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Abstract

The generalized conditional symmetry method is applied to study the reduction to finite-
dimensional dynamical systems and construction of exact solutions for certain types of
nonlinear partial differential equations which have many physically significant applications
in physics and related sciences. The exact solutions of the resulting equations are derived
via the compatibility of the generalized conditional symmetries and the considered equa-
tions, which reduces to solving some systems of ordinary differential equations. For some
unsolvable systems of ordinary differential equations, the dynamical behavior and qualita-
tive properties are also considered. To illustrate that the approach has wide application, the
exact solutions of a number of nonlinear partial differential equations are also given. The
method used in this paper also provides a symmetry group interpretation to some known
results in the literature which cannot be obtained by the nonclassical symmetry method due
to Bluman and Cole.

1. Introduction

The reduction to finite-dimensional dynamical systems and construction of exact
solutions are two important problems in the study of nonlinear partial differential
equations (PDEs). The most effective and universal method used is the classical
symmetry method pioneered by Lie [17]. But there exist very important equations
that admit poor Lie symmetries. Various generalizations of the classical method
have been developed, which include the method of partial invariant solutions due to
Ovsiannikov [24], the nonclassical symmetry method due to Bluman and Cole [5], the
direct method of Clarkson and Kruskal [6], the side conditional constraint approach of
Olver and Rosenau [23] and the iteration of nonclassical symmetry method of Nucci
[22]. Those generalizations have been successfully applied to construct exact solutions
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of and present symmetry group classifications for a considerable number of nonlinear
PDEs. Recently Fokas and Liu [9, 10] introduced a concept of generalized conditional
symmetry (GCS) and have applied it to construct some physically interesting exact
solutions [9, 10, 25, 26] of some nonlinear PDEs. The method can be thought of as a
generalization of the nonclassical method.

An important class of nonlinear diffusion equations

w, = gu, u)uy, + f (u, uy) 1

has a wide range of applications in physics and related sciences, for example, in
biophysics [20], solid state physics [21], plasma physics [29] and hydrodynamics [11].
The symmetry group reductions of (1), including the classical and the nonclassical
symmetry reductions, has been studied by many authors [3,4,7,8,30,32]. There
are some examples of (1) [12, 13, 16] of special ansatz which reduce the equations
considered to systems of ordinary differential equations (ODEs). The generalized
conditional symmetry reduction of (1) was considered in [26] under ansatz on GCSs,
which ensures the reduction of (1) to systems of ODEs in the cases of power law and
exponential diffusivities.

The other three classes of important nonlinear PDEzs, that is, the nonlinear hyper-
bolic equations of second order

Uy = g(u, Ly )y +f(u, ), (2)
the generalized Kuramoto-Sivashinsky equations [19]

Uy = —Ugxxx +g(u1 ux)uxx +f(u, ux)y (3)

and the nonlinear elliptic equations of fourth order

Unrxx F 2Ueryy + Uyyyy = (U, ), + f (1, uy), 4

also have many physically significant applications in wave motion, nonlinear mechan-
ics and physics. The symmetry group properties and classification of (2) have been
discussed by several authors [2, 15]. Ibragimov et al. [15] used a preliminary group
classification technique to (2). The point Lie symmetry groups of equation (4) with
f = g =0is considered in [1, 27]. ’

In the generalization of the nonclassical symmetry method due to Bluman and Cole
[5], Olverand Rosenau [23] show that in order to determine a group-invariant solution
of a given PDE, one can use any group of infinitesimal transformations. However, in
general, given any group of infinitesimal transformations and any PDE(s), there will be
no solutions invariant under the group and so the question becomes how to determine
a priori whether a given group will classify the large class of nonlinear PDEs and

https://doi.org/10.1017/50334270000011012 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000011012

[3] Reductions and solutions of PDEs 3

give meaningful symmetry reductions to the resulting equations. This problem will
be considered in this paper.

It is known [12, 13,16, 32] that a large number of 1 + 1 dimensional nonlinear
PDE(s) possess exact solutions

u(t, x) = [a(r) + (1) cos(ax) + y (1) sin(ax)] /™ Q)
or

u(t, x) = [a(t) + B(t) cosh(ax) + y (¢) sinh(ax)]'/™, (6)
where a is a constant and m is an arbitrary integer, or polynomial-type solutions of a

spatial variable. A common feature of these three types of solution is that the equations
considered are invariant under GCSs

o =u,,. ftu, @)
or
a=au, neZ*, ®
dax"

which will be described in the sequel.

This paper is devoted to discussing the reduction and construction of exact solutions
of some nonlinear PDEs, including equations (1)—(4) and other important nonlinear
PDEs with the generalized conditional symmetries (7)—(8). In Section 2, we give
a brief discussion of the GCS method. In Section 3, we determine the admissible
forms of equations (1)—(4) under the GCSs (7)-(8). The exact solutions of nonlinear
PDE:s (1)—(4) and the reductions to systems of ODEs are discussed in Section 4 and
Appendix A. Section 5 contains a number of further examples which illustrate the
wide application of the approach. The dynamical behavior and qualitative properties
of some unsolvable systems of ODEs are investigated in Section 6. Section 7 is a
discussion of our results.

2. The GCS of nonlinear PDEs

Let K (¢, u) denote a function which depends in a differentiable manner on u, u,,
Uy, ... and t. The function o (¢, x, u) is a symmetry of the equation

u, = K, u), €))
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if and only if

do
i K, o], (10)

where [K, 0] = K'o —o’'K and primes denote the Giteaux derivative. The concept of
conditional symmetry was introduced in [5] under the name of nonclassical symmetry.
The GCS is a generalization of conditional symmetry. The function o (¢, x, 4) is a
GCS of (9) if

d
a—f=[K,o]+A<t,x,u,a), A(t,x, u,0) =0, a1

where K(t, u) and o (z, x, u) are differentiable functions of ¢, x and u, u,, u,,, ...,
and A(¢, x, u, o) a differentiable function of ¢, x, u, u,, Uy,,... and 0, 0y, Oy, ....
From (10), if o is explicitly independent of time ¢ we see that (9) admits a GCS ¢ if
and only if

0'K|yo = 0. (12)

This method prevides an algorithm for constructing exact solutions of nonlingar PDEs.

3. The admissible forms of (1)-(4) under GCSs (7)—8)

In this section, we determine the admissible forms of (1)—(4) under GCSs (7)—(8).
The method used here is the GCS method from Section 2. If m # 1 and a # 1 in (5)
and (6), by performing the transformations

x*=ax, t'=b, y*'=cy, u=u" (13)

(1)—(4) can be reduced to the same types of equations, so that, without loss of gener-
ality, we can set a = m = 1. We consider four cases with respect to (7)—(8).

3.1. Under oy = u,,, + u,. From Section 2, we see that (1) admits the GCS o, if
and only if

0(K)lsy=0 = gzzzu:x + (fa2 + 3g21u. + 3gxz)u,3,,
+ 3(guat? + gukty — 280t — 82 + il + fi)ul,
+ (g} — 9g1au? — 6811, + 3f 11242 + 3f 11ty — 3f 22Uy ke
+ (i —3gu)ui+3(gz—fn)uf =0, (14)
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where K, = g(u, u)u,, + f (u, u,) and f, and f, denote the partial derivative with
respect to u and u, throughout the paper. Equating to zero the coefficients of each
polynomial term of u,, implies

822 =0, fan+3gi0u +382=0,

gz’ + gty — 280l — g2 + fine + f12 =0,

gmu,f —9gnu, — 681 + 3f12u: +3f11 —3f2 =0,

Sunux + 38, —3guu, —3f12 =0. (15)

The general solution of (15) can be easily obtained as

glu, u) = (cu+ cz)uf + (cu+ cu, + i’ + (3¢, — 2¢6)u® + cgu + co,

1
fu,u) = “%“: - ;—3“: + (csu + cr)u? + (%uz + cqu + Cs) u, + ‘2“6‘1114
+ 2c; — ce)u® + (cg + c7)u? + crou + ¢y, (16)
where as hereafter, ¢;, i = 1, 2, ..., are arbitrary constants. This includes the well-

known equation (6) of reference [13] as a special case.
In the same way, we can prove that if (2)—(4) admit the GCS o, g(u, u,) and
f (u, u,) in (2)—~(4) must take the form (16).

