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Abstract

In this paper, by introducing the bounded variation measure defined on effect algebras, we present the
equivalent conditions about uniformly strongly additive measures.
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1. Preliminaries

Foulis and Bennett in 1994 introduced the algebraic system (L, ¢, 0, 1) to model
unsharp quantum logics, and (L, &, 0, 1) is said to be an effect algebra [1].

Let L be a set with two special elements O, 1, and let L be a subset of L x L.
If (a,b) € L, write alb. Let @: L — L be a binary operation. Suppose that the
following axioms hold.

(El) Ifa,be L and alb, thenbla and a ® b = b & a (commutative law).

(E2) If a,b,ce L, alb and (a ® b)Lc, then we have blc, al(b®c) and
(a®b)®c=a® (b® c) (associative law).

(E3) For every a € L there exists a unique b € L such that alb and a b =1
(orthosupplementation law).

(E4) If a € L and 1 _La, then a = 0 (zero-one law).

Then (L, &, 0, 1) is called an effect algebra.

Ifa, b € L and a_Lb, we say that a and b are othogonal. If a @ b =1 we say that b
is the orthosupplementation of a, and we write b =a’. Clearly 1’ =0, (a’) =a, al0
and a @0 =a for all a € L. We say that a < b if there exists ¢ € L such that alc
and a & ¢ = b. We know that < is a partial order on L and satisfies the conditions that
O0<a<l,a<beb <danda<b oalbfora,bel.

If a < b, the element ¢ € L such that ¢l a and ¢ & a = b is unique, and satisfies the
condition ¢ = (a @ b’)’. It will be denoted c = b © a.
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Let F ={a; : 1 <i <n} be a finite subset of L. If a; Lay, (a1 ® ap)Llas, ... and
(a1 Dar® - - ®ay—1)Lla,, we say that F is orthogonal and we define

Pr=aone 04, 10a=100 a1 da,

Now, if A is an arbitrary subset of L and JF(A) is the family of all finite subsets of A,
we say that A is orthogonal if F is orthogonal for every F € F(A). If A is orthogonal,

we define
@A:\/{@F:FG}'M)}.

Moreover, let (a;);c; be an orthogonal subset of L. Then we know that [3]:
(1) if I is finite and J C I, then

(©)4($ )

iel iel\J

and

D= (D)o (D)

iel ieJ iel\J

(2) if J S 1 and there exist a =P, ai, b=D,;c; ai and ¢ =D, ai, then
blcanda=b®c;

(3) if there exists @;cy ai for all M C 1 and {H;:j e J} is a partition of 1,
then A = {@ieHj a; : j € J} is an orthogonal subset of L, there exists @A and
A= @iel ai;

(4) if (F})jey is a family of finite and pairwise disjoint subsets of /, then the set
{EBieFj a; : j € J} is an orthogonal subset of L;

(5) ifb; € L and b; <a; fori € I, then (b;);c; is an orthogonal subset of L.

In what follows, let L be an effect algebra, X be a Banach space and . : L — X be
a vector measure. The variation of w is the nonnegative function |u| whose value on
an element a € L is given by

ul(@) =sup Y llnapl,

A ajeA

where A ={ay, ay, ..., a,} such that ay @ax®---®ay,=a, aj €L for all j =
1,2,...,n.

If || (1) < 00, we call u a measure of bounded variation.

The semivariation of u is the nonnegative function ||| whose value on an element
a € L is defined by

lell(@) = sup{lx*ul(a) : x* € X*, [Ix*]| < 1},

where |x* | is the variation of the real-valued measure x* .
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If || ]| (1) < o0, we call 1 a measure of bounded semivariation.

u: L — X is said to be strongly additive if, for any orthogonal sequence (a,) of L,
the series Y v | u(a,) converges in X.

A family of strongly additive vector measures {i; : T € T'} is said to be uniformly
strongly additive if, for any orthogonal sequence (a,) of L, the series

> e (an)

=0,

lim
m

uniformly int € 7.

u:L — X is said to be bounded if, for any orthogonal sequence (a,) of L,
{m(an)};2  is bounded.

w: L — X is said to be strongly bounded if, for any orthogonal sequence (a,) of
L, lim,— o n(a,) =0.

u: L — X is said to be countably additive if, for any orthogonal sequence (a;,)
of L,

o0 o0
M(@ an> =D ulan).
n=1 n=1
Clearly, a strongly additive vector measure on effect algebras is strongly bounded
and a strongly bounded vector measure on effect algebras is bounded.
2. Main results

PROPOSITION 1. Let u: L — X be a vector measure. Then, fora € L,

Il (@) = slip{ ‘ Y eina)) H
J
where A ={ay, ay,...,a,} such that ay@a®---®a,=a,a;ecL for all
j=12,...,nandlej| <1
PrROOF. If a=a1 ®ary ®---®a,, {ai,az,...,a,} is a partition of a into

orthogonal members of L and ¢; are scalars such that |¢;| < 1, then

m m
Zeju(aj) ‘ = sup x*(Z aju(aj)>‘ xFe XF, x| < 1}
j=1 j=1
m
<supd Y lejxtula))]: x* € X*, |x¥| < 1}
j=1
m
<supi Y lxtuap)]x* € X*, ¥ < 1}
j=1
< supf{|x* (@)  x* € X*, |x*| < 1)

= [lunll(@).
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On the other hand, let x* € X* with ||x*|| <1 and a=a; D ar ®--- D ay,

{ay, aa, . .., a,} be apartition of a into orthogonal members of L. Then
m m
Y@l =) (sgnx*pu(a))x*uia))
j=1 j=1
m
= X*<Z(SgHX*M(aj))u(aj)>
j=1
m
< Z gjulaj)
j=1
< sup Zsj/,c(aj) ‘
A .
j
This proves the result. g

