
APPROXIMATION OF FUNCTIONS
BY MEANS OF LIPSCHITZ FUNCTIONS

J. H. MICHAEL

(received 24 May 1962)

1. Introduction

Let Q denote the closed unit cube in Rn. The elementary area A (/) of a
Lipschitz function / on Q is given by the formula

In [1], C. Goffman has shown that A is lower semi-continuous with respect
to the Sfx norm and admits a lower semi-continuous extension to a func-
tional A defined on the class of all functions summable on Q. Thus for a
summable /

A {f) =inf [liminf^ (/<")],
T->eo

where the infimum is taken over all sequences {/<r)} of Lipschitz functions
that converge jSfx to /.

Denote by 2 the set of all infinitely differentiable functions on i?n with
compact support. Let^* denote the set of transformations y> = {ipx, • • \ fk)
from R" to Rk such that each y>i e 2.

The functional A can also be characterised by

(1) A if) = sup [ £ f / ^ dx + f Vn+1dx\,

where the supremum is taken over all rp e@n+1 such that spt y> C Int(@) and

ni1 i *
sup y vPi(x)r ^ 1-

* L<=i J
In [2], I proved the following theorem.
Let / be summable on Q and such that A (/) < oo. Then, for each e > 0,

there exists a Lipschitz function g on Q such that the set {z;zeQ and
f(x) ¥= g{%)} has measure less than e and A(g) < A(f) + e.

In the present paper, a similar theorem is proved for a more general func-
tional y, but unfortunately I can only prove the theorem for continuous
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[2] Approximation of {unctions by means of Lipschitz functions 135

functions. I take a functional W on the class of Lipschitz functions, extend
it by lower semi-continuity to the class of summable functions and then
show that for each continuous / on Q, with W(f) < oo and each e > 0,
there exists a Lipschitz function g on Q which agrees with / except on a set
of measure less than e and is such that W(g) < W{J) + e.

The functional !fis defined on the Lipschitz functions in the following way.
Let <f> be a non-negative, real-valued continuous function on Rn, p be a

norm for ̂ n+1, a be an integer that is either 0 or 1 and r\ be a non-negative,
strictly increasing, unbounded, continuous function on the non-negative
reals. Let <f>, p, a and r/ be such that:

( i ) * ( l ) 2 ^ ( n when |fx| ^ |£|, • • • ,|fj ^ \Q;
(ii) there exist constants A and B such that

Hill ^A + B<f>(£) for all £ei?»;

(iii) there exists a continuous function 0 on the n X n real matrices
such that

^(1 • x) ^ M) • d(X)

for every f e Rn and every n X n matrix X;
(iv) for every open set U of Rn and every locally Lipschitz function / on U,

I <£(grad /)dx = n \ sup J 2 | -r- Vi&t + « j Vn+i^i .(1)

where in each case the supremum is taken over all ip e 2n+1 with spt
yQU and p{rp) ^ 1;

(v) p is translation invariant; i.e., if ye^" + 1 and v(f) = v>(C + «).
then p(v) =P(y>);

(vi) p(v) = p(elVl, • • •, eB+iVB+1) for all y e^"+1 and all et = ±1 , • • •,
e»+i = ± 1.

Define

for every Lipschitz function / on Q. It is shown in [4], that when Wis extended
to the summable functions by lower semicontinuity, one has for each con-
tinuous /,

where the supremum is taken over all ye®*+l with spty£Int(@) and
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136 J. H. Michael [3]

A simple example of such a (f>, p, etc. is

r»+l -| J
= sup 2 fai*)}* ,

x U=l J

a = 0, n{t) = t and 6(X) = f j | X?,l
Li-l i=l J

If one uses the same p and 77, but puts

a = 1 and 0(X) = [1 + 2?=i DJ-I-^?*]*'
 o n e obtains the area functional;

i.e., W{f)=A{f).
Another example is given by

where fi is a real number > 1,
/n+ l \ -1 (J>-l)/»r /• /n+l \ -1

I> i (* ) l W ( - " d«

0, 9(0 = <• andThus

for a Lipschitz /.