3.2. Under o; = u,,, — u,. Analogously to case (3.1), (1) admits GCS o, if and
only if

0, (KD loy=0 = g}, + (fa2 + 3g12204: + 3812) 1,
+ 3[guat? + (g1 + 2822 + f1z2)ux + 212,
+ (g1 + (9812 + 3f112)us + 3281 + fu1 + f22) et
+ [(fin +3810)ux +3(82 + f12)1ul = 0. 17

Equating to zero the coefficients of each polynomial term of u,, yields f and g, which
satisfy the overdetermined system of ODEs

82 =0, far+3ginu,+382=0,

281121} + (g1 + 282 + f122) e + 82 =0,

gy + 33812 + fi)ux + 681 +3fu +3f2 =0,

(Fin +3g1)u: + 38+ 3f12=0. (18)

We the obtain general solution of (18) as

g(u, u) = (qu+ cz)ui + (c3u + c)u, — il — (B, + 2¢e)u? + cgu + co,
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1 1
fu,uw) = ——u — —2-c3u + (cou + c7)u + (—%u2 —cu+ c5) u, + Eclu4
+ (262 + ce)u’ — (cs + c)u* + crou + cyy. (19)

From (12) it is easily shown that o, also is a GCS of (2)—(4) with (19).
3.3. Under 03 = u,,,,. Equation (1) admits the GCS o3 implying

03(K\)|gy=0 = 1582214” u,,. +@g + 12g7u, + 3f22)u,,u
+ 102021 Uerr + (2481721, + 22815 + 6f222) U2 Uy
+ (18811214,2‘ +16g1u, + 12f 10u; + 10f 12) Uy Urx
+(48111u3 +6f112u3+4fllux)uxxx+glllluix (20)
+ (fun +4g1mu, + 68122)14,‘
+ (6gn22u* + (12812 + 4f 1222) 4. + 3811 + 6f 1)1,
+ (4gmzui +6(gin +f1122)u,2‘ + 12f 120, + 3f11)u,2u
+ (gunt + 4f it + 6f u)duy, + finut =0,

which in turn implies g and f satisfy the system of ODEs
82 =0, f2on=0 fun=0 g =0
4g) + 12g0u, +3fn =0, 11gn+3f1m =0,
9g11242 + 8g1uy + 6f 1221, + S5f12 =0,
281l + 3f1pu, +2f11 =0, (21)
(12g112 + 4f1222)ue + 3811 + 6f 122 = 0,
44&’“12'»4,3r + (68111 + 6f1122)uf + 12f1u +3fu =0,
gunui + 4f12u +6f 111 =0.

The general solution of (21) is given by
8(u, uy) = ciux + cuu + ¢,
2
S (s ue) = =3 caul + csug + cau + c, 22)

which includes equation (1.6) witha = —2/3, N = 1in [16]. Investigating the above
proof again, we find that if (2)—(4) admit the GCS o3, g and f must possess the form
(22).

3.4. Under 04 = u,,,. Equation (1) admits the GCS g, giving rise to

04(K)loy=0 = g0}, + (f2 + 3812 + 381020 ) 12,
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+ 3[guzt? + (gu1 + f122)ue + frali,
+ (gt + 3f 12t + 3f 1)Uty + finttl = 0. (23)

Equating to zero of the coefficients of each polynomial term of u,, implies

822=0, fin=0, for+3812+3810u =0,
guzuz + @+ fidu+fr2=0,
gt + 3f ol +3f1 =0, (24)
with general solution
glu, u) = (cu+ Cz)uf + (c3u + ca)uy — 2ceu® + cgu + co,
fu,u)= —%ui - %ui + (cstt + c)ul + csux + crok + 1. (25)
It is easy to show that (2)—(4) with (25) also admit the GCS o,.

4. Exact solutions of (1)

In this section we consider reductions of (1) to systems of ODEs to construct their
exact solutions by using the compatibility of ¢ = 0 and the equations considered.
The procedure is first to solve the ODE o = 0 to derive u as a function of x with
x-independent integration constants and then to substitute those solutions into the
governing equations to obtain the time-evolution of those constants. Those systems of
ODE:s play an important role in discussing the asymptotic behaviour of the solutions,
such as blow-up phenomena. Though the general solutions are difficult to derive,
some exact solutions are obtained in special cases.

To obtain the exact solutions of (1), we distinguish four cases in terms of its GCSs

(M—8).

4.1. Under oy = u,., + u,. In this case, g and f are constrained by (16). Solving
o, = 0, we have

u(t,x) =a(t) + B(t)cosx + y(t) sinx. (26)

The substitution of (26) into (1) with (16) implies that «, 8 and y satisfy the system
of ODEs

o, = Ll(aa :8’ }’), ﬂl = LZ(a’ :Bv y)! Ve = L3(a’ ﬂ’ Y)v (27)

where L, L, and L, are given by

1
L= ze [e* — (B + ¥ ] + 2,0 + s (B2 + y? — a?)
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+ (@ + B2+ y2) + s’ + ¢ + €1y,
Ly = (eob — 5657 — ciB)(B +v* —a) + e Ga’ = B - )
+ caay + (2¢7 + cg)af + (co — o) B + csy, (28)
Ly = (cw + %03/3 - clay> B +y —a)+ay@a’ - —y)
— B + (2¢1 + cg)ay + (co — ¢o)y — ¢sP.

Even though the general solution of (27)—(28) for arbitrary ¢; is unknown, we can
obtain some exact solutions of this system in the following special cases.

4.1.1. ¢ =0,i # 1. Two exact solutions are admitted. First

)

o« =+/(1+D)B + DB, v =D,

1- -1
—38  + L+ DDF = saDit— 1), Dy #0, (29)
with g = % + %i. As subsequently, unless otherwise stated, D;, i = 1,2,...,

denote arbitrary constants introduced into computations and f, is an arbitrary positive
constant. Secondly

(i)
a=%/14+D?D,, B=D, y=DDs, (30)

which combined with (26) gives the steady-state solution of (1) with (16) and ¢; = 0,
i # 1.

4.1.2. ¢; =0,i # 2,6. Three subcases arise.

(i) ¢z = 0. In this subcase, the solution is given by

a=Df, y=Dif, B=I[20(D;—D}-1)(t—10)]?, €29

which blows up at finite time 7.
(il) c¢¢ = c; # 0. The exact solution of (27)—(28) is implicitly given by

o =+/(L+ DY+ DB, v =DiB,

D
72 +(1+DY)n 5 (1ﬂ+ 557 - 2D (t—1), Dy #0. (32)
1
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(il)) ¢ = 2¢; # 0. The implicit exact solution is

a? — Dza
B= iTDf’ y =D
D
=2_ In aD = D§C6(t —Ily).

[0 a— LU
4.1.3. ¢;=0,i+#4,7,8. There are also three subcases.
(i) ¢4 =0, cg + 2¢7 # 0. Two possibilities arise.
(i.A) ¢ =0.
o= ——1—, B =Da, y = D.
cs(t — 1p)

which combined with (26) gives a separable solution of (1).
(i.B) ¢; # 0. The system (27)—(28) has the implicit exact solution

a= i\/(l + DY) + Dyfw, y =D,
b 23420 1~
/ B [t + DDB + Dp T | dp = (cs +2e)(t — 1),
Bo

where By is a constant, provided the integral exists.
(i) ¢4 #0, ¢cg + 2¢; = 0. In this subcase,

a = D, coth[c; D, (t — 1)],
ﬂ = D] Sin{C4D| In Sinh[C7D|(t - t())] + D2},
y = Dl COS{C4D| In Sinh[C7D|(t - t())] + Dz}

This form of solution is new and blows up at ¢t = £, and

1
T, =1+ 5 sinh~! exp {

C14)

2k + 1) - 2D,
2C4D1 )

(33)

(34)

(35)

(36)

(iii) cg+2¢; # 0, ¢4 # 0. The general solution of system (27)—28) in this subcase

18

1
«=—h, PB=psinh, y=pcosh,
Cs

where p and h are given implicitly by

1
2

P
[ 572 [(cs +20)* + Dzs'fs*%] ds=t—1t, h=
po 3+ 2¢y

Cs
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If cs = —3¢4, we get an explicit solution

o =t — k)it — 10)* — D,]72,

B = ci[c(t — 1)? — D,] % sin [—? In[c;(ci(t — o) — Dy)~1 + Dl] ., (38)
7

y = arlc(t — 1)* — Dy]"% cos [—3 [, (c3(t — 1)* — Dy) "% + D.] .
C7

4.1.4. ¢ = ¢s = ¢¢ = ¢; = 0. In this subcase

ﬂ:qsin[/o (le(az—q)+c4a)dt+02],

y = gcos I:/ (9(012 -q)+ c4a) dt + Dz] ) (39)
0 2

where

es

B D2+2c2f0'e5dt’

q §=2 / (Bcra® + cza + 1o — Co) dt
0

and o solves
a, = 26,0° + cga® + o + €. (40)
The general solution of (40) is given in Appendix B.

