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In this paper we are concerned with functional equations 
of the type 

(1) f(x+y) = F[f(x),f(y),f(x-y)] 

in which x, y do not appear explicitly. J. Aczel [1] has given 
a method for finding rea l solutions of some of these equations. 
We prove a theorem which can sometimes be used to solve 
problems concerning the uniqueness of solutions of such 
equations. 

In the following x, y a re rea l var iab les , C is the 
complex plane, and C is the extended complex plane. Our 
solution space is C and F is defined on C X C X C in the 
usual way. Then, for example, f(x) = cos x is a solution of 

(2) f(x+y) + f(x-y) = 2f(x)f(y) , 

and f(x) = tan x is a solution of 

1 - f(x)f(y) 

provided we define tan x = oo when cos x = 0. Both of these 
equations appear in [ l ] . 

THEOREM. Let D C C. Let the functional equation 

(4) g(x+y,Z) = F[g(x ,Z) ,g (y ,Z) ,g (x-y ,Z) ] 
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have for each Z € D a solution g(x, Z), which defines for 
each x / 0 an inverse function of Z, and is independent of 
Z at x = 0. Then if f(x) is a solution of (1) such that 

f f(0) = g(0,Z) , Z € D 
(5) < 

f(x) = g(x, Z) for some Z € D , 

there exists u(x) e D such that 

(6) f(x) = g(x,u(x)) = g(x,u(x/n)) , n = 2, 3, . . . , x / 0. 

Proof. Let h(x, Z) be an inverse of g(x, Z) for each 
x / 0, and f(x) be a solution of (1) satisfying (5). Then 

u(x) = h(x,f(x)) 

satisfies the first part of (6). F rom (1) and (4) 

f(2x) = F[f(x),f(x),f(0)] = F[g(x,u(x)),g(x,u(x))] = g(2x, u(x)) , 

and by induction 

f(nx) = g(nx,u{x)) , n = 2 , 3 , . . . ; 

which gives the second part of (6). 

Remark 1. For pract ica l purposes the application of this 
theorem is only successful when the range of g(x, Z), Z e D, is 
the same for each x 4 0. 

Remark 2. If we can deduce from (6) the equations 

(7) u(x) = u(x/n) , n = 2 , 3 , . . . , 

then for any c / 0 and rat ional m / n 

u(cm/n) = u(c/n) = u(c) 

f(cm/n) = g(cm/n,u(c)) . 

Thus if f(x) and g(x, K) (K € D) are continuous in some 
neighbourhood of 0, it follows that there exists K € D with 
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f(x) = g(x,K) 

in this neighbourhood, and hence for all x. 

Example 1. We can apply the above to (3) with 

g(x, Z) = tan xZ ; 

the range of this function of Z is C - [t i] for each x / 0. 
Let f(x) be a solution of (3) such that f(x) € C - [i i] ; then 
f(0) = 0 and there exists u(x) € C such that 

f(x) = tan xu(x) = tan xu(x/n) , n = 2, 3 , . . . . 

Let there exist 6 > 0 such that f(x) is continuous and 

(8) £(x) = £(0) + O(x) 

for |xj < Ô . Obviously we may assume xu(x) is in the 
fundamental region of the Z-plane, -IT fZ < Re Z < TT/2, SO that 
xu(x) is also continuous for |xj < ô and xu(x) -> 0 as x ~> 0. 
Hence for | x | sufficiently small 

j xu (x ) | / 2< | t anxu(x ) | < c | x | 

|xu(x/n) | < 2c [x| , n = 2, 3, . . . , 

so that xu(x) and xu(x/n) a re both in the above fundamental 
region of the complex plane, and so are equal. It follows from 
Remark 2 that there exists K e C such that 

f(x) = tan Kx . 

It is immediately evident that the only solutions of (3) 
not entirely in C - [i i] a re f(x) = i and f(x) = - i . 

Thus if f(x) is a solution of (3) which, in some neighbour­
hood of 0, is continuous and satisfies the Lipschitz condition 
(8), then 

f(x) = tan Kx, i, or - i (K € C) . 
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Example 2. Similarly we find that f(x) = 0, cos Kx, (K € C) 
are the only solutions of (2) which, in some neighbourhood of 0, 
a re continuous and satisfy the Lipschitz condition 

f(x) = f(0)+ 0(x2) . 
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