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MEROMORPHIC UNIVALENT FUNCTIONS

WITH POSITIVE COEFFICIENTS

I.L. MOGRA, T.R. REDDY AND O.P. JUNEJA

For the class of meromorphically starlike functions of prescribed

order, the concept of type has been introduced. A

characterization of meromorphically starlike functions of order a

and type 6 has been obtained when the coefficients in its

Laurent series expansion about the origin are all positive. This

leads to a study of coefficient estimates, distortion theorems,

radius of convexity estimates, integral operators, convolution

properties et cetera for this class. It is seen that the class

considered demonstrates, in some respects, properties analogous

to those possessed by the corresponding class of univalent

analytic functions with negative coefficients.

1. Introduction

Let S denote the class of functions of the form

00

(1.1) gtz) = z + I b zn

n=2 "

that are analytic and univalent in U = {z • \z\ < 1} . Denote by S*(a)

and K(a) , (0 < a < 1) the subclasses of functions in S that are starlike

of order a and convex of order a respectively. Analytically, g e S*(a) ,
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if and only if, g i s of the form (.1-1) and satisfies

'zg'jz)'
(1.2) Re > a , z e. U ;

similarly, <7 e X(.a) , if and only if, g is of the form (1.1) and

satisfies

Cl-3)

Let T denote the class of functions analytic in U that are of the

form

00

(1-4) gtz) = z - I b zn , b > o ,
n=2 n

and let T* La) = T n 5* (a) , C(.a) = T n K(a) . The class 7* (a) and

allied classes possess some very interesting properties and have been

recently studied by Silverman (115],[161) , Silverman and Silvia (.[/7]) and

others. Gupta and Jain [41 extended some of the results of Silverman to

functions of the form (.1.4) that are starlike of order a and type 6

(0 < 3 < 1) . The class of starlike functions of order a and type |3

was introduced by Juneja and Mogra CC5]) who also made a detailed study

about it ([6],[9]).

Let Z denote the class of functions of the form

00

U-5) /OB) = i + I a zn

n=l

which are regular in D = {s : 0 < | s| < 1} with a simple pole at the origin

with residue 1 there. Let Z , I*(a) and lv(a) (0 < a < 1) denote the
O A

subclasses of £ that are univalent, meromorphically starlike of order a

and meromorphically convex of order a respectively. Analytically / ,

of the form (1.5), is in Z*CoO , if and only if,

ci.6)

similarly, / e EgCa) , if and only if, f is of the form C1.5) and satisfies
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U.7) Re{-(l + ̂ f ) } > a , ze U .

The class £*(<*) and similar other classes have been extensively

studied by Pommerenke [17], Clunie [Z], Miller [8], Royster [73] and others.

Since, to a certain extent, ths work in the meromorphic univalent case

has paralleled that of regular univalent case, it is natural to search for

a subclass of £_ that has properties analogous to those of T*{a.) . To

this end, Juneja and Feddy [7] introduced the class E_ of functions of

the form

oo

C1.8) f{z) = I- + I azn , a 2: 0 ,
3 71=1 n H

that are regular and univalent in D . They showed that the class

Z*(.a) = £p
 n £*(.£*) possesses properties analogous to those of T* (a) and

also pointed out the subtle differences between the two classes.

The aim of the present paper is first to introduce the class of

meromorphically starlike functions of order a and type 6 which we denote

by E*(a,B) . We then consider the class I*(a,B) = T.p n £*(a,e) and

extend some of the results of Juneja and Reddy [7] to this class. Some of

the properties of this class will be seen to be analogous to those in [4].

We also study some other aspects such, as convolution properties et cetera

whose analogues have not been obtained in [4].

2. Coefficient estimates

We begin with the definition of meromorphically starlike functions of

order a and type (3 .

DEFINITION. A function / e t is said to be meromorphically starlike

of order a and type 3 if it satisfies the condition

+ 1

for some a, 6 (0 S a < 1, 0 < 6 < l ) and for all z e U .

The class of meromorphically starlike functions of order a and type
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B we denote by I*(a,B) .

It is'easy to check that £*(<x,l) is the class of meromorphically

starlike functions of order a ; r*(O,l) gives the whole class of

meromorphically starlike functions whereas E*(O,B) yields the class

studied by Padmanabhan [70].

The following theorem gives a sufficient condition for a function to

be in £*(a,B) .