2. Preliminaries

Let U be an open set of R". .SC(U) denotes the set of all locally summable
real-valued functions on U. X(U) denotes the subset of &(U) consisting of
all locally Lipschitz functions. For each feSC(U) and each open subset V
of U, define

A(f, V) = sup [ 2 f / ^ dx + « f Vn+ldx\

and

where in each case the supremum is taken over all y> e@n+l with spt y> C V
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[4] Approximation of functions by means of Lipschitz functions 137

and p(y) ;S 1. The definition of A and F is extended to arbitrary Borel
subsets B of U by putting

A(f,B)=iniA(f,V)
and

where each infimum is taken over all open subsets V of U containing B.
For each Borel subset B of U, define

0(f, B) = r,{A(f, B)}.
If we put

fi(B) = 0(f, B),

then we will show in 2.13, that /z is a non-negative completely additive
Borel measure.

When feSC(U), V is an open subset of U with d(F, ~ U) > 0 and r is a
positive integer with (y/n) • r~l < d(V, ~ U), we will use (as in [2]),
the symbol J',(/) to denote the integral mean

J j o f(x + S)^ • • • df„,

which is defined for xeV.
Integral means have the following properties:

2.1 If feH?(U), then JT(f) is continuous and hence locally summable
on V.
2.2 If / is continuous, then Jr(f) has continuous first order partial deriva-
tives.
2.3 If feSf(U) and is bounded, then Jr(f) is Lipschitz.
2.4 If feJT{U), then

everywhere in V.
2.5 If fe£f(U), then Sr(j) ->/ almost everywhere in F and for every
compact set C,

c l / A ( / ) | d * - ^ O and

as r -> oo.
A, F and 0 have the following properties:

2.6 If /, ge&{U) and B is a Borel subset of J7, then A{f + g, B) ^
^(/, 5) + r(g, B).

2.7 If /e^f(f7), B is a Borel subset of C7 and /? is a real number, then

, B).
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138 J. H. Michael [5]

2.8 If / e Jf{U) and B is a Borel subset of U, then

The following theorems establish some further properties of <2>, F and A.

2.9 THEOREM. / / /, /""> e 3?(U) and V is an open subset of U such that f and
each /(r) is summable on V and if

as r -*• co, then

lim inf^l(/">, V) ^A{f,V)

and
lim inf «2>(/">, V) ^ $(/ , V).

r-»oo

PROOF. Take s > 0 or N > 0 according as A(f, V) is finite or infinite.
There exists y> e Dn+1 such that p(xp) ^ 1, spt ip Q V and

| f /l^dx + af Vn+1da;>^(/,F)-e oriV.

Then

lim inf ̂ 1 (/"•', V) ^ lim [ j f /"> ̂  da; + a f vB+i<

= 2 f f^dx + a f vwd* > ^(/, F) -

2.10 THEOREM. If fe&(U), C is a compact subset of U and &(f, C) is
finite, then

lim sup A{Sr{f),C} £AU,C),

lim sup A\Jt{J-,(/)}, C] ^ ^{/ , C),
T-»0O

lim sup *{./,(/), C} ̂  *(/ , C)
r-»oo

lim sup #[•,{>,(/)}. C] ^ #(/, C).
r-»oo

PROOF. Take e > 0 and let F be a bounded open subset of U containing
C and such that

(1) A(f,V)<A(f,C) + le.

By the usual procedure for integral means one can easily show that
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[6] Approximation of functions by means of Lipschitz functions 139

A{JT{f), C) ^ A(f, V)

for sufficiently large r and

for sufficiently large r. From these inequalities and (1), the theorem imme-
diately follows.

2.11 THEOREM. If feJf(U) and C is a compact subset of U, then

A{f

A[f

and

- Sr{Sr(f)}, C] -»• <£(0) • m{C)
as r -> oo.

