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Abstract. In this paper, we develop the theory of stratifying systems in the context
of exact categories as a generalisation of the notion of stratifying systems in module
categories, which have been studied by different authors. We prove that attached
to a stratifying system in an exact category (A, £) there is an standardly stratified
algebra B such that the category Zr(®), of F-filtered objects in the exact category
(A, &) is equivalent to the category .#(A) of A-good modules associated to B. The
theory we develop in exact categories, give us a way to produce standardly stratified
algebras from module categories by just changing the exact structure on it. In this
way, we can construct exact categories whose bounded derived category is equivalent
to the bounded derived category of an standardly stratified algebra. Finally, applying
the relative homological algebra developed by Auslander—Solberg, we can construct
examples of stratifying systems that are not a stratifying system in the classical sense,
so our approach really produces new stratifying systems.

2010 Mathematics Subject Classification. Primary 18E10, Secondary 18G25.

1. Introduction. The notion of exact category in the context of additive categories
is due to Quillen, see [28]. In Quillen’s definition we have to give a special class of
short exact sequences satisfying a set of axioms in order to obtain an exact category.
The interest of exact categories is for a variety of reasons. First of all, they are a
natural generalisation of abelian categories. There are several reasons for going beyond
abelian categories. The fact that we may choose an exact structure gives us more
flexibility, which turns out to be useful (the Example 8.1). Even if one is working
in abelian categories, one soon finds the need to consider other exact structures
different from the canonical one, for instance, in relative homological algebra (see
[4-6,16]). In representation theory, exact categories arise naturally (filtered modules
by a set of modules [29], stable categories, etc.). Exact categories are also important in
representation theory because of a celebrated theorem of Happel, which tells us that
Frobenius exact categories produce triangulated categories by passing to the stable
category (see [15]).

On the other hand, the standardly stratified algebras were defined by Agoston,
Dlab and Lukacs in [1, 10] as a generalisation of quasi-hereditary algebras. Standardly
stratified algebras are interesting because of their relationship with tilting theory and
Lie theory, see for example [1, 2, 23], and quasi-hereditary algebras and homological
dimensions, see for example [22, 24]. In an attempt to generalise the standard modules
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and their main properties, Erdmann and Saenz developed the notion of Ext-injective
stratifying system in [13]. In that paper, they generalise the characteristic tilting module
obtained by Ringel in [29].

Later on, Marcos, Mendoza and Saenz defined a different notion of stratifying
system and proved that this notion is equivalent to that given by Erdmann and Saenz
[20, 21]. In [21], it was proven that for a given a stratifying system (®, <) in mod(A4),
there exists a module Q, such that End(Q)? is a standardly stratified algebra with the
same order <. Furthermore, there exists an exact equivalence between the ®-filtered
modules in mod(A4) and the A-good modules in mod(End(Q)%?).

Recently, in [25], the authors developed the stratifying systems in triangulated
categories and gave applications to exceptional sequences and derived equivalences.
So, it seems to us interesting to look at what happens in the context of exact categories.

The aim of this paper is to generalise the stratifying systems to exact categories in
order to produce new stratifying systems and as a result a new method to construct
standardly stratified algebras. Our approach gives us more flexibility since we can
change the canonical exact structure in the category of modules and obtain new exact
categories where our approach works. We have preferred to give direct proofs to our
results without using any embedding into abelian categories since we think that is more
illustrative.

2. Preliminaries. In this paper, we work on an exact category in the sense of
Quillen [28]. We will work with the axioms given by B. Keller in [17, Appendix A],
which are equivalent to that given by Quillen in the case of an additive category with
splitting idempotents (see apenddix of [12]). For the convenience of the reader, we recall
the basic definitions. In all that follows, A stands for an additive category. It is said that
Alis a category with splitting idempotents if for each idempotent e = > € Hom 4(X, X)
there are morphisms u : ¥ — X and p : X — Y, such that up = e and pu = 1y.

DEFINITION 2.1 [17, Appendix A]. A pair (i, d) of composable morphisms X LN
Y - Zin Ais an exact pair, if i is the kernel of d and d is the cokernel of i.

DEFINITION 2.2 [17, Appendix A]. Let & be a class of exact pairs X — Y Ny ,
which is closed under isomorphisms. The morphisms i and d appearing in a pair (i, d)
in &€ are called an inflation and a deflation of £, respectively. A pair (i, d) € £ is called
a conflation. It is said that the class £ is an exact structure on A and the pair (A4, &) is
an exact category, if the following axioms hold:

(EO) The identity morphism of the zero object 1y : 0 — 0 is a deflation;

(E1) The composition of two deflations is a deflation;

(E2) For every morphism f : Z/ — Z and any deflation d : ¥ — Z, there is a
pullback diagram

such that d’ is a deflation.
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(E2)? For every morphism f : X — X’ and any inflation i : X — Y, there is a
pushout diagram

such that 7 is an inflation.