THEOREM 1. Let f(z) = - + \ a zn be regular in D . If
n=l

00

(.2.1) I C(.l+6)w + (2a-l)B + 1] \a \ < 2B(l-a) ,
n=l

0 < a < l , 0 < B < l , then f e Z*Ca,6) .

Proof. It is easy to see that (2.1) implies f(z) ? 0 in D .

Suppose (2.1) holds for all admissible values of a and B . Consider the

expression

(2.2) #(/,/') = \zf'(z) + f(z)\ - &\zf'(z) + (2a-l)/(3)| .

Replacing f and f by their series expansions, we have for

0 < \z\ = r < 1 ,

OO 00

H(.f,f) = | I (n+D a zn\ - B|2Ca-l)i+ I (n+2a-l)a zn\
n=l n z n=l n

rHif.f) < I (n+l) \an\r
n+1 - B(2(l-a) - I (n+2a-l) |a |

n=l n=l

|rn+1 - 2B(l-a) .
n=l

Since the above inequality holds for all r , 0 < r < 1 , letting r -»• 1 ,

we have
CO

B(f.f') s I [(l+6)n + (2a-l)B]|a | - 2B(l-a)
n=l n

s 0 ,
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by (2.1). Hence it follows that
zf'(a)
f(z) + 1

3/'(3)
f(z)

+ 2a-l

so that f e E*(a,B) . Hence the theorem.

Let us write E*(a,B) = E <~l E*(a,3) where E is the class of

functions of the form (1.8) that are regular and univalent in D . Our

next theorem shows that condition (2.1) is both necessary and sufficient

for an / to be in E*(a,B) .
GO

THEOREM 2. Let f(z) = - + Y a zn , a > 0 , be regular in D .
z n=\ n n

Then f e E*(a,8) if and only if (2.1) is satisfied.

Proof. In view of Theorem 1 it is sufficient to show the 'only i f

oo

p a r t . L e t u s a s s u m e t h a t f(z) = — + Y a z , a S O , i s in E* ( a , B ) .
z •. n n p

Then

+ 1

+ 2a-l

I (n+1) a zn

n=l n

2(l-a) I (n+2a-l)a z
3 «,_n ^ n

for all 3 e D . Using the fact that Re(s) < |3| for all z , it

follows that

(2.3) Re

(n+2a-l)
n=l

, 3 e

Now choose the values of z on the real axis so that \p,\
J" (3)

real.

Upon clearing the denominator in (2.3) and letting 3 ->• 1 through positive

values, we obtain

I (n+1) a < e(2(l-a) - £ (n+2a-l)a )
M=1 " n=l n
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I [(l+6)n + (2a-l)e+l] a < 2g(l-a) .

Hence the result follows.

a?

COROLLARY. If f(z) = - + Y a zn , a > 0 , is in I*(a,B), then
z n=1 n n P

( 2 ' 4 ) an* ( i + 6 ) n ( ' ( 2 a - l ) e + l ' n = X'2

with equality for each n > for functions of the form

( 2 - 5 ) fn(z) = J + (1+B)n + (2a-l)B-H Z

REMARK. The coefficient estimates for functions of the class I*(a)

determined in [ 7] follow from Corollary 1 by taking 8 = 1 .

3. Distortion properties and radius of convexity estimates

Coefficient estimates obtained in the Corollary to Theorem 2 enable

us to prove

THEOREM 3. If f(z) e Ip(a,B) , then for 0 < \z\ = r < 1 ,

(3.1) p-

where equality holds for the function

,_ ~» n . . 1 p(l~CX) •

(3.2) / (s) = — + s at 3 = ̂ r , r

Proof. Suppose f(z) is in E*(a,8) . In view of Theorem 2, we have

1 -n' e-m- •
Thus, for 0 < |z| = r < 1 ,
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n=l M=l

This gives the right hand inequality of (3.1) . Also

I ar
n > I_ r I a

n=l n r n=l n

which gives the left hand side of (3.1) .

It can be easily seen that the function f.{z) defined by (3.2) is

extremal for the theorem.

THEOREM 4. If f(z) is in E*(a,B) , then f(z) is meromorphically

convex of order 6(0 < 6 < 1) in \z\ < r = r(a,B,6) , where

1

, „ _ 1,2__ 1
27ze bound for \z\ is sharp for each n , with the extremal function

being of the form (2.5).