PROOF. It follows from 2.4 and 2.5, that djdx({^r{f)} -*• dfjdxt almost
everywhere on C. Also, there exists a constant K such that

for all sufficiently large r and ahnost all * e C. Let L > 0 be such that
g L for all £ for which \^\ ^ K, • • -, |£n| ^ if. Then

for all sufficiently large r and almost all x e C, and

lim ^{grad / - grad./,(/)} =
r-»oo

for ahnost all x € C. Therefore, by bounded convergence,

lim f 4 {grad / - grad Sr(f)}dx = *(0) • »(C).
r-.co JC

Suppose that 0{f-SUf)> Q does not approach <£(0) -»w(C). Then there
is an increasing sequence {r,} of positive integers such that

(1) lim 0{f - J*{f), C) - *(0) • m(C) = 6 * 0.
•-too

But by 2.4 and 2.5

Jo | Igrad/-grad./;,(/)| |d*-».O

as s -> oo, so that there exists a subsequence {p,} of {r,} such that
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lim [grad / - grad J%t[f)] =• 0

ahnost everywhere in C. But there is a constant K' such that ||grad/ —
grad y%{j) 11 ^K' ahnost everywhere in C.

Hence

lim f ^ {grad / - grad S%U)}te = <f>(0) • m(C)
«-»oo JC

contradicting (1).

2.12 THEOREM. / / geJf(U) and C is a compact subset of U, then

sr(g), Q -* o
as r -* co and

ng - A(A(g)}. c) ^ o
as r -> oo.

PROOF. Let g(r) denote either ^ r (g) or ^(g-) and suppose that r [g — glr),
C] does not approach zero. Then there exists an increasing sequence {r,} of
positive integers such that

(1) lim r[g - *«'•>, C] = a > 0.

By 2.11,

lim f ^ {grad t{g - g™)}dx = ^(0) • m(C)
j-»oo JC

for every positive integer tf, hence there exists a subsequence {/>J of {r,}
such that

(2) lim f ^ {grad <(g - g™)}dx = ^(0) • m(C)
(-.CO JC

But

as <-> oo, contradicting (2).

2.13 THEOREM. / / fe&(U) and we put

?(E) = 0(f, E)

for every Borel subset E of U, then ft is a completely additive Borel measure.

PROOF. We begin by proving
(a) if Vt, Va, • • • are open subsets of U, finite or countable in number and

F = F 1 U F S ! V J - - - , then

To prove (a), we take an increasing sequence {CP} of compact sets such that
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Cr Q V for all r and lim,..^ Int(Cr) = V. Let fT be a finite subcollection
of the F/s that covers CT. We can assign to each W e i^T a compact subset
Pr(W) of CT such that Pr(W) C W and

Put #,== {Pr(PF); I F e f , } . Since each of the functions </*(/) is locally
Lipschitz,

^ 2 f ^{gradA2(/)}^= 2 *{>?(/). C}.
Ce*rJC Cet,

so that by 2.9 and 2.10,

0{f. Int(Cr)} ^ 2

for all r, hence

Next we prove
(b) if V, W are disjoint open subsets of U, then

fi(V vW)= fi(V) + p[W).

To prove this, let {Ar} be a sequence of compact sets such that ATQV v W
for all r and lim,..^ Int(4r) = VuW. Then

0(f, VuW) = lim 0(f, At)
r-»oo

^ lim Um sup 0{J^.(f). Ar}
r-*oo s-*oo

^ lim lim sup[#{./?(/), F n Int (Ar)}

^ lim [*{/, V n Int(ilr)} + *{/, W n Int(4,)
r-»oo

= <P(/, V) + 0(/, W).
If we now define for every subset A of U,

where the infimum is taken over all open subsets V of U containing A, we
obtain a Caratheodory outer measure with f**(V) = p(V) for open sets V.
Thus p is completely additive on the Borel sets.