4.2. Under 0, = u,,, — u,. Here g and f take the form (19) and o, = 0 leads to
u(t,x) = a(t) + B(t) coshx + y(¢) sinhx, 41)
which is compatible with (1) and requires that «, 8 and y satisfy the system of ODEs
o, = Ly(a, B,y), B=Ls(@B,y), v=LsaB ), (42)

where L4, Ls and L are given by
1
Ly= '2‘Cl[a4 — (B2 =)+ csa(@® — B2+ ) + c(y? —a? — g2
+ 2C20!3 — Cgaz + ¢ + ¢y,
= _ l 2 2 2 2 @2 2
Ls = | csB + cia ld (@ =B+ y)+aBBa’ — B+ v°)
— caay — (2¢7 + cg)ay + (6 + i) B + csy, (43)
1
L¢ = (06)’ +cay — 5¢3ﬂ> @ =B +y)+ay@a+y -

— e — (2c3 + cg)ay + (cs + co)y + ¢sB.

We also consider several cases.
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4.2.1.  c; arbitrary. In this case, system (42)—(43) has the exact solution

/‘“ az’+ Ba+c— %(-‘3)22 —(ca+cs+2e)2+ o+ cpo
w0 10zt + Qe + c6)2® — (1 + )22 + oz + e

ﬂ:D,exp[
y =5

where a is a constant provided the integral exists and « solves

1
a = Ec,a“ + (cs + 2¢)a® — (¢7 + cg)a® + crox + €1

The general solution of (45) is given in Appendix C.
4.2.2. ¢, = cs = ¢ = 0. In this case « fulfills
a, = 260> — cga® + ¢ + ¢y

The general solution of (46) is given in Appendix B.
Setting

P, =B/y, Hi=p -y

P, and H, satisfy the system

1 2 2 2
P, = —Ecs(a — H) + cax [ (P] = 1),

H,, = —2c,H} + 2[3c — (cs + 2¢7)a + ¢9 + col Hy,
with implicit exact solution

1 + Dy explcs(H? — a?) + 2c4a]
1 — Dyexplcs(HE — a?) + 2csa)’
elc0t29¥ (oo — cgar® + crot + €11)

2cya ettt — 2y (c1g + 2¢9) fot aelo+2ondt 4 D,

P1=

H1=

Hence from (47) we have

H, H,
, =+ .
Pr—1 Y P} -1

B ==xP
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4.2.3. ¢;=0,i# 1. From the system (42)—(43), we find that
a =%[(1 — D})B* — Do):, y = D\B. (51
To determine B, there are two possibilities.
(i) D, # 0. Substituting (51) into the second equation of (42) and solving gives
D,

, D, 3n , , 12 3
(l - Di — F) —-3(1 - Dy) (1 - D; — 7) = Echl(t — ). (52)

(ii) D, = 0. In this subcase, the solution of (42)—(43) is given by
a=+(1-D»:D;, B=D;, y=DD, (53)
which gives a steady-state solution of (1) with (19).
4.24. ¢ =0,i # 2,6. Analogously to case 4.1.2, we obtain the exact solution
of (42)—(43) as
(i) forc, =0:
a=DB, y=DB, B=I[-2c(Dj+D}-D1—-1)"%  (54)
(i) forc; = —cs #0:
a =£[D,f — (D} - DAL, ¥ =D,

D: _ (D2 = Dln __ = —2¢,D%(t — 1). (55)
B ! D,— (D} —1)B g
(iii) for cg = —2¢, # O:
a’ — Dy 1
= D8, =4 —" ,
-D, D
In 222 22 26, D2 (1t — 1), (56)
[04 [0 4

4.2.5. ¢;=0,i#4,7,8. We distinguish three subcases.
(i) ¢4 =0, ¢7, cg + 2¢; # 0. From the last two equation of (42), we find that

y = Dy (57

Substituting (57) into the first two equations of (42)—(43), we obtain

2eg+2 %
a=-[a-Dhp + D= |,

51 v2q -4
| gla-obp+ 0¥ dp— @206 )
Bo
When ¢g = —c;7, we can obtain explicit solutions for 8
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(iLA) 1-D?>0,D,>0:

24 /D4e—ch54(1—to)

p= /1 = D2(e~20vDit~0) 4 1)

(iB) 1-D?<0,D,>0:

2,/ 4e—c7~/134(r i)

/D? — 1(e-21VDstt-0) 4 1)

(iC) 1-D?>0,D,<0:

B = \/%csc[ \/—_D,(t - to)]

which blows up at points T; = t, — k /(c;4/—D,).
(iD) 1-D?>0,D,=0:

L
ﬁ—c7m(t tO) -

(i) ¢4 = g+ 2¢7 = 0. It is easy to see that -
B=D,, y =D,

and « is given as follows.

(iLA) D2 - D?>0:
a =/ D2 — D2 tan[c;(t — )],

which blows up at T, = & + m(2k + 1)/(2¢7).
(iiB) D?—-D? <O:

=,/ D? — D} coth [ch/Df - Di(t - to)] .

(ii.C) D? = D%

1
a(t—1)

(iil) ¢4 # 0, cs + 2¢7 # 0. We consider two special subcases.
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(iii.A) ¢z + 2¢; + ¢4 = 0. An exact solution to (42)-(43) is given by

1
o7 \/ PR c2¢l+i B=—~v, vy=5+

<

1
—, Dy #0, (67
D, DY) L F (67)
where ¢ is determined implicitly by
@ 4c2 -1
/ [——“¢3 + Dz¢3+3] dop=1—t,
% L D

(iii.B) ¢ 4+ 2¢7 — ¢4 = 0. An exact solution to (42)-(43) is given by

D, #0, (68)

B - 4 N LI .
o= pD,Y T4l =D,V YT32 7 ap,

where ¥ is determined implicitly by

v -1
/‘p[—aw+D¢ ] dy =1t — 1.

(]

4.3. Under 035 = U,,. In this subcase, g and f are given by (22). Integrating
o3 = 0, we obtain the following ansatz for the function u(z, x):

u(t,x) = a(t) + BO)x + y()x* + 8()x°. (69)
Inserting this into (1) with (22) shows that «, 8, y and § satisfy the system of ODEs

a, =L7(a’ ﬁ’ )’13), ﬂt =L8(av ﬂv Y, 6)’
v: = Lo, B,¥,8), &, =18¢,8% + 46, (70)

where L,, Lg and Ly are given by
1.,
L, =28y +2¢|ay - 5;‘} + 2¢3y + cur + 5B + cs,
2
Lg =2c,2y* + 388) + §cz(9a8 — By) + 6¢38 + 2¢sy + P, (71)

1
L9 = 18C1)/(S + 2C2 (ﬂa - 5}/2) + 3C58 + CaY.

We consider the following cases.
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4.3.1. ¢ =c¢=0,c¢ #0, cs #0. The general solution of (70)—(71) is

18¢, 7"
“], y = D8,
Cq

' 2D,C,
= | Do 18w dt+ D, |,
¢ ¢ [/(; D1C4 - ISClecu (Clﬂ + C3) + 4]

P D2e*  18¢e™!
KT can

§ = [Dle_c" —

[(R(n) + Ds], (72)

where n = (D, — %qew)m, D‘1 — D|1/3 and

15 2 n—Dy _ V3@2n+D) .
Ry = 130 [ln T /3 arctan “20LE0 ] . if Dy #0,
—ip72, if D, = 0.

4.3.2. ¢ =0,i # 2, ¢c; # 0. The general solution of (70)—(71) in this case is
given by King [16].

4.3.3. ¢ #0, c; = ¢4 = 0. The general solution of (70)—(71) in this subcase is
given by

D3 D,D '
Q= -2 (= o)+ =t — 1)} + co(t — o) + D,
27C| 3
D2 1 C:
B=—2(t—t)" + Dyt — 1) — =,
3C1 Cy
1
= —— ——, = D,6, 73
Ba(t-1) 77 73
which blows up at point #,.
434. c=c=0,c¢,¢,c #0.
D} 1 o 1877
a=—38 p=3Ds, y=Ds &= [Dle ‘- ] . (74

which with (69) give a separable solution of (1) with (22).

