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1. Introduction

In recent years considerable attention has been given to problems of thermal
stress in isotropic materials. Much of this work has been devoted to statical
problems although there has been some work on problems with time dependence,
for example the quasi-static solutions obtained by Sternberg (1) and Eason
and Sneddon (2). A good deal of interest has also been shown in statical thermal
stress problems when the material is anisotropic. For the type of material
considered here statical problems have been investigated by Grechushnikov
and Brodovskii (3) and Sirotin (4) among others. Little attention has been
given, however, to time dependent thermal stress problems when the material
is anisotropic.

The problem considered here is that of the stress in a cylinder resulting from
an applied surface temperature, when the material of the cylinder has transverse
curvilinear isotropy. It is assumed that the temperature and the resulting
stresses depend on the radial co-ordinate and the time only. A general solution
of the basic equations is obtained using the Laplace transform. The particular
problem of uniform surface temperature suddenly applied to a solid cylinder
is then considered. The cylinder is assumed to have a stress free surface and to
be initially at constant temperature. Inertia effects are neglected throughout
so that the treatment is quasi-static and the solution obtained is unlikely to be
valid immediately after the temperature is applied.

2. The Basic Equations
Let r, 0, z be cylindrical polar co-ordinates. In the problem considered
here all quantities are assumed to depend on the radial co-ordinate r and the

time ¢ only. Under these conditions the heat conduction equation is
T, 10T 10T

-orr ror kot

where T is the temperature of the body, « is the diffusivity and the coupling
term has been neglected. For material with transverse isotropy about the
radius vector the stress-strain relations, under plane strain conditions, are

du u
g, = C14 E" +C12; ‘—AIT', .............................. (2)
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where u is the radial displacement, o, and g, are the radial and circumferential
stress components respectively, ¢4, ¢;2, ¢, are the elastic constants of the
material and A,, A, are the stress-temperature coefficients (Hearman (5) p. 66).
The remaining equation is the equation of equilibrium
9, + l(a,—a‘,) =0, e “@
oar r
The neglect of the coupling term in (1) and of the inertia term in (4) means
that the discussion is essentially quasi-static and that the results obtained are
unlikely to be valid immediately after any disturbance of the temperature
distribution.

It is convenient to introduce dimensionless space and time co-ordinates
defined by

R=rla, Tt=Kta% cccoveeereveiiiiernenennnn, &)
where a is some typical length of the body. Equations (1)-(4) now become

&*T 10T _ 3T

e b e T e 6
2R ROR ot ©
ou u
aoc, = €y é“R— +C12E —allT, .......... e erissressenanues (7)
aao - 012 a—u' +022— —alzT, ........................... (8)
OR
do, 1
a? + - (G', 0'9) =0 (9)

Equations (6)-(9) are the basic equations and their solution will now be con-
sidered.

3. Solution of the Basic Equations
To obtain a solution of equations (6)-(9) we introduce the Laplace transform
J of the function f defined by
FR,s) = j SR, D)™ T, veeiriieieiiiiininannn, (10
0

If each of equations (6)-(9) is multiplied by exp (—st) and the resulting equations
are integrated from O to co with respect to 7 it is found that
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- dii i -
ag, = ¢ — +C1a— —al T, v, 12
T 12y 1 (12)
dii i

ao'o = C12 —Ii‘ +sz — "alzT, ........................ (13)

do 1, _
L+ =(G,=G) =0, e 14
R ( 0) (14)

where it has been assumed that the body is at zero temperature when © = 0.
Equation (11) has the solution

T = AI(R\$)+BKo(R\/S)s wovoverorieerrrerararennnn, (15)

where 4, B are constants and IO(R\/s) and KO(R\/s) are Bessel functions of
imaginary argument of zero order and of the first and second kinds respectively,
Substituting from (12) and (13) into (14) yields the equation

i 1ldi ,a dT T
— —_— - — = —_— + oy —0o =y veursesersseens 16
R TRaR T R Mg T@T g (16)
where
V= (022/011)*, al = aAI/cll’ az = alZ/cll ................... (17)
The method of variation of parameters gives as a solution of (16)
i = R{C—YR)}+R{D+PR)}..eevvvrurrerinennnnnsen (18)
where the functions ¢(R), ¥(R) are defined by
1! dT = o
&(R) = 2—v J;i {alR ‘—11—{ +(a1—a2)T} R dR
1
- zi{a,(ﬁ ~TR™Y)—(va; ;) j TR”dR}, ............... (19)
v R
1 [t dT .
R) =~ o, R == +(a;—a,)T » R™*dR
¥(R) 2".[:«{1 IR (o z)}
1
= %{al(f’— TR' ™)+ (v, —-az)J‘ TR"’dR}, ............ (20)
v R

and Pis the value of Twhen R = 1. The functions @(R), J(R) are to be regarded
as the Laplace transforms of functions ¢(R) and Y(R) respectively. Equations
(12) and (13) give expressions for the transformed stress components of the
forms

aé, = (vcu+c12)R"‘l{C—1Z(R)}-—(vc“—cn)R'("“){D+$(R)}—cual T, (21)

ady = (022+vc12)R"1{C—|Z(R)}+(c22—chZ)R"(““){D+$(R)}—cuazT. (22)

The solutions of the basic equations obtained here are quite general and may
be used as the basis for obtaining solutions to problems such as that of a
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cylindrical tube with prescribed surface temperature as well as the cylindrical
rod considered here.