2.14 THEOREM. / / feSC(U),N>0 and we put
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142 J. H. Michael [9]

/*(*)=/(*) */ -N£f{x)£N
= N if f{x) > N
== - N if f{x) <-N

then fNe3?(U) and 0(fN, B) ^ &(f, B) for every Borel subset B of U.

PROOF. (1) When / is locally Lipschitz on U, the theorem follows immedia-
tely from 1 (i).

(ii) When / is arbitrary and B is an open interval such that EQU and
0{f, Fr(B)} = 0, we have

0(fN,B)<limmf0[{Sl(f)}N,B]

and by (i), ^ limM0Oinf * [ ^ ( / ) , B] ^
(iii) When / and B are arbitrary. We can assume <P(f, B) < oo. Take

s > 0. There exists an open set V with BQVQU and 0(f, V) < 0(f, B) + e.
Let Z( be the subset of R1 consisting of all t for which the set

Ait = [x; x e V and xi = t]

has 0(f, Ait) = 0. Put Z=f)%iZi- T h e n R1^^ is countable. There
exists a countable collection Jf of open intervals with their union containing
V, with the coordinates of their vertices all in Z and with

Then

and by (ii)

Thus <£(/JV, F) is finite. There now exists a countable collection </* of
mutually disjoint open intervals with

V= \JJ

and with <*>{/, Fr(/)} = 0{/v, Fr(J)} = 0 for all / e / * . Now

^ 2 *(/.

and by (ii)

< 0(f, B) + e.
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3. Some approximation theorems

3.1. THEOREM. Let C be a compact subset of Rn and f be a locally summable
function on R" such that <P(f, C) is finite. Let e > 0. There exists a Lipschitz
function g on R" with compact support and such that the set

{x;zeC and f(x) # g{x)}

has measure less than e.

PROOF. For each positive integer r, put

/<" = ./*(/).

Let V be a bounded upen set such that CQV and <t>(/, V) < oo. Each
/(r) is Lipschitz on V, /(r) -> / in the ^ topology on V and

(1) lim sup $(/«••), V) < oo,
r-»oo

so that by 1 (ii),

(2) lim sup f [1 + ||grad/<f»||2]*da; < oo.
f-.oo JV

Let Jx,Jt, • • • ,]t be a finite number of mutually non-overlapping closed
cubes such that, if we put W = Uf- i / i . w e have C C lnt(W) and WQV.
By (2) and [2] 4.3, each of the functions

ff(x)=f(x) if x ej,

= 0 if xiJ,,

belongs to the class 38 of [2]. Hence, the function

belongs to 38 and by [2] 3.1, there exists a Lipschitz function g on Rn with
compact support and agreeing with /* except on a set of measure less than «.
Since / • agrees with / almost everywhere on C, g is the required function.

3.2 LEMMA. Let / be continuous on Rn with compact support and g be
Lipschitz on R" with compact support. For each tj > 0, put

= / ( * ) - 9 Sgn {/(*)-*(*)} if |/(«) - g(x)\ 2= , ,

S f = {x; x e R" and 0 < |/(«) - g(x)| < >j}.

/or every Borel set E.
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PROOF, (i) Suppose first of all that E is open. Put

Then f{T) -*• f uniformly on R", hence there exists an increasing sequence
{r,} of positive integers such that

!/«*>(*) - f(x)\ < |

for all x e Rn. Let st be such that l/s1 < \t) and for each s ^slt put

pw(t)=t for |< | ^ —

1 1 1
== — sgn t for — g; |<| g iy

o o O

/ 2 \ 1
= < — (»j )sgn? for \t\~2zr) •,

and

G, = L; x e Rn and — < |/(r''(*) - g(*)l < V
l s s

Then hw -*• / , uniformly on R" so that for each open set U,

(1) 0{fv, U) ^ lim inf <P(A<", C/).

