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RADII OF CONVEXITY OF
TWO CLASSES OF REGULAR FUNCTIONS

P.D. TUAN AND V.V. ANH

This paper establishes the radii of convexity of the following

two classes of regular functions,

yya
= (f(2) = z - 2az

2 + ...; - y < y,

y > 1, 0 < a 5 l-
1, |2| < lj ,

Ty(G) = = z + a/

g{z) i G, y > X, \z\ < l\ ,

where

G = lg(z) = z + a2s
2 + ...; \g'(z)-l\ < 1, \z\ < li .

1. Introduction

Let N he the class of functions f{z) regular in the unit disc

A = {z; \z\ < 1} with the normalisation /(0) = 0 , /'(0) = 1 . The

classes of functions f(z) € N which are univalent, univalent convex,

univalent starlike are denoted by S, a , S* , respectively. Let F be a

subclass of N . By T(F) and T(F) we shall mean the classes

•{•
T(F) = \f(z) i N; Re

f(z)
> 0, g(z) (. F, z € A | ,
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3 0 P . D . T u a n a n d V . V . A n h

= {/(a) € N; - Y Y, g (a ) € F, y > 1 , a €

We note that TJ.F) = T{F) and T(S*) is the well-known class of close-

to-starlike functions introduced by Reade [$].

The problem of determining the radius of starlikeness of T{F) or

T {F) when F varies in a subclass of N or 5 has been extensively

studied. For example, MacGregor [4], [5] obtained the radii of starlike-

ness of T(F) and T (F) when F i S ° or F = S* ; Krzyz and Reade [3]

found those of T(S) and T (S) . A more difficult question which arises

naturally is that of determining the radii of convexity of these classes.

Sakaguchi U0] established the radius of convexity of T(S*) . Reade,

Ogawa and Sakaguchi [9] obtained the radius of convexity for a subclass of

T(S*) , namely the class

R = {f(z) € N; Ee{f(z)/z} > 0, z € A} .

The method of [9] and [?0D, which is based on certain coefficient

inequalities, does not apply to the classes under consideration; therefore

we shall take a different course.

The problem of finding the radii of convexity of the classes T (F)

may be transformed into that of establishing bounds for certain functionals

over the class

P = lp(z) = 1 + p±z + p2z
2 + . . . ; Re{pU)} > 0, z (. A> .

In fact, let B be the class of functions u(s) regular in A and

satisfying u(0) = 0 , \w(z) | < 1 there. Let f(z) € T {F) , then

writing tyiz) = 1 - y~ f(z)/g(z) , we have \ty(z)\ < 1 in A and

l|>(0) = 1 - Y" 1 = ipQ • Put w(z) = [l^(3)-l^0]/[X-^o^(s)J ; then w(z) £ B

and iĵ (s) = [W(;E:)-HJJ ]/[l-H|> 7j(2)] . In view of this and the fact that every

w(z) € B can be represented by w(z) = [p(z)-l]/[p(z)+l] for some

p(z) € P (see Nehari [7], p. 169), we get

This representation yields

https://doi.org/10.1017/S0004972700011278 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700011278


Rad i i of convex i ty 31

(1.2) 1 + "
'U) zZq"(zT\Ykg'{z) _ zp'(z)]

s)+y " g(z) j\_g(z) p(s)+yj

-l

where \i = (2y-l)~ . Hence the problem now is to find the sharp upper

bounds on \z\ = r for

:T\ fag'(a) zp'{
g(z) J \_g(z) ~ p(z)

and \zp '(z)/\p[z)+\i) | and to check that these bounds are attained at the

same point.

In this paper we shall employ the method described above to establish

the radii of convexity of the classes

V = y(3) = z ~
- Y < Y,

Y 2 1, 0 5 a < l-(2y) 1 , Z i Al-

and 2" (G) , where G = {g(z) € N; \g'{z)-\\ < 1, 3 € A} . Letting y

in these results we obtain the radii of convexity of the classes

Ra =
- 2az2 + . . . ; Re{/(z)/2} > 0, 0 5 a < 1, z € A}

and T(G) , respectively. The result for R , which involves the second

coefficient in the series expansion of functions in the class, refines that

obtained by Reade, Ogawa and Sakaguchi [9].

2. Radius of convexity of the class if

We first remark that there is no loss of generality in assuming the

second coefficient of functions f[z) € R to be real and negative, for,

if this is not the case, we may consider the functions

e1 f\e~V z] = z - \a2\z + ... , where 9 = arg a ? + TT .