REMARK 2.3. Letn : X 5 ¥ -% Z be a conflation. If the second square in the
following commutative diagram is a pullback in A,

Xy <.z

O

X%Y%Z

then ' : X Ly L 7isa conflation, which will be denoted by 5f. Dually, if
h: X — X’ is amorphism in 4, in will denote the conflation obtained by a pushout
of n with A.

3. Relative theory produced by subfunctors of Extc(—, —). Throughout the
remaining of this paper we fix an exact category (A, £) with splitting idempotents.
For glven objects A, C e A, we denote by Exte(C, A) the set of all exact pairs
A-5B % Ccine modulo, the usual equivalence relation. That is, two conflations
(i, d) and (7', d') are equivalent if there is a commutative diagram as follows:

A*>B*>C

I

A—Lsp-L.C

REMARK 3.1.

(a) It can be shown that, in the above diagram, the morphism f is an isomorphism
(see [12, Appendlx])

(b) Ifn:4— B BN Candn': A g4 C’ are conflations, thenn & n’ : A ®
425 B ® B — @ o @ C' is a conflation.

(¢) Since an additive category has finite direct sums, there exists the diagonal and
codiagonal maps.

Using the facts that in an exact category (A, &), the pullback and pushout of a
conflation is a conflation (that is, E2 and E2?) and the remark above, it can be proved
that the set Exte(C, 4) is an abelian group under Baer’s sum.

Let :C'— C and B: A —> A’ be morphisms in A. So, we have a map
Exte(a, B) : Extg(C, A) —> Exte(C’, A’) given by Exte(ar, B)(x) = B(xa). Observe that
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B(xa) = (Bx)a, and furthermore, we have a functor Exte(—, —) : A? x A —> Ab,
where Ab stands for the category of abelian groups.

REMARK 3.2. The functor Extg(—, —) : A? x A —> Ab is additive.

DEFINITION 3.3[12]. Let F be a subfunctor of Exte(—, —) : A” x A —> Ab (that

is, F(C, A)is a subgroup of Extg(C, A), ¥ A, C € A). A conflationn : A —> B NYS
is said to be an F-exact pair if n € F(C, A). In this case, the map d is said to be an
F-epimorphism and i is an F-monomorphism. The class of all the F exact pairs is denoted
by Er. Observe that £ C £ and & is closed under isomorphisms.

F will always denote a subfunctor of Extg(—, —), where (A, £) is an exact category
with splitting idempotents.

REMARK 3.4. Let F be a subfunctor of Exte(—, —): A” x A —> Ab and « :
C— C,B:4A—> A in A If n € F(C, A), then F(«, B)(n) = B(na) € F(C', A'). In
particular, the class of all the F-exact pairs is closed under pullbacks and pushouts.
That is, if n is F-exact, then na and 8n are F-exact.

Usually, for simplicity, we shall denote the abelian group Hom 4(A4, C) by 4(4, C).

LEMMA 3.5. Let F be an additive subfunctor of Extg(—, —) : A? x A —> Ab and

' d . , .
let n: A—> B -5 C be an F-exact pair. Then, for each C' € A, there is an exact
sequence in Ab

0— A(C', A) = A(C, B)— 4(C",C) > F(C', 4) ™S pc', By —

e pe, o),
where 5(f) 1= nf.
Moreover, if F = Exte(—, —), then the above long exact sequence, can be extended
to the next group, namely, Extg(C', C).

Proof. The well-known proof for the classical situation can be adapted to this
setting. Il

DEFINITION 3.6. Let 7 : A? x A — Ab be an additive functor and let F be an
additive subfunctor of Extg(—, —). It is said that

(a) T is Ep-closed on the right, if for every A € A and any exact pair X —» ¥ —%

Z in Ep, the sequence T'(A4, X) ey T(A,7Y) iy T(A, Z) is exact in Ab.

(b) T'is Ep-closed on the left, if for every A € A and any exact pair X — Y Az

in &, the sequence T(Z, A) @9 T(Y, A) i T(X, A)is exact in Ab.

(c) T is Ep-closed, if it is Ep-closed on the left and on the right.
In the case F = Extg(—, —), we said that 7" is £-closed on the left (resp. right).

REMARK 3.7. We have preferred to call a functor 7 : A? x A —> Aba functor Ep-
closed, instead of Ex-exact (that would be more natural), because £ is not necessarily
an exact structure on .A. Moreover, this definition generalises the one given in [7], that
is, from the abelian to exact categories. Next, we will see when £ is an exact structure

on A.
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ProrosITION 3.8 [12, Proposition 1.4]. Let F be an additive subfunctor of
Exte(—, =) : A? x A —> Ab. Then, the following conditions are equivalent:

(a) The class Ef is an exact structure on A.