4.4. Under o4 = u,,,. Here g and f take the form (25) and solving o, = 0 we
obtain the following ansatz for the function u(¢, x):

u(t,x) = a(t) + B()x + y()x% (75)
The substitution of (75) into (1) with (25) yields that «, 8 and y satisfy

@ =L@ B, y). Bi=Lu@B.y) vi=Ln@By. (16
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with Lg, Ly; and L, given by

1
L= E(c,ﬂz + 3B — 2cea)(day — B + 2By +2ciy + 1B + ¢5)B

+ 2¢cgay + 2¢c9y + croe + €11,
Ly = QaBy + ay — csB)(day — B%) + [8cry? + (4cr + 2cs)y + ci0)B
+4cay? + 2c5v, (a7
Ly = Qay — co)day — B2y + [8ay® + (4c; + 2c)y + cuoly-

We consider two cases.

4.4.1. ¢c9 = ¢y = 0. The system (76)—77) admits an exact solution

2 t
a= P—- B= [464/ ydt + Dn] Y (78)
4y 0
with y solving
¥ =8ay’ + (4¢r + 2¢8)y” + croy. (79

The general solution of (79) is given in Appendix B.

4.4.2. ¢;=0,i#1,3,6. In this case, we have

D,y 4 6. 20y — ¢ 2
a=—"Y LV (p S Y %)
4Q2ciy —cs) 4 ( 2T 14 )

c 2ay — ¢ :
B=Duy+ 2yl =52y =20~ DI, (80)
6

which blows up at % and t, — 2¢}/(D;c2).

5. Further examples

In this section, we give a number of additional examples which provide illustrations
that our approach can be extended to consider other types of nonlinear PDEs. The exact
solutions of some examples have been constructed by special ansatz on solutions. In
[12, 13, 16], the exact solutions are claimed not to be group-invariant solutions. Our
discussion shows that those solutions are invariant under GCSs, which provides a
group interpretation for some known results in the literature [12, 13, 16].
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5.1. Example 1
U = —Ulyyey + @ty + b, + cuu,’u,, +du?. (81)

It is easily shown that 0 = u,,, is a GCS of (81) under b + 2c + 4d = 0. The
corresponding exact solution is

u(t,x) = a(®) + B(x + y ()x?, (82)
where o, B and y satisfy

a, = 2cy (B* — day)a — d(16y%a”® — B%),
B: = 2cy(B* — dya)B + 84By (B — dya), (83)
¥ = 2cy(B? — dya) + 8dy (B — dya).

The general solution is as follows.
5.1.1. c¢# —10d4/3:

D} D, . .
a="ty- 42}“&:, B =Dy, y=I[-2D,(3c+10d)(t —1,)] 5%, (84)

It blows up at #, provided (¢ + 4d)(3¢c + 10d) > 0.
5.1.2. ¢=-10d/3.

D? D

4dD
7 2 vy B=Dyy, y=exp [——z(t - to)] . (85)

3

When a = -840 p, — 30t o — _SedD@etl) apg = 3040E4D (81) can

be transformed to
v =———0Y (86)

by a transformation of dependent variable

v =u"b, 87N

Equation (86) has an exact solution of form (82) if and only if m = —1,m = —{, or

5
m = —1[16].
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5.2. Example 2

u, = ——— (). (88)

This equation has been discussed in [16]. It is worthy of note that (88) admits two

S . .
GCSs, o, = &4 and 0_ = uy,, — 24, + 35u, — Su. Integrating o, = 0, we obtain

the exact solution of (88) as
u(t, x) = a(t) + BOx + y (x> + 8(0)x> + E(0)x*, (39)
where «, B8, v, § and £ satisfy

a, = —12(y* +2B8 +2a8), B, = —120(8¢ + v9), (90)
v, = —180(8% + 2y&), 8, = —8408¢, & = —840&2,

with general solution

Di D, D} D,D
= Frsoa0 ~ 0+ ;6 M=)+ = = 1)+ Dt — 1),
D} D,D
p= 1341100 — )+ —12 2(t = 1)1 + D3 (1 — 1),
= 2w 4D - E= (-0, 5=Dg D
Y= 200" T -t E= st 5=Di

This blows up at 4. Integrating o_ = O gives rise to a formal exact solution of (88)
u(t, x) = a(®)x'? + B()x>? + y ()x*. (92)

Substitution of (92) into (88) yields «, B and y satisfying

945 3465
o, = ——8—0!)’, ﬂt = _Tﬂyv Vi = _1680)/2’ (93)

with general solution

63 231 1
a=Dy(t—t)" ™, B=D({—-1) ™, y= ‘1‘@(1 — 1)~ 94)

This also blows up at the finite point f.

5.3. Example 3

92 v\’ -1 9
v = v 4 (—v) $ 200 (95)
r ar

This is the so-called N -dimensional radially symmetric nonlinear diffusion equation
discussed by King [16]. We reconsider it using the approach of GCS. Four cases arise
interms of A and NV.
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5.3.1. A = —(N +2)/4. A direct and tedious calculation shows that o =
Ve — 3r71v,, + 3r72v, is a GCS of (95). Integrating o = 0, we find

v=a()+ BOrr+8@)rt, (96)
which is compatible with (95) and implies
o, =2NaB, B.=(N —2)B*+4(N +2as, & =2NpBs. 97

The general solution is given in [16]. It is interesting to note that ¢ = 0 is the same
as the §2 equation (47) in [22, p. 129].

5.32. N=2,A=-1.Inthiscase,oc = v,,, — %v,, — %v, + Hf’r:;")v is a GCS
of (95), where p is a constant. Solving o = 0 we obtain

(e, r) = a()r*? + B(O)r’ + §(nyrrt. (98)
The substitution of (98) into (95) with N = 2, A = —1 gives that «, 8 and § satisfy
a, =plaf, B, =4p’ad, & = p’Bs. (99)

The solution is also given in [16]. Here o = O corresponds to the S2 equation (41) of
[22, p. 129].

533. A=@&—-N)/Q2(N —3)), N # 3. In this case (95) admits a GCS
3(N -3) 2N —11)Y(N - 3) 4N —4)(N -3)
+ v, — v.

g = vrrr + r vrr 7'2 r r3
Integrating o = 0 gives
v=a)r+ B@)r* N +8@)r*", (100)
where «, B and § satisfy
1
a, =2ka?, B, =2%«aBf, 8 = —EK[(N — 4B +43 - N)ad], (101)

which has been derived by Nucci [22] (but note the misprint in [22]). Its general
solution is

— 1 —1 — D, -1
o= 2K(t -, B= 2K(I )",
D2
§= —gi(t —10)7' + Dyt — 1)*7", (102)
K

where k = (N — 2)?/(N —3) and 0 = 0 is exactly the Q equation (51) of [22,

p. 129]. This type of solution is new and can be thought of as a generalization of the
instantaneous source solution [16].
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5.34. A= -3/4, N = 1. A tedious calculation shows that (95) in this subcase
admits a GCS o = 9°v/3r°. Integrating o = 0 we have

v(t, r) =a(t) + BWr+y@Or* + () + £@)rt, (103)

the substitution of which into (95) yields the time-dependent function in (69) satisfying
3, 3 2
a =2ay—zﬂ » Bi=b6ad—By, y= 12a§+5ﬁ3—y )
3
8 =6B§ —yé, & =2y 252, (104)

which has been given in [16] (but note the misprint in [16]). Differentiating (104)
once with respect to ¢ leads to

ﬁ=&=ﬁ=ﬁ=%=2(1za§—3ﬁs+y2) (105)

o B y )
which combined with (104) gives

a = (Dyw+ Dy)§, B = (D:w+ Dy,
y = (Dsw + Dg)§, & = (Dyw + Dg)§,
3 3 3

-1/3
g = ltZDgw3 - E <2D5 - §D7Dg) ‘Ll)2 -3 (2D6 - %D:) w+ Dg] s (106)

where w is determined implicitly by

2

“I3 3 3 3 o3
/ |:Zl)-?ll)3 <2D5—§D7Dg) w2—3(2D6——ZD§) U)+D9] dw=t—1t,.