We next define the subclass

Pb = (p(s) € P; p'(0) = 2b, 0 2 b < 1} .

Then for p(z) £ P, , we may write p(z) = [l+u(z)]/[l-u(s) ] for some

w(z) € 5 so that

https://doi.org/10.1017/S0004972700011278 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700011278


32 P . D . Tuan and V . V . Anh

= bz + ••• = **<*> '

where ty{z) i s regular and \ty(z)\ 5 1 in A with i{>(0) = b . Now,

since 0 5 fc 2 1 , we have [\p(z)-b]/[l-bip(z) ] < z in A (< reads " is

subordinate t o " ) . Hence \p(z) ^ (z+b)/(l+bz) in A . This yields

(2.1)

We now put 4 = (r+b)/(l+fcr) , 0 < r < 1 , and define

# r ( z ) = (l+^s)/(l--4s) ; then i t i s clear tha t for p(z) € P, ,

p(z) -^ff (z) , \z\ 5 r . And so, p(s) maps | s | 5 i» into the disc

| p ( s ) - a | - d , where

2 2B _ r(r+b)
^ 2 ' - -155?"

It follows immediately that for p(s) € P, , |s| = r < 1 ,

(2.2) ^ 5 Re{p(Z)} < \p(z)\ S i g .

The first inequality is sharp for the function

2
p(z) = ——-r at z = -r ,

1-22)3+3

while the third inequality is sharp for the function

at
1-3

Retu rn ing t o t h e c l a s s i? , then i n view of ( l . l ) , every

o
f{z) = 3 - 2az + . . . € R can be written as

( 2 ' 3 ) ^ ( S ) = l , ( 2

From t h e power s e r i e s expans ion of f(z) and ( 2 . 3 ) we f ind

p(z) = 1 + 2bs + . . . , where b = 2ya/ (2Y-l ) . Also , O s l ) < l as

0 5 a 5 1 - ( 2 Y ) " 1 . Thus p ( s ) 6 P, .

For / ( z ) € R , ( 1 . 2 ) becomes
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(2.«0 f'U) ~ p(z)+\i-zp'(z)
2ap'(a)

The upper bounds for |sp '(3)/ (p(s)+u) | and |2 p"(z)/ {j>(z)+\i-zp '(z)) | on

|g| = j? < 1 are established in the following lemmas.

LEMMA 2.1. If p(z) (Pj , V > 0 , then on \z\ = r < 1 ,

(2.5)

have

(2.6)

p(s)+u 2 '

Proof. Since p(s) = [I-HJ(S) ]/[l-u(s) ] for u(s) = i s + . .. € B , we

pU)+u

From (2.1), \w(z)| 2 r(r+b)/(l+br) . Hence, in view of the Subordination

Principle, the image of \z\ 5 r under the transformation of the right-

hand side is contained in the disc

.2
(2.7)

l+w(z) 1-CBC

1+Cw(z) ~ 1_C2S2
(l-C)B

1-C2B

where C = ( l -u) / ( l+u) , B = r(r+b)/(l+br) . The assert ion now follows

from (2.6) and (2 .7) .

Equality in (2.5) occurs for the function

p(z) = [l+2bz+z2] I(l-s2) at 3 = r .

LEMMA 2 . 2 . J / p ( s ) € P& , then for z € A ,

>} b+2\a\*b\a\Z _
2 "

(2.8) - 2

Proof. Wri te p ( s ) = [1+31^(3) ]/[l-z\\)(z) ] , where 1^(3)

such t h a t | i | ) (s) | 5 1 in \z\ < 1 . Then, from ( 2 . 1 ) ,

=b + i s

(2.9)

Also,

l+b\z\

s € A .

https://doi.org/10.1017/S0004972700011278 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700011278


34 P . D . T u a n a n d V . V . A n h

Thus

< 2 Re{p(z)} •

_ 2Re{p(s)} .

R e { p ( 2 ) }

The second l a s t inequal i ty follows from Caratheodory's inequality (see

Caratheodory [ / ] , p . 18) . The function ( \i>(z) \ + \z |) / ( l + | s | \\p{z) \) is

monotonically increasing with respect to \ty(z)| ; hence from (2.9) and

(2.10) the r e su l t follows.

