifying the
above methods to the nonunimodular case, meaning that the Plancherel weight ¢ is
no longer a trace. In this case, A(C.(G) * C.(G)) is no longer a common dense subset
of the L,(£G). Rather, we have embeddings ¢, : A(C.(G) * C(G)) = L,(£G)
with dense image given by A(f) = AU=D/P)(f)A!/P, where 0 <t <1 and A is the
multiplication operator with the modular function, which we denote also by A (see
[Ter8l, Ter82] for details).

This raises the question how to define the (p1, ..., p,)-Fourier multiplier. A pos-
sible choice would be to take some t € [0,1] and define

To(Mepi (%1)s -5 1,9, (%)) = 1e,p(Tg (315 - %))

However, with this definition, the intertwining property in the ultralimit of (4.2) will
no longer hold. This can be illustrated by considering the case n =2 and ¢(x, y) =
$1(x)¢2(y). In order for the intertwining property to hold, the Fourier multiplier
would have to satisfy

Ty (Me,p1 (1) 11,92 (%2)) = T, (11,0 (1)) T, (11,p, (x2))

where on the right-hand side we use the linear definition of the Fourier multiplier from
[CaSal5]. This is not the case with the above definition. As a consequence, we no longer
have nice relations between nested linear Fourier multipliers and multilinear Fourier
multipliers, as in [CJKM, Lemma 4.4]. As the proof of the multilinear restriction
theorem in [CJKM] repeatedly uses such formulae, it is also unclear if these de Leeuw-
type theorems are still valid in the nonunimodular case.
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5 Domain of the completely bounded bilinear Hilbert transform
and Calderén-Zygmund operators

In this final section, we prove a result about nonboundedness of the bilinear Hilbert
transform based on our multilinear transference techniques. We prove an analogous
result for examples of Calderén-Zygmund operators. This shows that the main results
from [AmUr20, DMLV22] about L,-boundedness of certain Fourier multipliers
cannot be extended to range spaces with p < 1. This is in contrast with the Euclidean
(nonvector-valued) case.

5.1 Lower bounds for the vector-valued bilinear Hilbert transform

For 0 < p < oo, let Sg = 8,(CN) be the Schatten L,-space associated with linear
operators on CV. For 0 < p < 1, we have that Sg’ is a quasi-Banach space satisfying

the quasi-triangle inequality:
I+ ylp <227 (Ixlp +Iylp),  xy€Sy.
We set
h(&1, &) = x20(& - &2), &, & eR.

The first statement of the following theorem is the main result of [LaTh99], and the
latter statement of this theorem for 1 < p < co was proved in [AmUr20, DMLV22].

L4l and

2 . 1
Theorem 5.1 For every 1< qi,qa,q, p1, P2 < 00,5 < p < oo with 5=t

N e Ny, there exists a bounded linear map
(5.1) TN Ly, (R, SN) x Ly, (R, SN) = L,y(R, SY),
which is determined by

TV ) = [ [ RERERE &) Dag s,

where s € R and f;,i=1,2 are functions in Ly, (R, Slq\’i) whose Fourier transforms f;
; ; N (1 131
are continuous compactly supported functions R — Sz If1 < p := (E + E) < oo and

1 1 1 . . .
+ + >
D (o} (o] 1, we have that this operator is moreover uniformly

bounded in N.

Note that the map TPEN) as defined above coincides with the multiplicative ampli-

fication of the map Ty, := Tél) as defined in Section 2.7, so this notation is consistent.

Our aim is to show that the results of [AmUr20, DMLV22] cannot be extended
tothecase p; =qi,gq=p=1= i + i; i.e., the bound of (5.1) is not uniform in N. In
particular, we show that the bound can be estimated from below by Clog(N) for some
constant C independent of N.

For a function ¢ : R?* — C, we recall the definition

d (A0 A1A2) = ¢(Ao — A, AL — A2), Ai e R.
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Theorem 5.2 Let 1< py, py < oo be such that pi + == = 1. There exists an absolute

1
1 P2
constant C > 0 such that, for every N € Ny, we have

N
Appon = [T L, (R, SNY % Lp, (R, SN ) - Li(R, 8Y)| > Clog(N).