(b) F is Ep-closed on the left.

(¢) F is Ep-closed on the right.

(d) F is Ep-closed.

In the next sections, we will need the following useful lemmas.

PROPOSITION 3.9. Let F be an additive Ep-closed subfunctor of Extg(—, —) and let

A% B Eand B5 C = D be F-exact pairs. Then, the above F-exact pairs can be
completed to the following commutative diagram

A=—=4

s

B—>C4>D

|

E—>G—>D

such that the squared marked with I is both a pushout and a pullback and all the rows and
columns are F-exact pairs.

Proof. By [17, page 28 in Appendix A] and [12, page 31 in Appendix], it follows
that I is a pullback and a pushout diagram. Since S« is an inflation, we conclude by
3.4 that all the rows and columns are F-exact. ]

LEMMA 3.10[12, Lemma 1.2]. Let F be a subfunctor of Exte(—, —) : A? x A —>
Sets. Then, F is an additive subfunctor of Exte : A? x A — Ab, if and only if the class
of F-exact pairs Er is closed under finite direct sums.

DEFINITION 3.11. Let X be a class of objects in the exact category A. A morphism
f:X — Cin A is said to be an X-precover of C if X € X and Hom (X, ) :
Homy (X', X) — Hom (X', C) is surjective VX' € X. An X-precover f : X — C is
a cover if whenever fh = f we have that / is an automorphism.

We recall that an X'-precover is also known as a right X'-approximation and the
notion of X'-cover as a minimal right X'-approximation.

In what follows, we recall some notions and elementary well-known facts about
standardly stratified algebras. Let A be an artin R-algebra and Mod(A) be the category
of all left A-modules. We denote by mod(A) the full subcategory of all finitely generated
left A-modules, and by proj(A) the full subcategory of mod(A), whose objects are the
projective A-modules. For M, N € mod(A), the trace Try(N) of M in N, is the A-
submodule of N generated by the images of all the morphisms from M to N.

We next recall the definition (see [1,10, 11,29]) of the class of the standard A-
modules. Let n be the rank of the Grothendieck group Ko(A). We fix a linear order < on
the set [1, n] and a representative set , P = {5 P(i) : i € [1, n]} containing one module of
each iso-class of indecomposable projective A-modules. The set of standard A-modules
is AA = {AA®0) : i €[, n]}, where 5 A(i) = A P(i)/Trg,_,, p;)(a P(7)). Note that 5 A(7) is
the largest factor module of 5 P(i) with composition factors only amongst ,.S(j) for
j<i.
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Let % (4, A) be the subcategory of mod(A) consisting of the A-modules having a
A A-filtration, that is, a sequence of submodules 0 = My € M| C --- C My = M with
factors M;,;/M; isomorphic to a module in 5 A for all i. The algebra A is said to
be a standarly stratified algebra, with respect to the linear order < on the set [1, ], if
proj(A) € F(,A) (see [1,9,10]). A quasi-hereditary algebra is a standardly stratified
algebra (A, <), such that End(, A(i)) is a division ring, for each i € [1, n].

4. Exact R-categories. Let R be acommutative ring. We recall that an R-category
is a category C satisfying the following two conditions: (a) for each pair X, Y of objects
in C the set of morphisms Hom¢(X, Y) is an R-module, and (b) the composition of
morphisms is R-bilinear. An R-category C is called Hom-finite if Home(X, Y) is a
finitely generated R-module, for each X, Y € C.

A functor F : C — D between two R-categories, is said to be an R-functor if
F : Hom¢(X, Y) — Homp(F(X), F(Y)) is a morphism of R-modules for each pair
X, Y of objects in C.

Let C be an additive category. It is said that C is Krull-Schmidt if any object X € C
has a finite decomposition X = @}_, X; satisfying that each X; is indecomposable with
local endomorphism ring Ende(X;).

DEFINITION 4.1. An artin exact R-category is an R-category C, for some artinian
ring R, which is Hom-finite and Krull-Schmidt and exact for some structure £

Let A be an artin R-algebra. It is well known that mod(A) is an artin exact
R-category, by considering the class of all the exact sequences in mod(A).

ProPOSITION 4.2. Let A be an artin R-category, A € A, T := End4(A4)? and
the evaluation functor at A, €4 := Homy(4, —) : A —> Mod(T"). Then, the following
conditions hold:

(a) T is an artin R-algebra.

(h) Im(€,4) € mod(T"), then €, := Homy(A4, —): A —> mod(I") and induces an

equivalence of categories add(A) = proj(I).