LEMMA 2 . 3 . If p(z) €

p(z)+\i
2r

u > 0 , then on \z\ = r < 1 ,

2
b+2r+br

1-r2 l+]i+2br+(l-\i)r2

Proof. For p > 0 , we have

zp'(z)
p(z)+V

\zp'(z) I _ \zp'(.z) I
Re{p(s)}+y ReTpUTl

o
p ^ j 1 . • ^^ • 7 * -

lP 2
l+22>r+r

l+u/Re{p(sT}
r, 1 - 1

1 +
3

l+2br+r

, from (2.8) and (2.2)

b+2r+br
2 2 "

1-r l+u+2&r+(l-y)r

Equality in (2.11) is attained for the function

p{z) = [l+2bz+z2)I(l-s2) at z = r .

The next lemma establishes an inequality which involves the second

derivative of p(z) . This is based on the well-known result that if

p(z) = 1 + p±z + P2z + ... € P , then |p2| 5 2 . The bound also holds

true for functions in P with a fixed first coefficient. Indeed, let
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p(z) = 1 + 2bz + p^T + ... € P, , 0 5 b 5 1 , then from the

representation p(s) = [l+z\p(z) ]/[l-zty{z) ] , where \p(z) = b + i^s + ...

and satisfies |i|)(3) | S 1 in A , we get after equating the coefficients

of the same powers of z ,

(2.12) 2b =

It follows from Caratheodory's inequality that

^ 5 1 - \b\2 .

Thus, in view of (2.12), we have

|p 2 -2& | 2 5 2 - 2b2 ,

that i s , \po\ — ̂  , which i s sharp for the function

p ( 3 ) =
1-3

Now let £ be a complex number such that 0 <

Then the function (7(3) defined by

< 1 and p(z) € P,

is regular and sa t i s f i e s Re{^(s)} > 0 in A . Hence from the above

remark, the following lemma follows.

LEMMA 2 . 4 . If p ( z ) € Pfc , t h e n f o r \z\ < 1 ,

(2.13) zp"(z) - <_!LkL

In view of inequality (2.13) we get for | | < 1 ,

l-\z\'

zp'(z)
p(z)+\i

Thus an application of (2.11) and (2.5) to the right-hand side yields
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LEMMA 2 . 5 . If p(z) € P , , u > 0 , then on \z\ = r < 1 ,

(2.11+)
z2p"(z) ^ kr2(l+3br+3r2+br3)
p(s)+u (l-r2)2[l+]i+2br+(l-\i)r2]

Equality occurs for the function p{z) = [l+2bz+z ) /( l-s ) at

Z = V .

We are now in a position to prove the main result of this section.

THEOREM 2.6. The radius of convexity of R is given by the

smallest root in (0 , l ] of the equation

(l+y)2 - 2b(l+\i)r - 2)rk- (l+2u-3y2+l6Z?i\)ri|

- 6b(l-v)r5 - (l-u)V5 = 0

where b = 2ya/{2\-l) , \i =

Proof. As de r ived e a r l i e r in (2.1*),

g.f"(a) 2zp'(z) _ z2p"(z)
f'{z) ^ ~ p(z)+\i p(z)+\i-zp'(z) '

where p(z) € P, . Hence

(2.15)

Now, from ( 2 . 1 l ) , we have

zp'(z)

2zp'(z)
p(z)+\i

z2p"(z)\ L _ zp'(z)
p(s)+y I I p(z)+u

- 1

(2.16) 1 - > 1 -

> 1 -

zp'(z)
pCzl+U

2r b+Zr+br'

l-r2 l+\i+2br+(l-\i)r2

= l+]i-2(2+\i)r2-kbr3-(l-\i)rk

[l-r2)

I t i s easy t o check t h a t t h e numerator has a r o o t i n ( 0 , l ) . Let a be

i t s sma l l e s t r o o t i n ( 0 , l ) ; then for \z\ < O , we o b t a i n

(2.IT) 1 -
zp'(z) - 1 fl-r2l

l+y-2(2+y)r -kbr -(l-y)r

Applying the bounds in (2.11), (2.lit) and (2.17) to (2.15) we get
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4 •
F(r)

where

F(r) = - l»fc(6+5y)r3

- (l-y)2r6

Since F(o) = ( l+y)2 > 0 , F(l) = - l6 - l6y - l6fcy - 32b - i6b2 < 0 ,

F(r) has a root in (0, l ) . Denote i t s smallest root in (0, l ) by p

then the condition Re{l+a/"(s) / f ' (2)} > 0 is sa t is f ied in

\z\ < min(p, a) . We further note tha t , for f(z) as defined,

J — r pUHyJ

Thus, in view of (2.l6), we have Reizf'(z)/f(z)} > 0 in \z\ < a . In

other words, f{z) is starlike in \z\ < a . Since the radius of star-

likeness of f{z) is greater than or equal to its radius of convexity, we

get p 5 a and the assertion follows.