PROPOSITION 2. Let it : L — X be a vector measure. Then
sup{llu(h)|l :h < e, h e L} < |lull(e) <4 sup{llu(h)| :h <e, h €L}
PROOF. Foranye € L,

sup{ll(h)ll :h < e, h € L} = sup{sup{|x*u(h)| : x* € X*, [Ix*| <1} :h <e,h e L}

< llull(e).
On the other hand, let x* € X* with |x*| <1 and e=e; Der ®---D e,
{e1, e2, ..., e,} be a partition of e into orthogonal members of L. Then
n
Do ulenl= ) xule) — Y x*ule)
i=1 ieM+ ieM~
= x*( Z M(ei)) - x*< Z u(ei))
ieM+ ieM—

< 2sup{llu(m)|:h <e, h €L},
where
MT={i:x"pu(e) 20,1 <i<n} and M~ ={i:x"u(e;) <0,1<i <n}

If X is a complex Banach space, it is easy to see that a similar estimate holds if the
number 2 is replaced by the number 4.

Consequently, a vector measure is of bounded semivariation on L if and only if its
range is bounded in X. O

THEOREM 3. Let pu : L — X, t € T, be a family of vector measures. The following
statements are equivalent.
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(D) {ur : t € T} is uniformly strongly additive.

D) {x*u;:teT, x* e X* ||x*| < 1} is uniformly strongly additive.

(II) If (a,) is a sequence of orthogonal members of L, then limy,_, o |47 (an)|| =0
uniformlyint €T.

(V) If (a,) is a sequence of orthogonal members of L, then lim,_, o ||| (ay) =0
uniformlyint € T.

V) {lx*ul:teT,x*eX*, ||x*| <1} is uniformly strongly additive.

PrROOF. (I) = (II), (Il) = (III), and (V) = (I) are obvious.

(IIT) = (IV) If not, there exist a § > 0 and an orthogonal sequence (a,) of L such
that sup, .7 ll¢cll(a,) > 46 > 0 holds for all n € N. By Proposition 1, for every n
there is an h,, € L such that h, < a, and sup .7 ||[itcll(an) <4 sup,cr lltc(hy)ll. The
sequence (h,) is orthogonal such that

sup ||z (hy)ll =6 >0,

teT

for every n € N. This shows that (III) implies (IV).

(IV) = (V). Suppose that {|x*u.|:7 €T, x* € X*, ||x*| <1} is not uniformly
strongly additive. Then there exist an orthogonal sequence (a;) of L and a § > 0
such that, forallm € N,

o0
sup{z IX*uel(an) it €T, x* € X*, |x*| < 1} >28 > 0.
n=m

Thus there is an increasing sequence (m ;) of positive integers such that, for all j,

Mt
sup{ > Iuel(@n) it e T, x* e X*, Ix*] < 1}

n=mj+1
mj+]
= sup{lx*ur|< &y an> TeT, x" e X, |Ix¥| < 1} >8> 0.
nZMj+1
Therefore, putting
mj+1
hi= B an
n=m;+1

(hy) is an orthogonal sequence of L such that
sup{lliecll(h}) : T € T} = supllx*suc|(h)) T € T, x* € X*, |x*| < 1} = 6 > 0.

This leads to a contradiction. So (V) holds. d

COROLLARY 4. Let pu: L — X be a vector measure. The following statements
are equivalent.
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@D is strongly additive.

D) {x*w:x* e X*, ||x*| < 1} is uniformly strongly additive.

(M) p is strongly bounded, that is, if (a,) is an orthogonal sequence of members of
L, then lim,_ » u(a,) = 0.

V) |l is strongly bounded, that is, if (a,) is an orthogonal sequence of members
of L, then lim, . |||/ (an) = 0.

V) {lx*u] :x* e X*, ||x*|| < 1} is uniformly strongly additive.

(VD lim, w(a,) exists for every nondecreasing monotone sequence (ay) of L.

(VID) lim,, u(ay) exists for every nonincreasing monotone sequence (ay) of L.

PROOF. The equivalence of (I)-(V) is clear from Theorem 3. And it is also clear that
(VD) is equivalent to (VII).

(D = (VD). Let (a,,) be an orthogonal sequence of L satisfyinga; <ay <--- < ay,
and let ¢, = a, © a,_1. Then

o0
lim (@) = (@) +1im Y pan © ap—1)
n n n—2

o0

exists since the sequence (cy), -, is an orthogonal sequence of L.

On the other hand, let (a,) € L be an orthogonal sequence, by = @ﬁ:l a, for
k € N. Then () is a nondecreasing sequence of L. Then

k k—1
lim 1 (ay) = lim[u (@ an) — u(@ anﬂ —0.
n n el el
This completes the proof. O

THEOREM 5. Let u: L — X be a bounded vector measure. If L satisfies the finite
chain condition, that is, no infinite subcollection of L can be orthogonal, then p is
countably additive.

PROOF. Suppose that L satisfies the finite chain condition, and (a,) is an orthogonal
sequence of L; then a, = 0 for all large n > ng, no € N. Hence by finite additivity

of u,
0 no no o)
M(@ an) = M(@ an) = Z wlan) = Z w(an),
n=1 n=1 n=1 n=1
and u is countably additive. O

THEOREM 6. If X is a Banach space containing no copy of co, u:L — X is a
bounded vector measure, then  is strongly additive.

PROOF. Since p is bounded, for every orthogonal sequence (a,) of L the series
{3y mlan)}So_, is weakly unconditional Cauchy [2], thatis, Y2 | [x*u(an)| < oo,
for any x* € X*. Therefore, (u(a;)); is co-multiplier convergent. Since X contains
no copy of cg, then ZZOZI u(ay) convergent. Thus p is strongly additive. O
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