(¢) €4 : Homy(Z, X) —> Homr(€4(Z), €4(X)) is an isomorphism of R-modules,

VZ € add(A) and VX € A.

Proof. The proof done by M. Auslander (see [3]), can be easily extended to the
context of an artin R-category. ]

Note that item (b) of the previous proposition is false if 4 is not an artin R-
category. Indeed, taking 4 = Mod(Z) and 4 = Z we have that End4(Z, Z) >~ 7 and
the functor €7 does not satisfy that Im(€7) € mod(Z).

DEFINITION 4.3. Let (A, £) be an artin exact R-category. A is said to be Extc-finite
if Extg(C, A) is a finitely generated R-module for all 4, C € A. In this setting, an
additive subfunctor F of Exte(—, —) is an R-subfunctor if F(C, A) is an R-submodule
of Exte(C, 4), VC, 4 € A.

Let A be an artin R-algebra. It is well known that mod(A) is an artin exact
R-category which is Ext,(—, —)-finite; and moreover, every additive subfunctor of
Extp(—, —) is an R-subfunctor. The R-module structure on Ext,(M, N) is defined
as follows: Let r € R, n € Ext,(M, N) and set f, : M —> M the morphism given by
fr(m) = rm, define rn := nf, = Ext(f,, N)(n).

https://doi.org/10.1017/50017089518000320 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089518000320

STRATIFYING SYSTEMS FOR EXACT CATEGORIES 507

LEMMA 4.4, Let (A, £) be an artin exact R-category, which is Exte-finite and let F be
an Ep-closed R-subfunctor of Extg(—, —) : A? x A —> Ab. Then, F(C, A) is a finitely
generated R-module for all A, C € A.

Proof. Since R is artinian, it is also Noetherian, and then every submodule of a
finitely generated module is finitely generated. ]

The following construction is usually called the universal extension.

LEMMA 4.5. Let (A, £) be an artin exact R-category, which is Exte-finite and let
F be an Eg-closed R-subfunctor of Exte(—, —). Then, for any A, C € Obj(A), such that
F(C, A) # 0, the following conditions hold:

(a) There is a non-splitting F-exact pair in A

nca: A" S E—f-c,

such that § : Homy(A", A) — F(C, A) is surjective, where n := Lg(F(C, A)).
(b) If F(A, A) =0, then F(E, A) = 0, where E is defined in item (a).

Proof. The proof given in [25, Lemma 3.4] can be adapted to the context of exact
categories. ]

LEMMA 4.6. Let (A, £) be an artin exact R-category, F an additive Ep-closed R-
subfunctor of Exte(—, —) and let n : A S B-5 Cbhea non-splitting F-exact pair,
such that C is an indecomposable object and Hom 4(A, C) = 0. Then, there exists a
non-splitting F-exact pair A —> B — C, such that A’ is a direct summand of A and
B’ is an indecomposable direct summand of B.

Proof. The proof given in [25, Proposition 3.5] can be adapted to the context of
exact categories. O

5. Filtered objects in an exact category. Let C be a class of objects in A and let
F be an additive subfunctor of Exte(—, —). It is said that an object M € A admits an
F — filtration in C, if there is a family of F-exact pairs {§; : M;_;1 — M; — X;}I*,, such
that My =0, M,, = M and X; € C fori =1, ..., m. We denote by .Zr(C) the class of
objects M in A, which admits an F-filtration by objects in C.

Let M € #p(C)andlet& : {§: M;_y — M; — X;}/” | bean F-filtrationin C of M.
In this case, the F'-length relative to & of M is £y (M) := m and the F'-length of M is
Lp(M) :=min{lr (M) | £ is a F-filtration of M}.

We have the F-left perpendicular class of C to be

le={XeA|F(X,C)=0 VY CeC}.

We also recall that a class C € A is closed under F-extensions, if for every F-exact pair
A =5 B-%5 Cwith A4, C € C, we have that B € C.

PROPOSITION 5.1. Let C be a class of objects in an exact category (A, £) and let F
be an additive Ep-closed subfunctor of Extg(—, —). Then, the class F§(C) is closed under
F-extensions. In particular, it is closed under finite direct sums.
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Proof. Let A —> B —> C be an F-exact pair with 4, C € %p(C). Proceeding
by induction on n = £x(C), it can be shown that if 4 and C belong to .%5(C), then
B e Zr(C).

Now, we check that .%£(C) is closed under finite direct sums. Let 4, B € %¢(C).
We have the following F-exact pair 4 — A @® B —> B since F(B, A) contains the
splitting conflations. Finally, using that .%z(C) is closed under F-extensions, we have
that A ® B € .Zp(C). O

COROLLARY 5.2. Let (A, &) be an exact category, F be an additive Ep-closed
subfunctor of Exte(—, —) and let C € A be a class of objects in A. Then, **+C =+
(Fr(C)).