4, The Solid Cylinder

As an example of the application of the basic solutions obtained in the
previous section the problem of a solid cylinder will be considered. It is
assumed that the surface of the cylinder is stress free and that the applied
temperature has the constant value Q for 1>0. Let the cylinder have radius a.
The conditions to be applied when R = 1 are therefore

t<0,
T = P =
Q t>0,
6r = 0’
so that taking the Laplace transforms we find
T =P =0/ coooeiriiiiiiiiiiiiiiiieiiiraeinns (23)
G, =0, e (249

when R = 1. The further conditions to be applied are that T and u remain
finite as r—0, so that T and & must be finite as R—0. Inserting these conditions
in (15), (18) and (21) results in

B =0, i 25)
D= —0), eeonireiiraaeeeie e (26)
= D e 27
sIo(x/s) 7
BC = c1,0,Qfs—(vey; —¢1)P0), woiiiiiiiii (28)
where '
B =vey e o (29)

_ The expressions for the transformed temperature and displacement are now
obtained in the forms

— OIy(R\/s)
T = T 30
o) GO
i = R*{c;14,Q/s—(vey 1 — ¢y 2)(]5(0)—B$(R)}/,B+R'“{($(R) —¢O0)}. . (1)
The inversion theorem for the Laplace transform now gives
_Q e Io(Ry/s)e’"ds
T = i J;‘iw ———————SIO( Jay e (32)

u = R'{c;,0,Q —(vey; ~¢12)$(0) — BY(R)}/B+ R {$(R)~ $(0)}, ......(33)

where y is a real constant chosen so that all singularities of the integrand of (32)
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lie to the left of the line s = y in the complex s-plane, and ¢(R), Y(R) are defined

by
1
¢(R) = {al(Q —~TR"*Y)—(va, +a,) j TR'dR}/Zv, ............ (34)
R
1
Y¥(R) = {al(Q— TR™")+ (v, —az)j TR"’dR}/Zv. ............ (35
R
Equations (21) and (22) lead to expressions for the stress components of the
forms
ag, = —cy,0, T —(vey, _CIZ)R—(V+ 1){¢(R)— d’(o)}

+Rv_l{cllalQ_(vcll_612)¢(0)_ﬂ¢(R)}’ ..................... (36)
4y = — 118, T +(c,~vey )RV {H(R) - ¢(0)}
+(vey2+€22)R" ™ {eg,0,Q— (vers — ¢12)$(0) — BY(R)}/B....... Gn

Itis seen from equations (32)-(37) that once T'is determined all other quantities
may be found by evaluating the single integrals occurring in (34) and (35).
The integral for T is known (see Carslaw and Jaeger (6) p. 328). It has poles

ats = 0 and s = — A2 where 4, is the nth positive root of the equation
Jo(A) =0, e, (38)
where J,(A) is a Bessel function of the first kind of order v. It is now found that
2 Jo(RA)e™
T = 1-2 bl A SO 39
¢ { RIS WA %

_ @ Jai—a) o o4y 14y 2 Jo(RA)e™ %"
¢(R)—2v{ T (1-R**")+420,R ;1 ST

+2(vay + ) Z A(l )I R'J(RA, )dR} ......... (40)

1

Q(alaz)lv 1va
W(R) = { o1 R R

—lzr

—2(va, — i D I ' '”JO(RA,,)dR}, v£ L, ...(41)
0 — A2t
W(R) = %Q{ (4 -a) In R+2; 3 ’——&’3)&)
© —412
-2 —ap) F L | JO(R). )dR} y=1. ..(42)

Equations (39)-(42) give a solution to our problem, the displacement and stress
components are found by substituting into (33), (36) and (37). The integrals
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occurring in (40) may be evaluated explicitly when v is an odd integer. Due to
the way in which ¢(R) and ¥/(R) were defined in (19) and (20) it is seen that

L) =PY(1) =0, oo, (43)

so that the surface displacement and stress depends on ¢(0) alone.
The results obtained in this section will now be specialised to the case of an
isotropic solid.

5. The Isotropic Solid
The particular resuits for an isotropic solid are obtained by writing
Oy = 0y = 0O, Cyq = C3y, V=1

Equations (40) and (42) now give

MR —ag 3 E
=a

¢ n =1 AT (A)
+2J,(4,)—2RJ,(4,)},

e~ *Jo(R2,)

{R 2}'nJO(I{}*n)

>

VR =00 3

Z'nJl(}'n)
as the basic results from which to determine the displacement and stress com-
ponents.
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