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The s p a c e s involved in the theory of equat ions of evolut ion 
(that i s , the theo ry of s e m i - g r o u p s ) a r e such that the in f in i t e s imal 
g e n e r a t o r s a r e only dense ly defined. F o r the in f in i t es imal g e n e r a t o r 
to be e v e r y w h e r e defined and smooth (that i s , d i f ferent iable) , one 
m u s t work with a F r e c h e t s p a c e . This is e spec ia l ly i m p o r t a n t in the 
non l inea r t heo ry of M o s e r ( see M o s e r [3] and M a r s d e n [2]). If the 
s p a c e s w e r e Banach s p a c e s , the theory would r e d u c e to the c l a s s i c a l 
P i c a r d t heo ry for o r d i n a r y d i f ferent ia l equa t ions . See Lang [ 1 ] , for 
a d i s c u s s i o n of the c l a s s i c a l t h e o r y . In fact in this c a s e the ex i s t ence 
theory is both s i m p l e r and m o r e c o m p r e h e n s i v e , b e c a u s e we obta in 
the i m p o r t a n t fact that the flow is a d i f feomorph ism (the solut ions 
depend smoothly , and not m e r e l y cont inuously on the in i t ia l da ta ) . 
This has o ther advan tages too, s ince the theory for smooth flows on 
Banach mani fo lds is wel l deve loped . (For example , see M a r s d e n [2], 
theorem. 6 .10 for an appl ica t ion we have in mind . ) 

It is often not pointed out that the Banach space theory does 
apply in the s p e c i a l c a s e of cons tan t coefficient equa t ions ; that i s , 
equat ions of the f o r m 

(1) Bt _ i l - + L c . . — * - ± — + . . . + S c — £ £ _ - , + 

8x, 8x. 8x0 9x . . . e x 
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w h e r e c a r e c o n s t a n t s . He re f and g a r e functions of 

(x , . . . , x , t ) and we a r e supposed to solve for f given the in i t ia l 
1 n 

function at t = 0. Our a i m is to give a s imp le proof of ex i s t ence and 
un iqueness for this equat ion . 

Of c o u r s e t h e r e a r e c l a s s i c a l t h e o r e m s which do apply, but each 
has some d r a w b a c k . F o r example , the c l a s s i c a l Cauchy t h e o r e m only 
g ives loca l so lu t ions , and o ther t h e o r e m s m a k e r e s t r i c t i o n s on the 
coeff ic ients such as e l l ip t i c i ty . What we do is to sh r ink the space so 
that such r e s t r i c t i o n s b e c o m e u n n e c e s s a r y . As usua l f can have 
componen t s , so that o ther equat ions such as the wave equation a r e a l so 
c o v e r e d . 

F i r s t we give the spaces and second give the t h e o r e m . T h e r e 
wil l be nothing to p r o v e except to apply the c l a s s i c a l flow t h e o r e m f r o m 
Lang [1] . 
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Definition. Let E, F be Banach spaces and U C E open. 

For a map f : U C E -> F , we let Df, . . ., D f denote the derivat ives. 
Thus Df: U -* L(E, F) where L(E, F) denotes the continuous linear 
m a p s f r o m E to F . 

Let B (U, F ) denote those m a p s f: U -> F whose f i r s t k 

d e r i v a t i v e s ex i s t and a r e bounded on U. F o r a s equence 
s = (r , r , . . . ) of pos i t i ve n u m b e r s sat isfying the condi t ion that 

r / r < M for s o m e M, let B (U, F) denote the inf ini tely 
n n+1— s 

d i f fe ren t iab le funct ions f: U -• F such that 

| f | | = 8up{ | | f (u) | | . r J l D f H H r k | |D k f (u ) | | } 

i s f in i te . 

With this n o r m , B (U, F) i s e a s i l y s e e n to be a B a n a c h s p a c e . 

Its m e m b e r s a r e ana ly t ic in the s e n s e that t he i r Tay lo r s e r i e s 
conve rge (the d e r i v a t i v e s a r e r ap id ly d e c r e a s i n g ) . The condi t ion 
on s = (r , r , . . . ) is imposed so that the d e r i v a t i v e m a p is con t inuous . 

Let j n ( E , F) = L n ( E , F ) x L n _ 1 ( E , F) x . . . x L(E, F) x F w h e r e 

L (E, F) deno tes the k - m u l t i l i n e a r m a p s f r o m E to F . Jh equat ion 
(1) the r igh t hand s ide is r e p r e s e n t e d by a l i nea r m a p 

P : J (E, F) -> F , p lus the cons t an t t e r m g. In g e n e r a l , th is 
equat ion can be w r i t t e n as fo l lows: 

THEOREM. Let_ P : j n ( E , F) -> F be cont inuous l i n e a r and 
g € B (U, F ) . Then t h e r e e x i s t s a unique s m o o t h mapp ing 

F : R x B ( U , F ) - > B (U, F) (R denoting the r e a l s ) such tha t 
s s 

F (0 , f ) = f ( in i t ia l condi t ions) , F( t , •) i s a d i f f eomorph i sm, 
F ( t + s , - ) = F( t , •) o F ( s , ') and, if f = F ( t , f ) , then 

df 
^ = P ( D f t , . . . , D f t , f t ) + g . 

As we ment ioned t h e r e is v e r y l i t t le to p r o v e s ince the r i g h t 
s ide r e p r e s e n t s a s m o o t h v e c t o r field on B (U, F ) . One can a l so 

s 
a l low g to depend on t as long as || g || r e m a i n s bounded. One 

point which m u s t be checked is that the flow is c o m p l e t e ; tha t i s , is 
defined for a l l t e R. However , if in g e n e r a l a v e c t o r field s a t i s f i e s 
an e s t i m a t e of the f o r m 

| | x ( f ) | | < K | | f | | + L , 

then the flow is c o m p l e t e , and th is c r i t e r i o n app l i e s h e r e . 
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We conclude with some r e m a r k s . F i r s t , F m a y be infinite 
d imens iona l , so the equat ions m a y have an infinite number of 
c o m p o n e n t s . Second, B (U, R) is not c losed under p r o d u c t s , so even 

the s i m p l e s t n o n - l i n e a r equat ions a r e not covered by this me thod . 
F ina l ly , the change in the space can a l t e r the qual i ta t ive behaviour 
of so lu t ions . F o r example , the hea t equat ion 

where A is the Lap lac ian (this equat ion fits our f r a m e w o r k of c o u r s e ) , 
in B (U, F) has solut ions defined for a l l t, but in a l a r g e r space such 

as the space of Radon m e a s u r e s or d i s t r i bu t i ons , solut ions a r e defined 
only for t >_ 0 which is a wel l known fac t . 
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