Proof: Itis enough to prove that *-C € #+(Z(C)) since the other inclusion follows
from the fact that C € .Zx(C). Let Y € #*+C and Z € .Z#(C). We have that F(Y, Z) =
since F(Y, —)|¢ = 0. Then, *+C =+ (Z£(C)). d

LEMMA 5.3. Let (A, £) be an exact category and F an addmve Ep- clo sed vubfunctor

ofExtg(— —). If there exists two F-exact pairs of the form Z —> Y 4, 6, and Y —

x -4 60y, such that F(0,, 01) = 0, then there exists two F-exact pairs of the form Z —
W — 0,, W — X — 6y, such that the composition Z — Y —> X is equal to the
composition Z — W — X.

Proof. By 3.9, we have the following commutative diagram in A

L ==17

\Li \Li/i
i’ a4

Yy 1> X—250

[, b

(03] [2%)
9] —_— C —_— 92’

where the rows and columns are F-exact pairs. Moreover, the F-exact pair ' : 6, —
C -5 6, splits since F(6>, 6;) = 0. Then, we have the following splitting F-exact pair
£E:0, N C N 0;. By the dual of 3.9, we have the following commutative diagram

in A

01,
where the rows and columns are F-exact pairs. Therefore, the required F-exact

pairsare £’ : Z — W — 6, and §” : W — X — 6,. Finally, the equality of the
compositions follows from the above diagrams. ]
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Let © = {®(i)}{_, be a family of objects in A. For a given F-filtration & = {& :
My — M — Xi}_, of M € Zp(©), we denote by [M : O(i)]: the &-filtration
multiplicity of ®(i) in M, that is, the cardinally of the set {k € N | X; ~ ©(i)}. In
general, the filtration multiplicity could be depending on a given F-filtration. We set
Lre(M) = 3 [M : O@)];.

PROPOSITION 5.4. Let F be an additive Ep-closed subfunctor of Extg(—, —) and let
© = {O(i)}._, be afamily of objects in an exact category (A, £), such that F(O(j), O(i)) =
0 Vj > i If & is an F-filtration of M € F(0©), then there exists an F-filtration n of M
in © and a family B of F-exact pairs satisfying the following conditions:

(@) m(i) :=[M : O@))e = [M : O®)], foralli € [1, 1],
(b) The F-filtration n is ordered, that is,

n={n: Mi_y — M; — Ok},

with My :=0andk, <k,_1 <--- < k.

() E=1{Ei: M| — M| —> O\)"*)L | where {©()}L_, is the set consisting
of the different ©(j) appearing in the F-filtration & of M. Moreover, M{, = 0,
My=Mandrs < rg—1 <--- <A

Proof. Let & be an F-filtration of M € .%r(©). We can assume that M # 0.

We can prove (a) and (b), proceeding by induction on n := £z (M) and using 5.3
to rearrange the exact pairs obtained.

(c) follows from (b) by regrouping the k; that are the same and rename them by A;,
and using 3.9 in order to get the family of F-exact sequences. O

DEeFINITION 5.5. Let (A, £€) be an exact category, F be an additive Eg-closed
subfunctor of Exte(—, —) and let ® = {®(i)}7_, be a family of objects in A. The
class of ®-projective objects in A is the class P(®) := (% (®)). Dually, the class of
®-injective objects in A is the class Z(®) := (F(©))r+.

Note that by 5.2 and its dual, we have that P(®) =+ ©® and Z(0) = @+,

6. Stratifying Systems. In this section, we generalise the notion of stratifying
systems [20, 21, 26], to the context of an artin exact R-category (A, £). In all that
follows, we will consider an artin exact R-category (A4, £) and also we fix F, an additive
Er-closed R-subfunctor of Exte(—, —).

DEFINITION 6.1. An F-system © of size ¢ in (A, &), consists of the following data.
(S1) © = {O(i)}._, is a family of indecomposable objects in A.
(S2) Homy(©()), ©()) = 0 forj > i
(S3) F(O(@), 8(@) =0forj>i.

DEFINITION 6.2. An F-projective system (©, Q) of size t in (A, £), consists of the
following data:
(PS1) ® = {O(i)};_, is a family of non-zero objects in A.
(PS2) Homu(©()), ©(i)) =0, forj > i.
(PS3) Q ={0(i)}._, is a family of indecomposable objects in A, such that Q :=
Di_i Q) € O =P(O).
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(PS4) For every i € [1, 7], there exists an F-exact pair in A
K() > Q) > ().

such that K(7) € Zr({©() | j > i}).