Proof In the proof, let Zy = [-N, N] N Z. We may naturally identify $5V*! with
Sp(£2(Zn)). Let ¢ € C.(R), ¢ > 0 be such that ¢(t) = ¢(~t),t € R, [¢|1,(5) = 1 and
its support is contained in -3, 1 ]. Set, for 51,5, € R,

H(sl,sz)=/ﬂ;h(sl+t,—t+sz)<p(t)dt.

Then H is continuous and H equals & on Z x Z. As a consequence of [CJKM, Lemma
4.3], we find

H TIFIZN‘H) : LPl (R’ SZf\Hl) X LPz (R’ 8212V+1) e Ll(R’ SIZNJrl) H < APl;P2,2N+1'
By the multilinear De Leeuw restriction theorem [CJKM, Theorem C], we have

(32) TSN Ly, (T, 831 x Ly, (T, 82¥41) > Ly(T, SPV*) | < Ay pyanr.

Hlzxz

Let {;(z) = z',z € T, € Z. Set the unitary U = 'y p; ® {; and for any 1< p < oo
the isometric map

Tyt S;N“ - SIZ,N+1 ®Ly(T): x> U(x®1)U".

Then,
1512|7I\i;1) o (7my, X mp,) = Tp 0 MﬁlszzN'
This together with (5.2) implies that
(53) [Mzg, o Sp T xS > ST < Apy v

Now, set H(s, t) = H|zxz(s, j t), s, t € Z. Note that
Hj(s,t) = xso(s +t —2j).
By [PSST17, Theorem 2.3], we find that

G4 max My, S S < M) TS S,

For j = 0, we have that My, is the triangular truncation map and therefore by [Dav8s,
Proof of Lemma 10] (apply Mpy, to the matrix consisting of only I’s) there is a constant
C > 0 such that

(5.5) Clog(2N +1) < | My, : SN*1 - §2N+ |,

Combining (5.3)-(5.5) yields the result for 2N + 1. Since the norm of T;EN) isincreasing
in N, the result for even N also follows. [
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5.2 Lower bounds for Calder6n-Zygmund operators

The aim of this section is to show a result similar to Theorem 5.2 for Calder6n-
Zygmund operators by considering an example. This shows that the results from
[DLMV20] cannot be extended to the case where the range space is p = 1. This is in
contrast with the commutative situation where Grafakos and Torres [GrTo02] have
shown boundedness of a class of Calderén-Zygmund operators with natural size and
smoothness conditions as maps L, x - -+ x L, = L/, for p € (1, c0).

Consider any symbol m that is smooth on R*\{0}, homogeneous, and which is
determined on one of the quadrants by

s
(5.6) m(s,t) = e seR.g,t € Rep.
s—
Here, homogeneous means that m(As, At) = m(s, t),s, t € R, A > 0. We assume more-
over that m is regulated at 0, by which we mean that

m(0) =n'r 2 f m(ty, t,)dtidt,, r>0.
I(tst2) <7

As m is homogeneous, this expression is independent of r. This type of symbol m is
important as it occurs naturally in the analysis of divided difference functions; for
instance, it plays a crucial role in [CSZ21].

Theorem 5.3 Let 1< py, py < oo be such that pi + —- = 1. There exists an absolute

1
1 P2
constant C > 0 such that
Bpypon = | TSV 1 Ly, (R, Sp) % Lp, (R, 8) = Li(R, S))[ > Clog(N).
Proof By [Dav88, Lemma 10] (and the proof of [Dav88, Corollary 11]), there exist
constants 0 = Ag < A; < - -+ < Ay such that the function

Ai—A;
.,' = b 1—.)‘— b
¢(i, j) Y <i,j<N

is the symbol of a linear Schur multiplier Mg : S — SI¥ whose norm is at least
Clog(N) for some absolute constant C > 0. Without loss of generality, we may assume
that A; € Ky'Z for some Ky € Ny; by an approximation argument. Then, in this
proof, let Ay = {4, A1,..., An}. We may naturally identify S;*" with S, (£(An))
by identifying E; j with E), ;. We proceed as in the proof of Theorem 5.2.

