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A POINTWISE ERGODIC THEOREM IN L.-SPACES 

M. A. AKCOGLU 

1. I n t r o d u c t i o n . Let (X, J r , /x) be a measure space and Lp — LP(X,^ , /i), 
1 ^ p ^ oo , the usual Banach spaces. A linear operator T : Lp —> Lp'is called a 
positive contraction if it transforms non-negative functions into non-negative 
functions and if its norm is not more than one. The purpose of this note is to 
show tha t if 1 < p < oo and if T : Lp —•» Lp is a positive contraction then 

l i m i t T«f 

exists a.e. for each / £ Lp. Related results in this direction were obtained by 
E. M. Stein [6], A. Ionescu-Tulcea [5], R. V. Chacon and J. Olsen [3] and by 
R. V. Chacon and S. A. McGrath [4]. I t has been shown by Burkholder [2] 
t ha t this theorem is false if T is not positive (see also [1]). 

I t is well known (see, e.g. [5]) tha t to prove this result it is enough to prove 
the following theorem. 

(1.1) T H E O R E M . Let 1 < p < oo and let T : Lp —> Lp be a positive contraction. 

For each f G LP1 let 

fix) = sup 

Then 

è S T*f{x) 

* J ± l W • p 

If the s ta tement of this theorem is true for an operator then we will say tha t 
the Dominated (Ergodic) Est imate holds for this operator. In Section 2 it will 
be shown tha t the Dominated Es t imate holds for a positive contraction on a 
finite dimensional Lp-space, by reducing this case to the case considered by 
A. Ionescu-Tulcea in [5]. In Section 3 the theorem Avili be proved for the 
general case. 

Theorem 1.1 answers a question raised by Chacon and McGrath in [4]. 
This question was the start ing point of the present work. I t may be noted tha t 
the elementary results (2.4) and (2.5) also appeared in [4], but in a different 
context. 
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T h e au thor is grateful to Professor Louis Sucheston for very s t imulat ing 
discussions on this problem. 

2. F i n i t e d i m e n s i o n a l Z^-spaces. In this section the indices i and j will 
range through the integers 1, 2, . . . , n where w ^ 1 is an arb i t rary bu t fixed 
integer. Let w / s be strictly positive fixed numbers and introduce a norm on 
Rw a s \\r\\p = [J2i\rt\

pmi]1/p, r = (rt) £ Rw. We denote the resulting Z^-space 
by lp. Let T : lp —» lp be a positive contract ion determined by a matr ix ( T 0 ) as 
(TV)y = J2i^ijri- First we will assume the following two conditions: 

(2.1) Ttj > 0 
(2.2) iini, = i. 

(2.3) LEMMA. There exists a vector u £ lp
+ so that \\u\\v = ||T"w||p = 1. 

Proof. Let K = max ||T"w||^ where the maximum is taken over the vectors 
u Ç lp

+ with \\u\\p = 1. I t is clear t h a t K ^ 1 and if i£ = 1 then the lemma 
would follow. If K < 1, then for any r G Zp, ||7V||P = ||T>+ - Tr~\\pS 
||TV+ + Tr~\\p < \\r+ + r~\\p = \\r\\n. This contradicts (2.2). 

We now also consider the adjoint space lp* and identify this, as usual, with 
h i <L = P(P ~~ 1) - 1> s o t h a t a vector s £ lQ acts as functional on lp defined as 
(r, s) = Ylirisimu r £ lp. T h e adjoint of T will be a positive contract ion 
T* : lg—> lg so t ha t (Tr, s) = (r, T*s) for all r £ lp, s £ lQ. Since (TV, 5) = 
lLjmjsjJ2iT\fi = JLimiriJHj(mJ/m^)'^ijsji we obtain t ha t 

For each r £ lp
+ there is a unique r* G /ff+ so t ha t (r, r*) = I M I / = Ik* 11/-

This vector is given as r* t = r f~x. 