T2
(107)
Here D;,i=1,2,...,9, satisfy
D\D;Dg + D3 — D,D? —4D,Ds = 0,
D\D; — D,D;Dg — 4D, Dg + D3D, = 0,
2 2 4

D4 b D2D8 + §D]D9 = O,

D7(D3Dg — DyD; - 8Dy) =0,

D3;D} — 2D3Dg + 2Dy Ds — DyD7Dg — 4D, Dg — 4D, D, = 0,
D5D8 - D6D7 - 2D3 = O, (108)

3
3DsDs + D7Dy — ZDQ - 6D, =0,
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3 3
3D; — Zbﬁug + DsDy — 12D, — 5 DsDs =0,

3
3D4D5 - ZD4D§ + D3D9 - 6D2Dg = 0,
DsD? — D¢D;Dg — 8D, — D3;Dg — DyD7 =0,

which admits general solution

1 3
D, = a (4D5D§ — 8D¢D7Dg — ZD$D9 + D7D§> ’
1 2 2 16 3 4
D2= a 16D6 —8D6D8+?DSD9_ZD7D8D9+D8 s (109)

1 1
D; = 5(DsDg — D¢D;), Ds= 2_4(12D6D8 +4D;Dy —3D}),

where Ds, Dg, D;, Dg and Dy are arbitrary constants. Hence (109) is the general
solution of (108). We consider several special cases.

i) D;,=0,i#2,6. D, =1, Dg = 2. The system (104) admits an exact solution

1
d:g, ﬂ=8=01 y=2§9 E=_Z(t_t0)_l- (110)

Hence we have

(1+r%)?
tLr)y=———, 111
u(t, ) == (111)
which gives a separable solution of (95).
(ll) D1=D3=D5=D7=D9=O,D2=D4=Dg=1,D6=9/4.
The solution of (104) in this case is
9
giving
4 -1 9 2 3 4
u=——(t—1) " A+r+-rr+r+r, (113)
15 4
which again provides a separable solution for (95).
(lll) D| =D2=D3=D4=D7=D8=0,05=D6=1,D9='—3.
The solution of (104) in this case is
1
a=8=58=0, y=—-(1—-1)", §=§(1—to)2, (114)
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SO
1
u=—@-1)'r*+ §(t — 1)t (115)

which is exactly the instantaneous source solution [16]. All the above cases are valid
for D; = 0. If D, # 0, we present the following examples.

(ivy D,=D,= % Dy=1,Dy=Ds=23,D,=Dg =4, Dg =6, Dy = 0.
In this case (104) admits the solution

Ol=z%/———(t—to) B =23 -4t - 1),
y =23 —6(t — 1), a=2—‘3{—_—4(t—z0) E=1y—1t, (116)

which gives an unbounded solution to (95).
(v) Dy = Ds=Dy=0, D3y =Dy, Dy = Dg, Dg = 2.
The system (104) possesses the implicit exact solution

\/D 3 454
a=§& B=8§ y=-2§ ¢£&= / =t — 1.
% D16 —46°
(117)
5.4. Example 4
Uy = Ugy + vf + V4 aqu+ b, v, = vy — uf — u* + aqu + byv. (118)
It is easy to show that (118) admits the GCS
O) = Uxxx + Uy, 02 = VUxxx + Ux.- (119)
Integrating o, = 0, = 0, we obtain the exact solution of (118) as
u(t,x) = a,(t) + Bi(r)cosx + y,(¢) sinx,
v(t, x) = aa(2) + Br()cosx + y(t) sinx, (120)

which is compatible with (118) and implies «;, 8; and y;, i = 1, 2, 3, satisfy
o = C‘% + 522 + )/22 + ajoy + by, Bir = 2028, + (ay — 1)1 + by B,

Yu=2mpn+@—Dn+biy, oay= —af - ﬂlz - )’12 + a0y + bhap,  (121)
B = —2a, ) + a1 + (by — D,y = 20001 + aany + (by — D)y,

The system (118) was considered by Galaktionov [13] and the particular solution of
(120) with y, = y, = 0 derived by the “method of separation of variables” due to
Galaktionov.
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5.5. Example 5

Uy = Uy + Velly +uv +aiu + byv,
UV, = UV, + azvf + byv? + asu + byv. (122)

Here a;, b;,i = 1,2, are constants. This is a parabolic system of quasilinear
equations of nonlinear heat conduction type with source, which is more general than
Galaktionov’s example 6 of p. 869 in [13]. We find that (122) also admits the GCS
(119) under b, = a; + 1, so that the exact solution of (122) is given by (120), instead
of the system (121). Here «;, 8; and y; satisfy

ay = a0z + BB+ iy, + aiar + biay,

Oy = bzdg + 02,322 + az}’22 + by + asy,
Bu=afi+arfr+ (a1 — DL+ biBa, (123)
Bu = Qax + Dayfy + b3 + a3 p1,

Yu=a1y, + aayi + (@ — Dy + biys,

va = (2a; + Dayyr + biyys + asyi.

5.6. Example 6
Uy = Upprr + Uex + U)x — u? + au, a = const. (124)

It is easily shown that (124) admits a GCS 0 = u,,, — “*. Solving o = 0 we have
an exact solution of (124) as

u(t, x) = a(t) + B(r) cosh (%) + y(¢) sinh (%) , (125)

where a, B and y satisfy
2 2 2 3 5
o, =—a° — B —y° +aa, ,B,,:—Eaﬂ+ a+ﬁ B,

Vo = —%ay + (a + 15—6> y. (126)
5.7. Example 7
Uy = Ugrer + Use + uz + u?* + au, a = const. (127)
Equation (127) admits a GCS o = u,,, + u,. Integrating 0 = 0 we obtain
u(t,x) = a(t) + B(t)cosx + y(¢) sinx, (128)
where «, B and y satisfy

ay=a’+p+y*+ax, B.=20Bf+aB, y.=2ay+ay. (129)
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5.8. Example 8
2

u, = (_1)m+l (3_

8x2> u-+ uf + u? + au, a = const. (130)

This is a semilinear parabolic equation of 2m-th order. It is easily shown that
O = U.,, + u, also is a GCS of (130), so its exact solution takes the form (128), in
which «, 8 and y satisfy

o=+ B +y*+aa, B =2P+(@a—1)B, y=20y+(@-1y. (131)

Equation (130) is discussed in [13]. It is interesting to notice that the exact solution
of (130) is independent of m.

5.9. Example 9

U = U + VU, —uv +ayu+ bv, v, =vu,+ azvf + byv? + asu + byv.
(132)

Analogously to (122), one can show that (132) admits the GCS 0y = u,,, — u,,
0y = Uyxy — v, under b, = a; + 1. Solving o, = 0, = 0 gives rise to the exact solution
of (132) as

u(t, x) = a,(t) + Bycoshx + y, sinhx,
v(t, x) = az(t) + Brcoshx + y, sinhx. (133)

The substitution of (133) into (132) yields that «;, 8; and y;, i = 1, 2, satisfy

a, = —o,0; — BBy — Viva + aa) + by,

Bu =—a1f —afi + (a1 + 1)1 + bifa,

Yu = —a1y2 — oy + (@ + Dy + byys, (134)
ay = —by02 — ;mPE + @y} + aza, + byas,

By = (—2a; — DNy B2 + a3y + b3 B,

Yu = —(2a, + Daayr + asyr + byys.

5.10. Example 10
U = Uey + vf —v+aqu+bv, v,=v,— uf + u? + au + byv. (135)

Similarly to (118), one can show that this admits the GCS 0y = u,,, — Uy, 03 =
Uwxx — Uy. Integrating oy = o, = 0, we obtain the exact solution of (135) as

u(t,x) = oa;(t) + B1(t) coshx + y,(¢) sinhx,
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TABLE 1.

¢, i=9,10 F | K| F|F
Clo>Co,c0>0 [ US| AS | US| US
Cio < —C9,c0>0| AS{ US| US| US
Cio > —Cy, o <0 | US| AS | US| US
Clp<eC,c<0 |AS|US{ US| US

TABLE 2.

¢, i=9,10 F| F
cio<0,cg>0]| AS | US
cio>0,c0>0| US| AS

co <0 US | US

v(¢, x) = aa(t) + Ba(t) coshx + y»(¢) sinhx, (136)
which combined with (135) implies «;, 8; and y;, i = 1, 2, satisfy

ay =~ — BE+yi+ay + by, B = —20mp + (a1 + )i+ biBs,
Yie = —2a2y, + (a; + Dy + by, ay =ai + B} — ¥} + ;ma + by, (137)
Ba = 20,81 + @1 + (b + 1) Ba, Yu = 2000 + &y + (by + Dya.

6. Dynamical behavior of a system of ODEs

As mentioned in Section 5, it is very difficult to obtain exact solutions of some
ODE:s in Section 4. So an important problem is to study the dynamical behavior
of these ODEs. Since (in two dimensions) chaos is possible in the nonautonomous
but not the autonomous case, we focus primarily on the stability of fixed points and
qualitative properties of the system.