For A € K§'Z, let p) be the orthogonal projection of £,(Ky'Z) onto C§,. Further-
more, for A € Ky'Z, set () : T - Cby {3 (2) = zX¥*, 0 € R. This way every z € T deter-
mines a representation A ~ {(z) of K5'Z and this identifies T with the Pontrjagin
dual of K3'Z. Set the unitary U = ¥, . pa ® {3 and for any 1 < p < oo the isometric
map

Ty : S;’“ - S;’“ ®L,(T):x~ U(x®1)U".

For r > 0, consider the function

1
m,(s1,82) = —5 f m(ty, t;)dtidt,.
mr? [ (s1—t1,52—t2) 257
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This function is continuous and bounded, and hence we may apply the bilinear De
Leeuw restriction theorem [CJKM, Theorem C] to get

( ) H Tf(n]j:rl)m)z LPI(T’ S;\iﬂ) X LPz(T’ SII:]zﬂ) - LI(T’ SlNH) H
5.7 :
ST 5 Ly (R S57) x Ly (R $371) = LR )],

Since m,| K;'z)> converges to m|( Kk;iz)> pointwise, we obtain (by considering the
action of the multiplier on functions with finite frequency support)

im [ TN™ 2L, (T, 881) x Ly, (T, SY1) — Li(T, S¥)|

™0 m"(x-lz)Z

” T(N+l) LPI(T SNI+1 % Lpz( SN+1) N LI(T SlN+1)H

m|<1z

(5.8)

Furthermore, viewing m, as a convolution of m with an L;(IR?) function, from
[CJKM, Lemma 4.3],

I T < Ly, (R, S5, ™) x Ly, (R S71) = Lu(R, S|

(5.9)
< H Tr(nN+1) : LPI (R’ S;\Tl X LPz (R’ SII;I;]) - LI(R’ S{\Hl) H = BPl,Pz,N'

Combining the estimates (5.7)-(5.9), we find that

(510) | T<N“3 e L (S X Ly (TS5 = La(T Y < By
ﬁ|ANxAN><AN : 8117\]1+1 X

We view 77| ayxayxay @S the symbol of a Schur multiplier M
8117\7;1 — SN*1 Then,

T(N+1)

m|1<ﬁlz

o (mp, x mp,) =My 0 M

Ay xAyxAy *
It follows with (5.10) that

HM SN+1 x SN+1 N SN+1H

m‘ANxANxAN

(5.11)
<| T(N+1> t Ly, (T, SN x Ly, (T, SN*) — Li(T, SY*1) | < By na-
N

By [PSST17, Theorem 2.3], we find that

S{\Hl SN+1 H < HM

(5.12) |M Sy xS ST

it ayxayxay (50°) A yxayxay

Now, for s, t € R.g, we find

m(s,0,t) =m(s-0,0-¢) = — 7( ) f(1+(/>(s £)).
It follows therefore by the first paragraph that for some constant C > 0,

Clog(N) < |M N

N+1
m‘ANxANxAN( 0-) * _)Sl H

The combination of the latter estimate with (5.11) yields the result. [

Remark 5.4 In [GrTo02] it is shown that for a natural class of Calderén-Zygmund
operators, the associated convolution operator is bounded as a map L; x L; — L%

,00
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1,1 1 i i
E+Eand§ < p < o00,1< py, pp < oo. This applies

in particular to the map T,, with symbol m as in (5.6) (see [GrTo02, Proposition 6]).

Our example shows that this result does not extend to the vector-valued setting in case
% < p <1. On the other hand, affirmative results in case 1 < p < co and % = i + p—lz
were obtained in [DLMV20]. The question remains open whether a weak L;-bound

1,1 .
Ly xLy, = Li o, e 1 holds, even in the case p; = p, = 2.

aswellas L, x Ly, = L, with% =

1
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