But since A(>) is Lipschitz,

>, (7) =

/"••>, U)+0(g,Un £,) .

Thus, it follows from (1), that for every bounded open set U,

(2) * ( / , . t/) ^ *(/, C7) + *(f, £/ n B,).

Let e > 0. There exists an increasing sequence {Ur} of bounded open sets
such that each Ur is contained in E and

lim Ur = £.

Then
* ( / „ £ ) = lim * ( / , , £7r)
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and by (2)
^ lim [*(/, Ur) + <P(g. B, n 17)]

r-»oo

= *(/, £) + 0(g, B, n E).

(ii) / and £ are arbitrary. Take e > 0 and let V be an open set con-
taining E and such that

*(/. F) ^ #(/, £) + Js
and

«P(g, B , n F ) ^ *(g, B, n E) + \e.
By (i)

hence
) ^ 0( / , £ ) + *(g. B , n

3.3 THEOREM. Le< C be a compact subset of an open set U and let } be
continuous on U and such that &(f, C) is finite. Let e > 0. There exists a
Lipschitz function /„ on U such that:

(i) the set {x; x e C and f(x) ^ /0(x)} has measure less than e, and
(ii) 0{fo, C) < 0{f, C) + e.

PROOF. Let Cx be a compact set, contained in U and with C in its interior.
There exists a continuous function fx on Rn with compact support and agree-
ing with / on Cx. Evidently

(1) *( / i , C) = 0{f, C).

By 3.1, there exists a Lipschitz function g on 2?" with compact support and
such that, if

then

(2)

Let

and

then

(3)

and

A = {a;; x

r\ > 0 be such that, if

B = {x;xeRn

D= {x;xeR

6 C and /x(

m(A) < \e.

and 0 < |/i

n and \fx(x)

1 T\\ A

<P(g, B) < ie.

(*) - f (*)i <
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Define

) - g(*)} if l/^z) - g(x)\ ^ r,.

Then by 3.2,

and therefore by (1) and (4)

(6) <P{ft,C)

Now it follows from 2.6, that

<% + s\{h - g). c} < vWlih), c) + r{g -
hence, by 2.10, 2.12 and (6),

(7) lim sup 0{g + Jl(f2 - g)\ C} g 0(f, C) + | £ .
r-*oo

Put
£ r = {*; x e R" and [^( / 2 - g)](x) * 0}

and

E = {x;xeRn and /2(a;) ^ g(a;)}.

Then Fr(Zs) C-D and, since by (3) D has measure zero,

(8) lim sup m(ET ~ E) = 0.
r->oo

Thus, by (7) and (8), we can choose an rx such that if /„ = g + S2
Ti(f2 — g),

then
<P(/OI C) < #(/, C) + e

and

(9) m(ETi~E)<le.

Then
{»:;xeC and /(*) # /„(*)}£4 u (£r> — £)

and by (2) and (9) has measure less than e. Since /„ is Lipschitz, this com-
pletes the proof.

4. Approximation of functions on Q

In this section, the final approximation theorem as described in the intro-
duction, is proved (4.2).

The functional W was defined in the introduction for Lipschitz functions
on the unit cube Q by
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nt) = JQ*(grad/)dz = 0{f, Q) = 0{f, Int(Q)}.

It follows immediately from 2.9 that W is lower semi-continuous on the
Lipschitz functions with respect to £PX convergence. Therefore, W extends
to a lower semicontinuous functional on the set of functions that are summa-
ble on Q. Thus, for a function / summable on Q

W(f) = inf [lim inf T(/«r>)],
r-»oo

where the infimum is taken over all sequences {/(r)} of Lipschitz functions
that converge &x to /. It follows immediately from 2.9, that

0{f, Int(Q)} =S W(f).