Let us consider a general autonomous vector field

ye=Y(y), yeR". (138)
A fixed point of (138) is a point y€R" such that
Y(y) =0,

that is, a solution does not change in time.
Let y(¢) be any solution of (138). Roughly speaking, y(¢) is stable solution if all
nearby solutions stay nearby for all future time. It is asymptotically stable if nearby

solutions actually converge to y(t) as 1 — 0o. A mathematical definition is provided
in [14,28].
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DEFINITION 6.1. (Liapunov stability.) y(z) is said to be stable if, given € > 0, there
exists a § = §(e) > 0 such that, for any other solution y(#) of (138) satisfying
ly(to) — y(B)| <48, then [y(1) -y <¥,
fort > 1y, tp € R. A solution that is not stable is said to be unstable.
DEFINITION 6.2. (Asymptotic stability.) y(z) is said to be asymptotically stable if it

is Liapunov stable and if there exists a constant b > 0 such that if |y (%) — y(%)| < b,
then lim, o [y(#) — y(8)| = 0.

It is easy to see that if a solution y is asymptotically stable, then is stable. Denoting

the derivative of f by Df (x), we have the following [14].

PROPOSITION 6.1. Suppose all the eigenvalues of DY (y) have negative real parts.
Then the fixed points y = y of the nonlinear vector field are asymptotically stable.

To study the qualitative properties of the system of ODEs, we focus attention on

o, = Xm(av ﬂ) + CD(a, ﬂ),

B = Yi(a, B) + ¥(e, B), (139)
where X,, and Y, are respectively homogeneous polynomials of o and B of orders
m and n. The lowest order of ® and W are respectively m + 1 and n + 1. Assume

the origin (0, 0) is an isolated fixed point. Introducing the polar coordinates ¢ =
rcos8, B = rsin#, a straightforward calculation shows that

1dr _ H@)+ 0()

rdé GO + o(r)’ (140)

The following definition is useful.

DEFINITION 6.3. The equation G(#) = 0 is called the characteristic equation of
(140). The direction 8 determined by the characteristic equation is called the special
direction of (140).

To illustrate our approach, we consider three special cases of (27)—(28).
61. ¢ =0,i#7,9,10, ¢c; = 1. The system (27)~(28) then reads

o, =a’+ B+ y2 + o,
B = 2af + (cio — ¢9) B, (141)
Yo = 2ay + (€10 — ¢)Y-
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It is easy to see that there exists an arbitrary constant d such that y = dB. Hence
(141) is equivalent to

o, =a? + (1 +d*)B* + cp,
B = 2B + (c10 — ) B, (142)
which has been derived by Galaktionov [13]. Six subcases arise.

6.1.1. &, > ¢, cio # 0. In this subcase, (142) has four fixed points denoted
by Fi(a, B), i = 1, 2, 3, 4, with eigenvalues A, , of the linearization about each fixed

point given by
Fi(0,0) = A =cp, 22=2cpo—~ 0,
F(—c0,0) = A =—cio, 22 =—C0— 0,
F (G0 ¢ty —ci - 3 _co £ 4k — 3
3 2 ) zm 1,2 — 2 )
F, C9“CIO’_ o — ¢ . )‘1'2_:09:': 40%0—3‘%.
2 2J/1+d? 2

The stability of F;, i = 1,2, 3, 4, is indicated in Table 1 under assumptions on c;,
i =9, 10. In the tables, we use “US”, “S” and “AS” to denote unstable, stable and
asymptotically stable respectively.

6.1.2. &, < c2. The system (142) has two fixed points F,(0, 0) and F,(—co, 0).
The stability is pointed out in Table 2.

6.1.3.  c¢jo = ¢c9 = 0. In this subcase (142) has exactly one fixed point F; (0, 0).
Equation (140) in this case then becomes

ldr  cos6[1+(2+ d¥)sin? 6] + O(r) (143)
rdd  sin@[cos?6 — (1 + d?)sin?6] + O(r)’
which has six special directions 8, = 0,6, = n,60; = arctan(1/+/1 + d?),0, = m+6;,
05 = m — 6; and g = —6;. We have the following results [31, Theorems 3.4-3.7].

THEOREM 6.1. The origin (0, 0) is exactly one fixed point of the system (142).
Along each of the directions 6,, 6,, 64 and 0s, there are infinite orbits reaching to
(0, 0). Along each of directions 05 and 0, there is only one orbit reaching to (0, 0).

6.14. c1p = ¢9 # 0. There are two fixed points F{(0, 0) and F;(—co, 0). It is
easy to see that F; is asymptotically stable when ¢jo > 0 and unstable when Cyp < 0.
For the fixed point F; (0, 0), analogous to the above discussion, we have the following.

THEOREM 6.2. There is only one orbit reaching to (0, 0) along each of two special
directions 8; = 0 and 6 = .
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6.1.5. cio = —c¢o # 0. In this subcase, (142) has two fixed points F;(0, 0)
and F»>(—cyp, 0). For F;(0,0), when Cyp > 0, F, is unstable and when Cjy < 0, F,
is asymptotically stable. For F,(—c, 0), there are four special directions 6, = 0,
6, = m/2,6; = mr and 6, = 3 /2. Here we have the following.

THEOREM 6.3. Along each of special directions 6, and 0,, there are infinite orbits

which are tangent to o = —cyo reaching to point F,. Along each of special directions
05 and 6,, there is exactly one orbit which is tangent to &« = —c)q, reaching to point
F.

6.1.6. ¢ =0, cg # 0. In this subcase, (142) has only one fixed point F,(0, 0).
In the neighbourhood of F;(0, 0), we have the following theorem.

THEOREM 6.4. Along each of two special directions 6, = n/2 and 6, = 3n /2,
there is only one orbit reaching to the origin (0, 0).

6.2. «¢;=0,i+#2,8,10. Asin case 6.1, it suffices to consider

@, = [26,0° + g + cpoler,
B: = [3ca® — (1 +d*)B* + st + ciol B, (144)
where d is an arbitrary constant. We distinguish five subcases.

6.2.1. «cc9 > 0, c§ — 8¢yc¢10 > 0. In this subcase, there are nine fixed points
with eigenvalues X, , of the linearization about each fixed point given by

Fi(0,0) = A, = X, = cyo,

Ci1o
|0, | ——— Al =Cio, Az = —2cy0,
2( 0+ de = A =Cpo 2 Cio
Cio
F{0, - | ——— A =cp, A= —2c0,
3 ( (1 + dz)Cz = Al Cio 2 Cio

4C2

F (—Cg + vV Cg - 86‘2C10 0)
4 y

ca — 8cyci0 — ¢/ g — 8caco c; — 8caci0 — /63 — 8crcio

= A= y A= )
! 402 2 862
o e e Ve —8cco 0
5 4C2 '
= A = ¢ — 8cyci0+ s/ — 8crcio N = ¢ — 8cacio + cs/ 6 — Beaco
1 = ’ 2 — ’
46‘2 802

https://doi.org/10.1017/50334270000011012 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000011012

[29] Reductions and solutions of PDEs 29

F (—Cg + Vv Cg - 862C10 —Cg + Vv Cg - 8C2C]0)
6 s =

4c; 4cy/1 + d?
2
= = C§ —8cyc10 — C3/ C§ —8cyci0 N = —2c —cg + \/Cg —8c;c10
1= 4c, ) 2= 2 4c, s
—c3 + /G —8crcrg —cs + vk — 8crcno
F ,
402 46‘2\/ 1+ d?
2
C§ —8caci0 — ¢3 c§ —8cacio —Cg + \/6’% —8aco
= A= v h=20 ,
4c, 4c,
F —Cg — \/C§ —8cc10 —c3 — Vv c§ — 810
8 )
402 402\/ 1+ a2
2
C§ —8cyc10+ 3 c§ — 810 —Cg —+/ Cg —8cy¢c10
= A'l = 4 s )"2 = _2(:2 4 )
C2 C2

F9 —Cg — v/ Cg - 8C2C10 cs + v Cg - 8C2C|0
4c; T 4o/l + a2

2
= A= & —8cacip + s/t — 8eacro N = —2¢ I:_CS - — 862010:'
1 ’ 2= = 2 .

- 4C2 402

6.2.2. e > 0,2 —8cycip < 0. The system (144) has three fixed points Fy, F,
and F;.