REMARK 6.3. If (®, Q) is an F-projective system of size ¢ in (A, £), then we have
that F(Q, #r(®)) =0

The following lemma is straightforward.

LEMMA 6.4. Let (©, Q) be an F-projective system of size t in (A, E). Then, the
following conditions hold:

(a) Homu(K(j), ©(1) = 0 for j > i

(b) For allj > i, the morphism

Homy (8, ©(1)) : Hom(©()), ©(1)) — Hom4(Q(), O(1)

is an isomorphism of abelian groups, and moreover F(0O(j), ®(i)) = 0.
(¢) The R-functor Homy(Q', —) : Zr(©) — mod(End 4(Q)?) is exact for any
Q' € add(Q).

PROPOSITION 6.5. Let (®, Q) be an F-projective system of size t in (A, £). Then, the
following conditions hold:
(a) Forany M € Fp(0), the filtration multiplicity [M : ©(i)]s of ©(i) in M does not
depend on the given F-filtration & of M, and hence it will be denoted by [M : ®(i)].
In particular, the length (o = Z;:I[M : ©(0)] is well defined.
(b) QG) & O0). if i #J.

Proof.

(a) Consider an F-filtration of M € F#r(0®), {& : Mj_y — M) — @(jk)}k | with
My =0 and Mm = M. Applying Hom 4(Q(i), —) to each F-exact pair & and
by setting (X, V) := £x(Homy(X, Y)), we get that ¢; := Q(z) M) Z] M
O] (0(i), B()). Con51der the matrix D := (dj), where dj := (Q(i), ©(j)). By
6.4 (b) and the condition (PS2) of 6.2, we have that D is an upper triangular
matrix with d;; # 0 for all i, and thus det(D) # 0. By using the column vectors
X:=(M:00) [M:0Q2).....[M:0@)) and C :=(c1.c2, ..., ¢)" the
above equalities can be written as a matrix equation D - X = C. Since det(D) #
0, we obtain that X = D~!. C, and hence [M : ©(j)]: only depends on the
numbers ¢; = (Q(i), M) and d;; = (Q(i), ©())).

(b) Let i % j. We can assume that j > i. By (a) and the condition (PS4) of 6.2, it
follows that [Q(i) : ®()] = 1 and [Q()) : O(i)] = 0, and thus Qi) Z O()). O

PROPOSITION 6.6. Let (®, Q) be an F-projective system of size t in (A, £). Then, the
following statements hold:
(a) Foreachi € [1, ], the morphism B; : Q(i) —> O(i), appearing in the F-exact pair
n; from the condition (PS4) of 6.2, is a P(®)-cover of BO(i).
(b) Let (©, Q') be another F-projective system of size t in A. Then, Q' >~ Q.

Proof. The same proof given in [25, Proposition 5.6] U

Let ©® be an F-system in (A, £). A natural question, here, is to ask for the existence
of a family Q = {Q(i)}!_, of objects in A such that (®, Q) is an F-projective system.
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In order to do that, we will need the following result, which is a generalisation of the
process of standardisation due originally to Dlab and Ringel (see [11]).

THEOREM 6.7. Let (A, &) be Ext-finite, ® an F-system of size t > 1 in (A, E) and
i €[1, 1] Then, for each k € [1, t — i] there exists an F-exact pair in A

& Vi—— U——0(),

satisfying the following conditions :
(a) Uy is indecomposable,
(b) Vi e Zr({©() | i <j =i+ k}),
(¢) F(Ur, ©(j)) =0 forj e i, i+ k]

Proof. We will proceed by induction on k.
Let k = 1. By definition we have that Hom 4(®(i + 1), ©(i)) = 0. If F(®(i), O(i +
1)) = 0, the desired F-exact pair is

0 — O>) — O).
Suppose that F(O(i), ®(i + 1)) # 0. By 4.5, there exists a non-splitting F-exact pair
& O@(+1)'— E— 0(),

and moreover, we have that F(E, ©(i 4+ 1)) = 0. By applying Hom_4(—, ©(i)) to &, we
get the exact sequence

F(©(), 0())) — F(E. 6()) — F(O(+1)", 6()).