(2.4) LEMMA. Ze/ w be the vector obtained in Lemma (2.3) and let v = Tu. 
Then u* = T*v* and both u and v have strictly positive coordinates. 

Proof. Since 1 = (v, v*) = (Tu, v*) = (u, T*v*) and since 117"*̂ ;*11ff ^ 1 we 
see t ha t u* = T*v*. Because of (2.1), v = Tu and u* = T*v* have strictly 
positive coordinates. Hence u also has strictly positive coordinates. 

(2.5) COROLLARY. There exist two vectors u — (ut) and v = (vf) with strictly 
positive coordinates so that 

(2.6) Vj = X TijUu 
i 

(2.7) ra^/7-1 — ^2 mjTijvf~x. 

Given a positive contraction T : lp —» lp satisfying (2.1) and (2.2) we are 
now going to construct a measure space (Z, J ^ , n) and a transformation r : Z 
- > Z . 
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The space Z will be a subset of the two dimensional cartesian space Oxy. 
T h e o--algebra &~ will be the class of two dimensional Borel subsets of Z and 
the measure \x will be the restriction of the two dimensional Lebesgue measure 
to ^ . One and two dimensional Lebesgue measures will be denoted with / and 
/2, respectively and no distinction will be made between I2 and /x. The differen
tials of / and I2 will also be denoted as dx and dxdy, respectively. 

Let IfS be n disjoint intervals on the x-axis and / / s n disjoint intervals on 
the 3^-axis so tha t 1(1\) = m f and l(J i) = 1. Let / = UJi and Et = It X J\ 
and finally Z = {JiEt. 

To define the transformation r : Z —> Z, let 

(2.8) %ij = Tij— , 

p-i 

(2.9) „„ = r ^ = T ^ , 

where (ut) and (Vj) are as given by Corollary (2.5), and note tha t 2 * £ o = 1 
and YljVtj = L Now divide each I) into n disjoint subintervals Iijt I2j, . . . , Inj 
and also divide each Jt into n disjoint subintervals Jn, Jt2, . . . , Jin so t ha t 
1(1 ij) = ianij and l(Jij) = Vij- Let Rtj = It X / ^ and 5 0 = Itj X /,-. Note 
t ha t Et = UjRij and £_,- = U < 5 ^ . 

For each (i, 7) wTe can now find four constants aij} bijf ct^ dtj so t ha t the 
affine transformation 

Tij(%> j) = (aijX + bij, Cijj + dij) 

transforms Rtj onto 5 ^ , up to an /2-null set. Let r : Z —» Z be defined as r 0 on 
each Rtj. 

The transformation T \ Z —> Z is invertible and measurable in both direc
tions. Also, n(B) = 0 if and only if ^(T~1B) = H(TB) = 0. Let v = /XT -1 be 
the measure obtained by transport ing /x by r. I t is clear t ha t v is absolutely 
continuous with respect to /x and its Radon Nikodym derivative is given as 

dv v MCRJJ) v ( v3 Y 
did Zl VWij) i,j \ ut 1 

where x denotes the characteristic function of a set. 
This transformation r : Z —•» Z is an automorphism, in the terminology of 

[5]. Hence (Qf)(x,y) = [f>(x,y)y>f(f-l(x,y)), (x,y) € Z,f£L, = Lp(Z,^,,x) 
defines a positive invertible isometry Q : Lp —> Lp, for which the Dominated 
Ergodic Es t imate holds [5]. From this fact we will now obtain the same theorem 
for T as follows. 

Let {Ef} be the parti t ion of Z as defined above and let E : Lp —> Lp be the 
conditional expectation operator with respect to {Et}. More explicitly, let 

i Wl% *J Ei 
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Note that this operator is a positive contraction of Li and Lœ simultaneously, 
and hence a positive contraction E : Lv —» Lv for each p, 1 < p < GO . 

(2.10) LEMMA. L ^ / , g G Lp be two functions on Z depending only on the x-co or di
nette of a point (x, y) £ Z. If Ef = Eg then EQf = EQg. 