6.23. cyc10 > 0, & = 8cyci0-  In this subcase, (144) has six fixed points
Fl(—cs/(4c;),0), F!(—cs/(4cy), —Cs/(402~/ 1+ dz)) and F{ (—Cs/(46’2), cs/(4c;
V1+ d?)) in addition to F,, F; and F;.

6.2.4. co = 0, ¢3,¢c3 # 0. The system (144) has four fixed points, Fy,
F}(—c3/(2cy), 0), F32(—‘C8/(2C2), cs/(2c2\/1 + d2)) and F}(—cs/(Zcz), —cs/(2c2
V1+ad2)).

6.2.5. ccio < 0. In this subcase, (144) admits seven fixed points F;, i =
1,4,5,6,7,8,9. The stability of F;, i = 1,2,...,9 is indicated in Table 3. In this

table A = Cg - 86'26‘10.
For the fixed points F,, F] and F{, we have the following common qualitative

property.

THEOREM 6.5. Along each of two special directions 8, = /2 and 8, = 3n /2,
there is only one orbit, which is tangent to & = —cg/(4¢;), reaching to points F},
i=4,5,6.
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TABLE 3.

A C1o Q Cg A IRIFK|F|F | F| /K| FKR|F
A<0|co<O0| ¢c; <0 | arbitrary | AS | US | US
co>0 1| ¢c; >0 | arbitrary | US | US | US
clo<0 | c2>0] ¢cg<0 | AS US|[AS|US|US|US|US
co>0] c2>0] <0 |US|US|US|US|US|US| US| AS | AS
co>0 | c2>0)] >0 |US|US|US|US|AS | AS| AS| US| US

co<0 | >0 | ¢g>0 | AS AS | US| US| US| US| US
A>0|¢co<0| c<0]| ¢cg<0 |AS|US|IUS|US|US|US|US|[US|US
0>0 | <0 | ¢g<0 | US US|AS|US| US| US| US
co<0}c<0| ¢g>0 |AS|US|JUSjUS|US|US| US| US| US
co>0] ;<0 | ¢g>0 | US AS |US |US|US|US | US

When ¢z — 8c;¢10 = 0 and c;¢p0 > 0, the stability of fixed points Fy, F7, F? and
F} is indicated in Table 4.

63. ¢ =0,i+#4,6,10.
In this case, (27)—(28) is equivalent to

o, = cs[(1 + d)B* — o'l + cs[e® + (1 + d)B*] + cuoer,
B: = [es((1 + d*)B% — ?) + 2c70 + ¢10]B, (145)

where d is an arbitrary constant. To obtain the fixed points, we consider four subcases.

6.3.1. cip # 0, & + 4cgcio > 0. In this subcase, (145) has five fixed points
denoted by E(a, 8),i =1, ..., 5, with eigenvalues 1, , of the linearization about the
fixed points

E0,00) =2 A=kA=cp

g (Gt VG taceco Gttt aya +ddc
2 206 ’ ! 206 ’
c (07 +JcE+ 4C6ClO)
A - ’
2 2C5
g (e =V +accn N, _ 6+ — o/ +4ac
3 2C6 ’ ! 2C6 ’
¢ (07 —-Jeé+ 4C6CIO)
A. == )
2 2C6
C10 Cio
E|-— —— = A2 = o,
) ( 2¢; 2c7¢1+—dz> v
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TABLE 4.

c s F, | F} | F} | F}
>0 <0|US| US| US|US
>0 S |US|US|US
<0 cg<0]| S S S S
cg>0{US| S S S

Cio Cio
Es|——, ———— =  Ap2 = *c0.
5( 2¢; 2c,¢1+d2) 12 = =

6.3.2.  c10# 0, & + 4cgcio < 0. The system (145) has three fixed points E;, E,
and E5.

6.33. c¢u,¢7 #0, c% + 4cscp = 0. There are four fixed points E,, E4, Es and
Egl (¢7/(2¢6), 0).

6.34. c¢io =0, ¢, ¢c7 # 0. In this subcase, (145) has two fixed points E; and
E;(C7/C6, 0)

When ¢ # 0, the stability of the fixed points E;, i = 1,2,...,5 is indicated in
Table 5. In this table Q = ¢ + 4cscyo.

For the fixed point E}, we have the following.

THEOREM 6.6. Along each of two special directions 6, = n/2 and 68, = 37 /2,
there exists only one orbit reaching to point E;.

When c¢;p = 0 and ¢, ¢; # 0, the fixed point E7 is unstable. For the fixed point
E (0, 0), there are six special directions

6,=0, 6,=mw 6 =arctan 64 = — arctan

1

NSEY
1

Jitd:

1
NIEY

s = m — arctan 8¢ = m + arctan

1
Vi+d?

We have the following theorem.

THEOREM 6.7. Along each of special directions 8, and 0,, there are infinite orbits
reaching to point E\. Along each of special directions 6;, i = 3,4, 5, 6, there is only
one orbit reaching to point E,.
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TABLES.
Q Cs (o) o E, | E; | Es | Es | Es
Q < 0 | arbitrary | arbitrary | ¢;o <0 | AS UsS | US
Cio > 0] US US | US

¢ >0 >0 | co<O0O|AS|US|US|US | US
¢ >0 c7>0 | co>0|US|US|AS | US| US
ce >0 <0 | co<O|AS|US | US|US | US
R>01] >0 c7<0 | co>0| US| AS| US| US| US
c <0 ;>0 | co<O|AS|US| US| US| US
c <0 ;>0 |co>0|US|US{AS | US| US
¢ <0 c1<0 | co<O|AS| US| US| US| US
cs <0 c7<0 |co>0| US| AS | US| US| US
Q=0 arbitrary | ¢;7#0 | cio<0 | AS US | US
arbitrary | ¢;#0 | ¢;p> 0| US US | US

7. Discussion

In this paper, we have discussed the reduction of the four types of nonlinear
PDEs which are known to have many physically significant applications in physics
and related sciences, under four types of GCSs. The resulting equations include a
considerable number of nonlinear PDEs which have been widely studied by many
authors as their special examples. The exact solutions of these equations can be
determined by the compatibility of the GCSs and the considered equations, which
reduce to solving systems of nonlinear ODEs. Though the general solution of these
systems of ODEs are difficult to obtain, we get many interesting particular solutions.
Moreover, these systems of ODEs play an important role in discussing the asymptotic
behaviour of the exact solutions such as blow-up property. To illustrate that the
approach has wide applications, we derived the exact solutions of additional further
examples by the current approach, some of which have been considered by several
authors. Our approach strongly provides a symmetry group interpretation for known
results. It would be of interest to set up the relationship between the iteration of the
nonclassical method [22] and the current approach and give a GCS group interpretation
for known results [16] of the multidimensional diffusion equations.
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Appendix A
In this appendix, we present the exact solutions and reductions to systems of ODEs
for (2)~(4).

Al.  u, = g(u, u)u., + f (u, u,). Analogously to the procedure for case (4.1),
we can easily obtain the corresponding results for (2), which are listed as follows.

A.l.1.  Under oy = u,,, + u,. The exact solution of (2) with (16) is determined
by (26), where «, 8 and y satisfy

oy = Ll(av ﬂ’ V), ﬂt! = L2(a1 ﬂ9 )’), Vn = L3(a’ ﬂs )’), (A'l)
where L;, i = 1,2, 3 are as in (28).

A.1.2.  Under 0; = u,,, — u,. In this subcase, the exact solution of (2) with (19)
is given by (29), where «, B and y satisfy

oy = L4(a, ﬂv }’), ﬂtl = LS(a, ,Bs }’), yt! = L6(aa ﬂa )’), (A'2)

where L4, Ls and L¢ are given by (31).

A.1.3.  Under 03 = u,,.,.. The ansatz for the exact solution of (2) with (22) is
(32), where a, B, y and § satisfy

ay = L7(a9 ﬁ’ )’), ﬂu = LS(a1 ﬂ’ }’), Vn = L9(ay ﬂs }’), 8!1 = 18C|82 + 048-
(A3)

A.2. Underos = u,,,. The equation (2) with (25) in this subcase has exact solution
given by (35), where «, 8 and y satisfy

Ay = LIO(av ﬂv V), ﬂt! = Lll(av ﬂv J/)’ yll = LIZ(av ﬂ’ }’), (A4)

where Lo, L; and L, are given in (37).