Since F(O(i), ©(i)) = F(O@{ + 1)", () =0, we conclude that F(E, ®(i) =0.
Moreover, since Hom4(0(i + 1), ©(i)) = 0, it follows by 4.6, the existence of an F-
exact pair

£:03G(+1)Y" — U — 0()

with m < n and U; an indecomposable direct summand of E. Thus, & := &’ satisfies
the required conditions. Suppose now that there exists an F-exact pair

%'k . Vk —> Uk —> @(i)

satisfying the above required properties. We will construct the F-exact pair &, from
& as follows.
If F(Uk, O + k + 1)) = 0, the F-exact pair &y := & is the desired one.
Suppose that F(Uy, ©(i + k + 1)) # 0. By 4.5, there exists a non-splitting F-exact
pair

n: O(i+k+1) — U— U

with F(U,®@(+k+ 1)) =0. Applying Homy(—, ©(j)) to n with je[ii+k+
1], we can conclude that F(U,®()) =0 for je[ii+k+1]. It follows that
Homy(®@G + k + 1)*, Uy) = 0since Uy € Fp({O@) | i <j < i+ k}). Therefore, by 4.6,
there exists an F-exact pair

n: O+k+1)! — Ut — Ur
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with d < a and Uy, an indecomposable direct summand of U. By the dual of 3.9, we
get the following commutative diagram in A

OG+k+1)¢ Vit Vi
i; iﬂk

O +k+ 1) Uit Uk
O() O(),

where the rows and columns are F-exact pairs. Using the fact that Vy € Fp({©() |
i <j <i+k})itfollows by 5.1, that Vi1 € Zr({O() | i <j < i+ k+ 1}). Moreover,
F(Usy1,0()) = O0forj € [i, i + k + 1] since Uy is an indecomposable direct summand
of U. Hence, the desired F-exact pair is the first column of the preceding diagram; that

i8, &1 2 Vit By Uiy1 — O(I). 0
COROLLARY 0.8. Let (A, £) be Ext-finite and © an F-system of size t in (A, E).

Then, there exists a unique, up to isomorphism, family Q of objects in A such that (®, Q)
is an F-projective system of size t in (A, E).

Proof. For each i < t, we set n; := &,_;, where &;_; is the F-exact pair of 6.7,
i Vioi— Ui — 0()).

Let K(i) ;== V,_; and Q(i) := U,_;. For i =t, we consider the F-exact pair 0 —
O(1) LN O(r) and we set Q(t) ;= O(t) and K(¢) := 0. Finally, the uniqueness follows
from 6.6. O

DEFINITION 6.9. Let (©, Q) an F-projective system of size ¢in (A, £). The ®-support
of M € Zr(0®) is the set Suppy (M) :={i € [1, 1] | [M : ®(>)] # 0}.

For 0 # M € Zp(0©), let max(M) (min(M)) denote the maximum (minimum) of
Suppe(M).

THEOREM 6.10. Let (©, Q) be an F-projective system of size t in (A, £), and 0 #
M € Fr(®) with i := min(M). Then, there exists an F-exact pair in A,

N — Qo(M) 2 M,

satisfying the following conditions:
(@) N € Zp(©) and Qo(M) € add(D;.; O(),
(h) min(M) < min(N) if M # 0,
(¢) €y : Qo(M) —> M is a P(®)-precover of M.

Proof. Let M # 0. By 6.4 (b) and 5.4 (¢), there is an F-exact pair N oL
O>)" with N € Fp(®©)and min(M) < min(N), where m; = [M : ©(i)]. We will proceed
by reverse induction on i = min(M). If i = min(M) = ¢, we have that N =0 and
hence the desired F-exact pair is  : 0 — O(7)" LR O(1)™ since Q(t) ~ O(r) and
n € F(O@)™,0).
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Let i = min(M) < t. If N = 0, we have that M >~ ©(i)". By 3.10, 6.2, 5.1 and 6.6
(a), the following F-exact pair is the desired one

K@)" — 03)" —> O>i)™.

Suppose that N # 0. Since min(M) < min(N), by induction, there exists an F-exact
pair

N’ Oo(N) = N,

such that k := min(N) < min(N’) =: i/, Qy(N) € add(@jzk 0())) and ey : Qo(N) —
N is a P(®)-precover of N. Consider the following commutative diagram in A

K" —— KG"
N h E P2 oGy
T
N— o m—Yseum,

where the square marked with X is a pullback and all the rows and columns are F-exact
(see 3.4 (a)). Since N € .Zr(©), we have that F(Q(i), N) = 0. Thus, the first row in the
preceding diagram splits; therefore, there exists i : Q(i)™ — E, such that 8" = /0i,.
By the horseshoe lemma, we have the following F-exact diagram

N P K(iy"
Q0(N) = Qo(M) —= Q(iy™
N— M —t s eum,

where o := 00y, € := (pey, a), Qo(M) := Qo(N) P Q)™ j1 = <(1)) and 7y = (0 1).

It is easy to see that the following F-exact pair ¢ : P —— Qo(M) —— M is the
desired.