Proof. Let F : / —> R be a function so tha t / (x , y) = F(x), (x, y) t Z. We 
will compute EQf as follows: 

(Qf)(%,y) = X) 7rf(Tn 1(x^y))xsij(x,y) 
i, j **• i 

I Qfdn= J2 -Z7 \ f(Ti~\x,y))dxdy 
u Ej i Ui t/ g^-

= 2:?faH/ f^y^y 
i Ui M^MjV J Rij 

= Z \~-j ^ J H*)dx 

= E ^ / fd». 

This means that 

i i mi xJ Ei 

11 Ef = Eg then 

#z ^ Ei 

which shows that EQf = EQg. 

(2.12) LEMMA. If r £ lp then 

\ i ' j 

Proof. This follows directly from the formula (2.11) obtained above. 

(2.13) THEOREM. For any r £ lp and for any integer k ^ 0, 

EQk £ nxtf< = S iTkr)jXEj' 
i 3 

Proof. We apply induction on k. The theorem is trivial for k = 0. Assume 
that it is true for an integer &. First note that if / £ Lp depends only on the 
x-coordinate then the same is also true for Qf, as follows from the definition of 
Q. Hence QkJ2iriXEi depends only on the x-coordinate. Hence, by Lemmas 
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(2.10) and (2.12) and by the induction hypothesis, 

EQk+1 E riXEi = EQEQ" £ riXEi 
i i 

= EQZ (Tkr)iXEi 
i 

= Z (Tk+1r)jXBj. 
J 

(2.14) THEOREM. The Dominated Ergodic Estimate holds for a positive con
traction T : lv —> lp satisfying (2.1) and (2.2). 

Proof. It is enough to prove the theorem for a positive vector. Let r £ lP
+ 

and let 
1 K-l 

ft = SUPT; X) (Tkr)i-

We have to show that 

IMI^^IMI,. 

Define f G LP+(Z) a s / = X><X£*> and let 

Then we have that | | / ||p = ||r||p and hence that l/ll,* \f\\,= 

by the result of [5]. 
Now, since 

£ D £Q*/ ^ Ef 

for all K ^ 1, we also have that 

But 

s u p ^ E EQkf^Ef. 

-i K—l -j K-l 

s u p ^ X £<2*/ = sup— X) 2 (Tkr)iXEi 
K>\ V̂ fc=0 ^ > 1 ^ A;=0 z 

= X ffXtf*-

Therefore 

X ?*Xtf< ^i i^ f i^T-ei 
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(2.15) T H E O R E M . The Dominated Ergodic Estimate holds for any positive 
contraction T : lP —> lv without any additional hypotheses. 

Proof. First assume tha t Ttj > 0 bu t \\T\\P = 1/X, X > 1. Then the operator 
XT satisfies the hypotheses of the previous theorem and we obtain 

V P 1 

for any r £ lP
+- Bu t this clearly implies the same est imate for T. 

Next suppose tha t Ttj = 0 for some (i, j) and t h a t the Dominated Es t ima te 
does not hold for T. This means t ha t there is an integer N ^ 1 and an r £ lp

+ 

so tha t 

sup 
1 i T - 1 

- £ rV > - l I k l i p . 

Then there is a number c < 1 so tha t the same inequality holds if T is replaced 
by cT. But then there is an e > 0 so tha t T'tj = cTtj + e still defines a positive 
contraction 7"' : /̂  —•> 4, for which the Dominated Es t imate does not hold. This 
is a contradiction, since T' has strictly positive entries. 

3. Genera l X^-spaces. Let (X, J ^ , pi) be a measure space and let T : Lv —> Lv 

be a positive contraction of Lp = LV(X,S^, /x). If {Ei, . . . , £ n j is a finite 
part i t ion of X then the conditional expectation operator will be defined as 

Ef = 12 OLiXEi, f G £p, 

where 

JO, ifM(£<) = O o r M ( E , ) = oo, 

tt<==
 I"?IM f # " ' ifO<M(£) <co. 

