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( r ece ived A p r i l 8, 1965) 

1. In t roduc t ion . If U and V a r e independent r a n d o m 
v a r i a b l e s , both d rawn f rom the N o r m a l d i s t r i b u t i o n , then it i s 
known tha t the d i s t r i bu t ion of U/V follows the Cauchy law, i. e. 

2 
ha s f requency function 1/TT(1+X ). C o n v e r s e l y if U and V a r e 
independent ly d rawn f rom the s a m e d i s t r i bu t ion and U/V is 
known to follow the Cauchy law of d i s t r i bu t ion m u s t U and V be 
n e c e s s a r i l y d rawn f rom a N o r m a l d i s t r i b u t i o n ? Th i s ques t ion 
has been c o n s i d e r e d by s e v e r a l a u t h o r s ([3], [4] , [5] , [7]) who 
have obta ined s e v e r a l e x a m p l e s to show tha t the r a t i o p r o p e r t y 
above i s not confined to the N o r m a l d i s t r i bu t ion . 

In t h i s p a p e r I sha l l d i s c u s s a fami ly of d i s t r i b u t i o n s e a c h 
of which p o s s e s s e s the r a t i o p r o p e r t y d e s c r i b e d above . Denoting 
one m e m b e r of the family by D (x) and i t s a s s o c i a t e d f requency 

v 
function by N (x), w h e r e v > 0, we have the following defini-

v — 
t i o n s : 

(1) x > 0 ; N (x) 
— v 

and 

(2) x < 0 ; N (x) - N (-x) , 
v v 

w h e r e the H y p e r g e o m e t r i c function F is defined by 

Canad . Math. Bul l . vo l . 8, no. 5, Oc tober 1965 

v - x / 2 
x e 

r ( - v + i ) 

(2TT) 

A J. 2 
1/2 v / 2 r ( v + l ) 1 1 (2V ; ; 2 X ' ' 
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1 A x 2m 
r ( -v ) i 2 °° r ( 7 v + m ) x 

(3) , A F (Jv ; v+1 ; - x ) = 2 . 
v r v + 1) 1 1 7 2 ' n , / , x ->m 

7 m = 0 m ! r ( v + l + m ) 2 
The c a s e v < 0 i s exc luded . Ev iden t ly the Hyper g e o m e t r i c 

function F c o n v e r g e s for a l l v a l u e s of x, N (x) > 0 for a l l 

r e a l v a l u e s of x and N (x) i s the f r equency function of the 

N o r m a l d i s t r i b u t i o n . 

We sha l l now p r o v e tha t if U and V a r e two independen t 
r a n d o m v a r i a b l e s , both d r a w n f r o m the s a m e d i s t r i b u t i o n 
D (x), wi th f r equency function N (x) given in (1) and (2) 

v v 
above , then the d i s t r i b u t i o n of U/V i s the Cauchy d i s t r i b u t i o n 

2 
wi th f requency function 1/TT(1+X ) . 

Th i s r e s u l t i s p roved if we can e s t a b l i s h the following two 
equa t ions 

(4) 2 ( N (x) dx = 1 
J v V 
0 

a n d 

(5) 2 f u N (ux) N (u) du = . 
0 TT(1+X ) 

If (4) i s e s t a b l i s h e d then , by v i r t u e of (2) and N (x) > 0, 
v — 

it fol lows tha t N (x) i s the f requency function of some d i s t r i -
v 

but ion. 

To d i s c u s s (5) we f i r s t note tha t if U and V a r e 
independent r a n d o m v a r i a b l e s both d r a w n f r o m the s a m e 
d i s t r i b u t i o n , with f r equency function f(x) w h e r e f ( x ) = f ( - x ) , 

00 

t hen it i s known tha t the d i s t r i b u t i o n of U/V h a s 2 J u f(ux) f(u) d 
0 

for i t s f r equency function. 
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We c a n p r o v e t h i s s t a t e m e n t a s f o l l o w s . S i n c e U a n d V 

a r e i n d e p e n d e n t t h e j o i n t d i s t r i b u t i o n of ( U , V ) i s f ( y ) f ( z ) . 

N o w l e t x = y / z a n d u = z , i . e . y = u x a n d z = u ; w h i c h i s a 

t r a n s f o r m a t i o n w h o s e J a c o b i a n i s | u | . T h e n t h e j o i n t d i s t r i b u ­

t i o n of ( U / V , V) i s 

| u | f (ux) f(u) , -oo < u , x < oo . 