Proof. Let f(z) e E*(a,B) - Then, by Theorem 2

(3.5)
n=l 2B(l-a)

In view of (1.3), it is sufficient to show that

a s i .
n

f'
< 1 - 6 for \z\ < r(a,B,6) ,

or, equivalently, to show that
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(3.6)

"(z) + (zf(z)\

"(3)

< 1 - 6 f o r \z\ < r ( a , e , 6 ) ,

where r(a,S,6) is as specified in the statement of the theorem.

Substituting the series expansions for f (z) and {zf'(z))' in the

left hand side of (3.6) we have

n=\
n(n+\)anz

n-l

n-l

n=l

n=l
n(n+l)a \z

1 - ) n a \z
nil *'

T h i s w i l l b e b o u n d e d b y 1 - 6 i f

CO

(3.7)

In view of (3.5), it follows that (3.7) is true if

n(n+2-6)
1 - 6

(3-8)
(l-6)((l+B)n + (2ct-l)B+l)Wl

2B(l-a)n(n+2-6) J

S e t t i n g \z\ = r ( a , B , 6 ) in ( 3 . 8 ) , the r e s u l t fol lows.

Sharpness can be v e r i f i e d e a s i l y .

4. Convex linear combinations

In this section we shall prove that the class E*(a,B) is closed

P
under convex linear combinations.

THEOREM 5. Let f (s) = - and

f (z) = 1 +Jn z
2P(l-g)

z",n= 1,2,...
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Then f{z) e E*(a,B) if and only if it can be expressed in the form

CO CO

fM = I xJn
(z) where x

n - °
 and I X

n
 = 1 •

n=0 «=0

Proof. Let

Then

I \ f (z) with X > 0 and \ \ = 1 .
n=0 n n n=0

n=0

n=l ' n=\

OO -i CO f

_ Ik I w _ I * \ * J \ -L. • |n»r / / it • V^ vX^ ^ J [j * i

1 , r - 2B(l-a)
— T / A

Since

, 2B(l-a) v
n (1+B)n + (2al)B+l ^ « ~ o ~2B(l-o) n

by Theorem 2, f(3) e I*(a,6) .

Conversely, suppose f{z) e E*(a,B) . Since

an -

s e t t i n g ^ - < 1 + » " 2 ; ( < y ^ a w , n - 1,2 ana X, - 1 -

it follows that f(z) = J X f (z) . This completes the proof of the
n=0

theorem.
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THEOREM 6. The class E£(a,6) is closed under convex linear

combinations.

Proof. Suppose f{V) (z) = -+ I aU)zn , (i = 1,2) are in
z -, n

E*(a,6) . Let
P

f(Z) = ( l - t ) / ( 1 ) (3) + tf(2) (3) , 0 < t < 1 .

Then
00

= h + I [(1-*)
n=l

In view of Theorem 2, we have

I C ( l + 6 ) n
n=l

J \ (2a-l)3+l]a(2)

n=l «=1

2B(l-a) = 2B(l-a)

which shows that f e Z*(a,3) . Hence the theorem.

5. Integral transforms

In this section we consider integral transforms of functions in

E*(a,B) of the type considered by Bajpai [7] and Goel and Sohi [3].

THEOREM 7. If f{z) is in E*(a,6) , then the integral transforms

1
Fc(z) = c I u f(uz)du , 0 < c < » ,

are in Z*(6) , where

(5.2) 6 = 6(a,B,e) =
Bc(l-a) + (1+aB) (<3+2) '

result is best possible for the function f(z) = — + S(1~") s .
3 1+aB
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Proof. Suppose f(B) = — + Y a zn e E* (a,B) . We have
Z n=l n F

r l °° aa

= a j u°nuz)du - J + J n + o
n

It is sufficient to show that

°° n + 6 aa

l
Since /C2) e Z*(o,6) , we have

( 5 - 4 >

Thus C5.3) will be satisfied if

(n+&)a (l+g)w + (,2ct-l)e+l

" l T ^

(5.5) 6 <
2B(l-a)e

Since the right hand side of (.5.5) is an increasing function of n ,

putting n = 1 in (5.5) we get

, < (l+ag)(2+c) - g(,l-ct)c
" U+aB) (2+e) + g(la)e -

Hence the theorem.