\lX\Ei) J Ei 

As before, E : Lp —> Lp is a positive contraction. Fur thermore , if fi,...,fK 

are finitely many members of Lp and if e > 0 then there is a conditional expecta
tion E so tha t 

| | / , - Eft\\ <e, k = l , . . . , K . 

(3.1) LEMMA. Given an e > 0, aw integer K ^ 1 awa7 a w / G Z,p £&ew //zere is a 
conditional expectation E so that 

\\Tkf- {ETYEf\\ <e 

for all k,0 S k ^ K - 1. 

Proof. Choose E so t ha t \\T kf - £ r A / || < e/K for all jfe = 0, 1, . . . , K - 1. 
We will show tha t \\Tkf - {ET)kEf\\ < e(k + l)/K for all k = 0, 
K — 1. The proof is by induction. T h e result is t rue for k = 0. If it is true for k, 
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then 
\\Tk+lf - T(ET)kEf\\ < e(k + \)/K 

and hence 

\\ETk+lf - (ETY^Ef || < e(k + l)/K. 

But also, 

\\Tk+lf - ETk+1f\\ < e/k, 

which gives that 

| |r*+i/ _ (ETY^Ef \\p < e(k + 2)/K. 

(3.2) LEMMA. Given an e > 0 and finitely many functions fu . . . , fk in Lp
+, 

there is an S > 0 so that if gu . . . , gk are K functions in Lp
+ satisfying \\fk — gk\\v 

< S, k = 1, . . . , K, then 

max fk — max gk 
l<k<K l<k<K 

< 

Proof. First choose a set A £ ^ so that n(A) < oo and so that 
K 

Next choose a X > 0 so that n(B) < X implies that Z?=I | |XB/*H < e/10. Then 
let 

m \10K'LKH(A)J 10/ • 
0 < 5 < min ^ 1rtr^ , , r . , „ N 

Assume that ||g* — /fc|| < S for each & = 1, . . . , K. 
Let 

Then 

Bic = \x\ \fk(pc) - gk(x)\p > 1 0 ^ ^ 4 ) j • 

\ep 

Wvn{A)^Bk) < KlW^A) 

This means that if B = U f = A then /A (2?) < X. 
Now let 

/ = max /ft and f = max gk. 
l<k<K l<k<K 

Note that 

\m-g(x)\p < 
ep 

Wvn(A) 
ifx £ R = A nBc 

and 

|/(x) -g(*) | < 2 (/*(*)+&(*)) ifx f 5 = i?c = i c n 5 . 
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(This last inequality is true everywhere, but we need it only on S.) Hence 
11/ - III ^ | | x * ( / - 1)11 + Hx S ( / - I ) | | . But \\XR(f - I ) | | < e/10 and 

| x s ( / - | ) | | ^ E (11x^*11+ ||xsg*||) 
k=l 

K 

^ X) (2||X5/*|| + \\xs(gk - fk)\ k=l 

K 

^Z2\\xsM\+To. 

Since | | X s / , | | ^ | | x^ / , | | + \\XBft\\, this shows that || / - g\\ < 2e/10 + 2e/10 + 
2e/10 < e. 

(3.3) THEOREM. The Dominated Estimate holds for any positive contraction 
T:LV L,p. 

Proof. If the Dominated Estimate does not hold for T then there is an 
integer N and a function / g Lp

+ so that 

1 
max — X) Tkf 

1<K<N^ k=0 
> 11/11. P- 1 

Then, by the previous two lemmas, there is a conditional expectation E so that 

max ~ £ (ET)*Ef > - ^ l | £ / 

Let {Ei, . . . , I v } be the partition corresponding to E, and let {Ei, . . . , En) 
be the atoms of this partition with finite non-zero measures. The class of Lp 

functions which are constant on these atoms can be identified with lp and ET 
defines a positive contraction on this lp. Hence the last inequality contradicts 
Theorem (2.15). 
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