A3, Uy = —Up + g, udu, + f (4, u,). Equation (3) is a model frequently

encountered in the study of continuous media which exhibits a chaotic behaviour [19],
including the well-known Kuramoto-Sivashinsky equation as its special case. The
GCSs o3 and o, imply u,,,, = 0. Then equation (3) reduces to equation (1). We
consider two cases.
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Ad. Undero, = u,,, + u,. The ansatz for the exact solution of (3) with constraints
(16) also is determined by (26), where «, $ and y satisfy

o = Li(a, ﬂv )’)s ﬂl = Ly(a, ﬁv y) —ﬂv Vi = Li(a, ﬂv y)_}’v (A.5)
with L,, L, and L; given by (28).

A4.l1. Under o; = u,,, — u,. Itis easy to show that u(z, x) takes the form (29).
Substitution of (29) into (3) with (19) gives rise to

o, =L4(a,B,y¥), Bi=Ls(,B,v)—8B, v.=Lela,B,7)—7v, (A.6)
where L4, Ls and Lg are given by (31).
AS. Upeer F 2Unyy + Uy = g0, u)ue, + f (4, u,). In terms of the GCSs of
(4), four subcases arise.

A.5.1.  Under 0y = u,,, + u,. In this subcase, f and g are determined by (16).
Integrating o, = 0 gives

ulx,y) =a(y)+ B(y)cosx + y(y)sinx. (A
Substitution of (A.7) into (4) with (16) implies «, B and y satisfy
Oyyyy = Li(a, B, V), Byyyy — 2By + B = La(a, B, ¥),
Yoy — 2V +v = Ls(a, B, v), (A.8)
where L, L, and L; are given in (28).
A.5.2. Under 0; = u,,, — u,. The ansatz of the exact solution of (4) with (19) is
u(x,y) = a(y) + B(y)coshx + y(y) sinhx, (A9)
which is compatible with the governing equation (4) and leads to
yyyy = La(a, B, ), Byyyy + 2By, + B = Ls(e, B, v),
Vasyy + 2y + v = Le(a, B, v), (A.10)
where L4, Ls and Lg are given by (31).

A.5.3.  Under 05 = u,,,x. Solving o3 = 0, we obtain the exact solution of (4)
with (22) as

u(x,y) = a(y) +BO)x +y()x> +8(y)x>. (A.11)
Substitution of (A.11) into equation (4) yields

aY)')'.V + 4yyy = L7(a’ ﬂ’ y)1 ﬁyyyy + 128y = Lg(a, ﬂ! }’),
Yoyyy = Lo(a, B, ¥),  8,y,, = 1882, (A.12)
where L, Lg and L, take the form (34).
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A.5.4. Under o4 = u,,.. Here the exact solution of (4) with (25) is

u(x,y) = a(y) + B(y)x + y(y)x?, (A.13)

and a, B and y satisfy

ayyyy + 4yyy = LIO(av ﬂy )’), ﬁy}’)’)’ = Lll(a, ﬂv }’), yyyy)' = LIZ(ay ﬂ’ )’),

(A.14)
with L, Ly, and L, determined by (37).
Appendix B
In this appendix, we present general solution to a special Abel equation
a, = Aa® + Ba* + Ca + D, (B.1)

where A, B, C and D are arbitrary constants, which appears in this paper several
times. There are three cases to consider.

B.1. A # 0. In terms of the roots of
Ad® + Ba*+ Ca+ D =0, (B.2)

we distinguish four subcases.

B.1.1.  There are three distinct real roots. The general solution is
(@ —a)® (@ - @) "(a—a3)" ™ = DleA(ﬂl-02)(02-03)(a|—03)('—lo)’ (B.3)

where a;, i = 1, 2, 3, are the three real roots.
B.1.2.  There is one real and two conjugate complex roots. In this subcase, we
have

Ad’ + Ba?+ Ca+ D = A(e —a)[(@ +a)* +af], a3 #0.

The general solution of (B.1) is

1 —
a—a —a'+a2arctana+a2=A(t—to)- (B.4)

In
(a+a)+d [fla+a)+ a? as a3

B.1.3.  There are two distinct, real roots a; and a,, the multiplicity of a, being
two. So we have for the general solution of (B.1)

Y~ B @-ae-a) —_ A@-a)0-0) (B.5)

a—aq
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B.1.4.  There is only one real root a,;, of multiplicity three.
@ =a +[2A( - D17 (B.6)

B.2. A =0, B # 0. The equation reduces to the constant Riccati equation and the
general solution is given according to three subcases.

B21.  A=C?-4BD > 0.

at+a a-a (a1 — @) B(t — 1)
* 2 T 2 (B.7)
where a; and a, are the real roots of (B.2) with A = 0.
B2.2. A<O.
The general solution of (B.1) is
C J4BD - C?
=——+ ————tan B(t — 1). B.8
o 2B + B an B(t — &) (B.8)
B23 A=0
C 1
_ S B.9
2B B(t—t) (B.9)
which blows up at #,.
B3. A=B=0,C#0.
D
= — —, B.10
a=e¢e c ( )
B4 A=B=C=0
o= D( - 1. (B.11)
Appendix C

In this appendix, we derive the general solution to the ordinary differential equation
o, = Aa* + Ba® + Ca* + Ca + D. (C.1)

where A, B, C and D are constants. The case A = 0 has been considered in Appendix
B, so we consider the case A # 0. Analogously to the discussion for (B.1), in view of
the roots of

Q(a) = Aa* + Ba’ + Ca* + Ca+ D =0 (C2)

we distinguish nine cases.
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C.1. There are four distinct real roots. In this case, we obtain the general solution
of (C.1) as

L 1 1
(a —_ al)(nz-ul)(43-n|)(a4—a|) (a —_ az)(al—az)(aJ-az)(q—az) (a _ as)(nl—q)(nz-a;)(a‘—a;)
1
X (0 — a4) @ aer-ae—n = gAU—0) (C.3)

where a;, i = 1, 2, 3, 4 are the different roots of (C.2).

C.2. There are three distinct real roots a;, i = 1, 2, 3, a, having multiplicity two.
The general solution of (C.1) in this case is

+a3—2a
In [(a — ay) Feaye?

I 1
(a — az)(“Z'“3’(°2_"l)! (a — a3) (n3-¢2)(n3-n|)2]

1
(a1 — @) — &)@ —a)
C.3. There are two distinct real roots a;, { = 1, 2, both with multiplicity two. We
obtain the general solution of (C.1) as

At — ). (C4

27R _2TR  omIT® A - a) (- ). (C.5)
a—a o—-a a—a
C.4. There are two distinct real roots, a; of multiplicity three and a, of multiplicity

one.

e-—a a-a (a-a)

=A(a — @)’ (1 — 1) (C.6)

In
a—a o-—aq 2(a — a;)?

gives the general solution of (C.1) in this case.

C.5.  There is only one real root a;, of multiplicity four. The general solution of
(C.1) in this case is

1 1/3
a=a + [—m] , (C7)

which blows up at %.

C.6. There are four distinct complex roots. In this case, we first have

Q@) = [(@ + a1)* + bill(a + @) + b3, by, by #0. (C.8)
Hence we obtain the general solution to (C.1) as
(@+a)+ b o+ a
(al — a2) In [m + [(al - a;)_)2 + b% — bf] arctan bl

+ (@) — a2)* + bf - b%] arctan @+ a

2

= Al(a — @) + (b, — b)’ll(@1 — @2)* + (b2 + b,)*1(t — 1o). €9
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C.7.  There are two distinct complex roots of multiplicity two. In this case
0(e) = [(& + a)* + BT (C.10)
The general solution of equation (C.1) is

b
(a + ay) 4 arctan o+ a

—_— = 24631 - 1p). C.11
@+a)y+5 b 6= ) (€10

C.8. There are one real root of multiplicity two, and two conjugate complex roots.
In this case,

Q(@) = (@ — a)’[(@ + b))’ + c]. (C.12)

Hence we obtain the general solution of (C.1) as

b))+ 3 b
(@ + b)) In e+b) +a + [2(ay + by)? — 1] arctan — +
a —a Cy
— = Al(a + b)* + 21t — 1o). (C.13)
a—a

C.9. There are two distinct real roots and two conjugate complex roots. We can
write

0(@) = (@ —a)(@ - @)@+ b)) +cl, o #0. (C.14)
The general solution of (C.1) is then given by

[(@ + b)* + c1ln(e — a) — [(a; + by)* + ] In(e — a))
n (a; —a))(a) + ax + 2by)

In[(x + b))% + cf]

2
(ay — a)[(by + c1)(ay + b)) — ] a+ b
+ arctan ——
Cy Cy
= A(a; — a)l(a; + b,)* + Sl(@ + bi)* + 1t — 1). (C.15)
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