REMARK. I t is interesting to note that for a = X and

(a,6) = (0,1) , Theorem 7 gives that if f c £*(.0,l) then

fl ,
^ ( 2 ) = ufiuz)du i s in EpCy) .
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6. Convolution properties

00

Robertson [72] has shown that if f(z) = — + £ a z and

7

2 n=l n

are in Zn then so is their convolution

f(z)*g(z) = — + £ a b z . We prove the following results for functions in
n=l n

E*(cB) .

CO CO

THEOREM 8. If f(.z) = i + £ anz
n and g(z) = i + £ Z^s" are in

CO

E*(a,B) £?ien f{z)*g(z) = \ + Y abzn is in E£(Y,B) wfcere

(6.1) Y =
(1+aB)2 - 8(l-a)2

(1+ag)2 + 62U-a) 2

The result is best possible for the functions

« « • » < • > • $ • ? & • •

Proof. Suppose f(z) and g{z) are in E*(a

Theorem 2, we have

(6.2)

and

C2a-3.)B+1

n=l
28(l-a) an ~

2Btl -a)

In view of

Since /(s) and

M=l

are regular in D , so is ftz)*g(.z] . Further,

Cl-a)
+ 1

2B 1-
(1+aB)2 - BU-a) 2

(1+aB)2 + B 2d-a) 2

a b
n n
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nt± L 2BCl-ol J an n

O+&)n + (2q-l)B+l
n=\

< 1

in view of (6.2) and (6.3). Hence by Theorem 2, f{z)*g(s) e Z*(a,B) where

Y is given by (6.1). This completes the proof of the theorem.

Putting B = 1 in the above theorem, we get the following result

determined in [7].
00 00

C O R O L L A R Y . I f f ( s ) = - + I a z n and g ( z ) = - + \ b z n a r e
z n = \ n z n = \ n

oo

elements of Z*(a) , then h(z) = f(z)*g(z) = — + 7 a b zn is an element
n-\

of Z\ 2a

1+a
. The result is best possible.

REMARK. If f{z) and g(z) are in E*(0) , then, according to the

corollary, f(z)*g(z) is also in Ei(0) ; the result is best possible. This

is in sharp contrast with the corresponding result for starlike functions

with negative coefficients (cf. Remark following Theorem 1 of Schild and

Silverman [14]) .

Using similar arguments as in the proof of Theorem 8, we can obtain

the following result.

THEOREM 9. If f(.z) e E*(a,B) and g{z) e Z*tY,B) , then

f{z)*g(z) e Z*(.T,B> where

T = (1+aB) (1+By) - B(l-aUl-v)
(l+aB)(l+BY) + B2Cl-a)(l-Y)

The result is best possible for

-hr Z .
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THEOREM 10. If f(z) =\ I*,(a,B) and

en

=^+ I b
bz

n with \bn\ < 1 , n = 1,2,... , then
n=l "

f(z)*g(z) e E*(a,B)

Proof. Since

23(l-a) 26(l-a)

by Theorem 1 it follows that f(.z)*g{3) e

REMARK. g(z) need not be univalent in the above theorem. For

example, if g(z) = ̂  - a < zZ where 0 < b < a , then
3 & "i D a + b

< 1 but

g'(z) = - 4j- ^ — z = 0 for 3 = - a+b
2a

1/3

which lies inside D .
s a + b

Thus <7(s) is not univalent in D .

•THEOREM 11. If f(z) and g(.z) are in l*(a,&) and

1 + 3ct6 - 26 > 0 , then

1 , y ,_2 . t2%_n

also belongs to £*(a,g) .

Proof. Since f(z) e I*(a,g) we have

n=l

Therefore,

M "

2
an -

Similarly
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(1+B)n + (2a-l)B+l| h2 < 1
26(l-a) I n -

Hence
\2

(2a-l)g+l| 2+&2
nn26d-a) J n n

In view of Theorem 2, it is sufficient to show that

(6.4) y

Thus (6.4) wi l l be s a t i s f i e d if , for n = 1 , 2 , . . . ,

2B(l-a) ~ 2[ 2B(l-a)

or if

(6.5) (.1+6)n + 6aB - 56 + 1 ̂  0 for n = 1,2,... .

The left hand side of (6.5) is an increasing function of n , hence

(6.5) is satisfied for all n if 1 + 3aB - 2B S 0 which is true by our

assumption. Hence the result.
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