To see that the result is sharp, we consider the function

/ ( 3 ) = I-ElizfL] _

Y+(2Y-1)2>2+(Y-1)2

The case b = 1 , y •* °° corresponds to the theorem of Reade, Ogawa

and Sakaguchi [9].

3. Radius of convexity of the class T (G)

We require the following lemmas:

LEMMA 3.1. If w(z) € B , then \w'{z)\ S 1 for \z\ s V2 - 1 .

LEMMA 3.2. If p(3) € P 3 y > 0 , then on \z\ = r < 1 ,

zp'(z)(3.1)

(3.2)

pTz)+V

pU)+y

A proof for Lemma 3.1, which is due to Dieudonne, may be found in

Cara+heodory [J], p. 19. Inequalities (3.1) and (3.2) are derived from
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(2.11) and (2.ll*) respectively by putting b = 1 in the latter results.

Equalities in (3.1) and (3.2) occur for the function p(z) = (l+z)/(l-z)

at s = r .

LEMMA 3 . 3 . Let g(z) € N be such that \g'{z)-l\ < 1 in A . Then

on \z\ = v ,

(3.3) ~ ~Br ' f0r

Be'
zg'(z)

2-r

results are sharp.

Proof. For #(s) as defined, we have g'(z) - 1 = u (s) for

W (z) € 5 ; hence, in view of Lemma 3.1,

(3.5) |<7"U)| S i , )a| < V2 - l .

Also, from Section 2 of MacGregor [6],

some

hence we may write

(3.6) g{z) = z +

= * a i

, w2iz) € S , 2 € A .

This implies

(3.7) \g(z)\ 2 |2| -k\z\Z

and (3.3) now follows from (3.5) and (3.7)-

From the representation (3.6) and Dieudonne's Lemma (see Duren [2]) we

get

(3.8) zg'(z)
= 1 + Re

> 1 + Rei

\zw'2iz)

w2(a) r2-\wjz)}'

Put 2 + w (2) = Re and deno t e the r i gh t -hand s i d e of (3 .8 ) by

S(R, 6) ; then 2-r* < i? 2 2-w and
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l - r l - r l - r
2 '

Since 85/39 = sin BT(R) and

4
l-r

0 ,

the minimum of S{R, 9) occurs when 9 = 0 and R (. [2-r, 2+r] . Now

S(R, 0) = - ^ |~-2(l+r
2) + (2+r

2) | + R~\ ,
l-r

which yields dS(R, 0)/dR = 0 at if = (2+r2) ? . This point is outside the

range of values of if if (2+r )2 < 2 - r , that is, if r < % . Thus,

for r < % , the minimum of 5(if, 0) is attained at the end-point

if = 2 - r , its value being

5(2-r, 0) =

The sharpness of both results is easily verified for the function

gQ(z) = z + z
2/2 .

We now prove the main result of this section.

THEOREM 3.4. The radius of convexity of T (G) is given by the only

root in (0, %) of the equation

- (l-Y)(3+8Y)r3

Proof. In view of (1.2), we get for f(z) € T (G)

= 0 .

(3 .9)

= 1 - R

2
p"(

''(g) s2-" '

g(s)
)~j f ag ' - 1 2zp'(z)

p{z)+\i

2 2
a p"(z) z g"(z)

g(z

zg'(z) zp'(z) - 1

pTzj+V
2zp'(z)

z2g"(z)\ VJzg'(z)
g{z) I {_ \ g{z)

(z)
z)+\i

p r o v i d e d t h a t R e { [zg '{z)/g(z))-[zp '(z)/[p{z)+\i]) } > 0 . F r o m ( 3 . 1 * ) a n d
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(3.1) we have

It is easy to check that the numerator has a single root in (0, l) ;

furthermore, this root is located in (%, %) . Thus the right-hand side of

(3.10) is positive for r < k . This fact together with (3.1), (3.2),

(3.3) and (3.10) applied to (3.9) will give, for r < H ,

GM

where

G(r) = 2(]i-l)2rk + ( l -p) (7u+U)r3 + 9M(1+M)2'2 - (l+p)(5u+7)r

How G(0) = ( l+u) 2 , G(%) = (27y2-1*1*M-87)/l28 < 0 for 0 < u £ 1 . Thus

(?(r) has a zero, which i s unique, in (0, %•) . The proof of the theorem

i s therefore completed.

The resu l t i s sharp for the function

f(9\ - (l+a)fg+fa2/2l]
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