F r o m t h e t h e o r y of m a r g i n a l d i s t r i b u t i o n s , [ 10 ] § 2 1 . 1, i t t h e n 

f o l l o w s t h a t t h e f r e q u e n c y f u n c t i o n fo r t h e d i s t r i b u t i o n of U / V 

i s 

00 00 

/ | u | f (ux) f(u) d u = 2 f uf(ux) f(u) d u , 
-00 0 

w h e r e t h e e q u a l i t y a r i s e s f r o m t h e a s s u m p t i o n f(u) = f ( - u ) . 

N o w l e t U a n d V b e r a n d o m v a r i a b l e s i n d e p e n d e n t l y 

d r a w n f r o m t h e d i s t r i b u t i o n w h o s e f r e q u e n c y f u n c t i o n i s N (x) , 
v 

a s g i v e n by (1) a n d (2) . If (5) c a n b e p r o v e d i t i s t h e n e v i d e n t 
f r o m t h e r e m a r k s a b o v e t h a t t h e d i s t r i b u t i o n of U / V w i l l f o l l o w 

2 
t h e C a u c h y l a w , i . e . h a v e t h e f r e q u e n c y f u n c t i o n 1 /TT(1 + X ). 

2 . P r o o f of (4 ) . F r o m ( l ) s u b s t i t u t e f o r N (x) i n (7) 
v 

b e l o w a n d c h a n g e t h e o r d e r of i n t e g r a t i o n a n d s u m m a t i o n , 

a s s u m i n g f o r t h e m o m e n t t h a t s u c h a c h a n g e c a n b e j u s t i f i e d . 

On u s i n g 

l 00 2 — v + m 

(6) / e - x / 2 ( | x 2 ) 2 d x = 2 - 1 / 2 r 4 v + - U m ) 

0 

we t h e n o b t a i n 

l 1 1 1 
oo - v oo r f c v + m ) r ( - v + - + m ) 

(7) 2 f N (x) d x = — — 2 — - — - . 
J v 1/2 ^ r ( v + l + m m ! 
0 IT m = 0 v ' 

T o j u s t i f y t h e c h a n g e of o r d e r a s s u m e d a b o v e w e u s e 

t h e o r e m B § 1 7 6 [ l ] . T h i s s t a t e s t h a t if (i) F (v ; v + 1; x 2 ) 

633 

https://doi.org/10.4153/CMB-1965-046-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-046-3


converges absolutely for x> 0 and uniformly for 0 < x< b, 

where b is arbitrary, and (ii) the series on the right of (7) 

converges absolutely then the change of order of integration 

and summation is justified even if the range of integration is 

infinite. Condition (i) is satisfied, since F converges for 

all values of x, and the investigation on the convergence of 

Hypergeometric functions given in [8] §2. 38 shows that (ii) is 

also satisfied. 

Finally, on using the hypergeometric summation formula 

given in [8] § 14. 11 we see that the right hand side of (7) is 

equal to 1 and this establishes (4). 

3. Proof of (5). We need the following result: 

oo 

(8) f y J (wy) N (xy) dy = x~ 2 N (w/x) . 
J v u v 
0 

This is proved in [9] p. 394 equation (3), but the result stated in 

[9] has been rewritten so as to make use of our N terminolog 

The case when x = 1 is also needed and this is 

(9) / y J (wy) N (y) dy - N (w) . J v 0 v 
0 

In both (8) and (9) J (y) denotes the Bessel function of order v 

Equations (8) and (9) are examples of Hankel transforms, 

see [6] chapter 2, theorem 19- The conditions of theorem 19 

are satisfied here because N (x) is of bounded variation and 

is absolutely integrable from 0 to oo. 

Associated with the Hankel transform is the Parseval 

formula, given in [6] theorem 23, p. 60. This enables us to 

deduce from (8) and (9) that 

00 00 

r - 2 
(10) / w x N (w/x) N (w) dw = / w N(wx) N (w) dw . 

0 v v JQ 0 0 
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- 1 / 2 2 
On w r i t i n g N (w) = (2TT) exp. (-w /2) in the r i g h t hand 

i n t e g r a l of (10) we find that th i s i n t e g r a l t a k e s the va lue 
2 

1/2TT(1 + X ). On wr i t i ng w = ux in the left hand i n t e g r a l of (10) 
we then obtain 

oo 
r 1 (11) 2 / u N (u) N (ux) du = 

J V V 2 
0 TT(1+X ) 

and so c o m p l e t e the proof of (5). The s t a t e m e n t m a d e j u s t b e f o r e 
equat ion (4), c o n c e r n i n g the r a t i o U /V , i s t h e r e f o r e p roved . 

It i s a l s o p o s s i b l e to deduce (11) f rom (8) by m e a n s of a 
r e s u l t I have given in a p r e v i o u s p a p e r , [2] t h e o r e m 3, p. 582. 
But the me thod used h e r e i s somewha t q u i c k e r . 
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