4.1 THEOREM. Let f be continuous on Q and such that 0{f, Int(Q)} is finite.
Let e > 0. There exists a Lipschitz function g on Q such that the set

{x;xeQ and f{x) # g(x)}

has measure less than e and

0{g, Q) < 0{f, ^nt(Q)} -f- e

PROOF. Let \f(x)\ ^ K for all x e Q. Let « = ( £ , £ , • • • , $ ) and for each
t e [0, \], put

Q, = {2t(x -a) +a;xe Q}.

Let D be the set of all t e (0, \) for which </>{/, Fr(Qt)} = 0. The complement
of D in (0, £) is countable. Let t0 e D be such that 0 < t0 < \,

and

(2) 0{f, lnt{Q) ~ QtJ < {1 -

Let tx e D be such that to<tx< \,

(3a) h - tQ > m - t0)

and

(3b) 0(X) < 1 + 0(7)

for all matrices X such that

. (l-h)\XU - I

for all i, ;. By 3.3, there exists for each positive integer r a Lipschitz
function g<f) on Int(^) such that
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m{x;xeQti and f(x) # g^{x)} < r^
and

(4) <P{g{T). Qh) < *(!> Qh) + r~\

We can assume that \g(r)(x)\ ^K, for aU xe!nt(Q). Then g<r> -+f in the
S£x topology so that by 2.9,

limin
r-*oo

and

But by (4),
Urn sup tffew ^fi) ^
r-»oo

so that
Mm sup #(g«'», g<x ~ ?(o) ^
r-*oo

Hence, one can choose a large r, put h = gir) and obtain

(5) w{«; x e (?<t and /(a;) =£ A(a;)} < | s ,

(6) * (A, (?tl)

and

(7) <P(A. Qh ~ Q{()) < {1

For each xeQ define v(x) by

s 6 Fr{QvM}.
Then

for all x, x' e ^ . For a; e Q <** Qtf define

Then ^ maps Q~Qtlt onto Qtl~QtQ- Also

Then

(8)

for all a;, a;' e Q <^ ^,o and
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(9) WP'Hy) - p-Hy')\\ =S (^ + 3) \\y - y'W

for all y, y' e Qti ~ Qt<). Define

g(x)=h(x) if xeQto

= hy>{x)} if xeQ~Qta.

Then g is Lipschitz on Q and by (1) and (5) the set {x; x e Q and f(x) =£ g{x)}
has measure less than e. For almost all x e (? ~ @,o, we have

^(gradg)=^{(gradA)-7(x)},

where J(x) denotes the Jacobian matrix of p. Therefore, by 1 (iii),

(10) ^(grad g) ^ <£[{grad h(y)}v^p{x)] • 6{J(x)}.

But

<o(* - h)h = r <o(j - *i) , ^ j o i . _ h
*> lv(x) (i - t0)

 + \ - tj « {.(z I — t0) dxt

hence

dx K ' J '

so that by (3b) and (10)

and by (9)

^] dx

= {1 + 0(/)} ( ^ + 3)" f ^(grad A)dy

which by (7), < \e. Then

*(f. Q) < *(*. CO + 1 ^ *(A, ^(i) + Js
and by (6), < <*>{/, Int(<?)} + s.

4.2 COROLLARY. / / / is continuous on Q and such that W(f) is finite and if
e > 0, then there exists a Lipschitz function g on Q such that the set

{x; xeQ and f(x) ^ g(x)}

has measure less than e and

< nn + «•
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4.3 THEOREM. / / / is continuous on Q, then

PROOF. It is sufficient to prove that W(f) ^ &{f, Int(Q)}. We can assume
that 0{f, lnt(Q)} is finite. Let \f[x)\ ^ K for all x eQ. By 4.1, there exists
for each r a Lipschitz function giT) on Q such that

m{x;xeQ and /(*) # g-<r)(*)} < r"1

and
<?>(g(r\ Q) < ®{f> Int(Q)} + r~\

Because of 2.14, we can assume that \g(r)(x)\ ^K for all xeQ. Then g1' '->/
in the 1PX topology so that

hence
W(f)
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