Finally, we show that € is an P(®)-precover of M. Indeed, let X € *1@.
By applying the functor Homy(X, —) to ¢, we get the following exact sequence
Hom (X, Qy(M)) — Hom (X, M) — F(X, P). By 5.2, we conclude that 71 ® =
F(Fp(®)). Then, F(X,P)=0 since P e .Zr(®). Hence, € is an P(®)-precover
of M. ]
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7. The standardly stratified algebra associated to an F-projective system and its
derived category. In this section, we will consider an artin exact R-category (A, &)
and also we fix, F, an additive Ep-closed R-subfunctor of Exte(—, —).

PROPOSITION 7.1. Let (®, Q) be an F-projective system of size t in (A, E), A =
End 4(Q)?, €¢ := Homy(Q, —) : A — mod(A4) and 4P(i) := €o(Q0(i)) for each i e
[1, 7]. Then, the following statements hold.:

(a) The family 4P := {4P(i) | i € [1, 1]} is a representative set of the indecomposable

projective A-modules.

(D) €o(®() = 4A®), Yiell, 1]

(¢) A is a standardly stratified algebra with the usual order on [1, t], that is, proj(4) C

F(4A).
(d) The restriction €¢ : Fp(®) — F(4A) is an exact equivalence of R-categories.

Proof. By 6.4(c), the functor €9 = Homu(Q, —) : A — mod(4) is an exact
functor.

(a) It follows by 6.5 (b) and 4.2.

(b) and (c) Let i € [1, 7]. By 6.2 (PS4) and 6.10, we have two F-exact pairs ; :
K@) = Q() —> ©(i), 1, : K' — Q' 5 K(i). Applying the functor €, =
Hom4(Q, —) to the F-exact pairs 1; and 7; we get the following exact sequence
in mod(A4)

e €0(0) S, P(i) — €o(@0(0) — 0,

where y; := a;A;. [t is easy to show that

Im(€o (1) = Tre,...p() (4 (D)) =2 U(D).

Therefore, €o(O(i)) >4 A(i).
On the other hand, from the following exact sequence

0 —> U(i) —> 4 P(i) —> €9(0(i)) —> 0,

we conclude that 4P(i) € F(4A) since U(i) € F(4A), €o(0(i)) =4 A(i) and
because .% (4 A) is closed under extensions. This shows that 4 is an standardly
stratified algebra.

(d) Since €9 = Hom4(Q, —) : A — mod(4) is an exact functor, we have to prove
that Im(€p) € .#(4A) and that the restriction €¢ : Fp(©) — F(4A) is full,
faithful and dense.

First of all we will see that Im(€p) € F(4A). Let 0 # M € Fr(®). We prove
by induction on £x(M) that €o(M) € F(4A).

If £z(M) = 1 then M ~ O(i) for some i. By (b), €o(M) = 4A(i) € F(4A).
Let £p(M) > 1. Since M € . (0), there exists a @-filtration

ni={m: M- —M—-0(0) L,
such that M := 0 and M,, = M. We consider the F-exact pair n,,, : M, .| — M —>

O, with M,,,_; € Z(®)and £r(M,,_) = £r(M) — 1. By induction and since .Z (4 A)
is closed under extensions, we conclude that €o(M) € F(4A).
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Now, we prove that €y is fully faithful and dense. Let M, N € .#(®). By 6.10
we have an F-exact sequence n: Q) — Qyp —> M —> 0 with Qp, Q; € add(Q).

Applying € to 1, we get the exact sequence €o(01) N €0(Qo) — €o(M) — 0Oin
mod(A). Then, we have the following exact and commutative diagram:

0

A(M, N) A(Qo, N) A(Q1, N)

0 —— 4(€o(M), €o(N)) —— 4(€0(Q0), €o(N)) —— 4(€o(Q1), €o(N)),

where «; and o3 are isomorphisms since Qy, Q1 € add(Q) (see 4.2). By the five lemma,
«p is an isomorphism, this shows that € is full and faithful.

Finally, we will see that € is dense. Indeed, let 0 # M € % (4A). We proceed by
induction on £,A(M). If £ A(M) = 1, then M =~ ,4A(i) >~ €o(O(7)) for some i.

Let £,A(M) =m > 1 be. Then, there exists an exact sequence in mod(4) 0 — 4
A@G) — M — M/ 4A>G) — 0 with £, A(M/4A®G) = £, A(M)—1 for some i. By
induction there exists 0 # Z € .#r(0), such that €o(Z) ~ M/,4A(i). By 6.10, there
is an F-exact pair nz: Z' —= Qo(Z) 2 -~ 7 with Z' € Z(0®); therefore, we
get the following exact sequence in mod(4): 0 — €p(Z’) i(>) CQ(QO(Z)) eg—(iz )
€o(Z) — 0. Thus, we have the following commutative exact diagram in mod(A4).
Since €9(0Qn(Z)) is projective, the exact sequence 7 splits and hence we conclude that

. . . 1
€2 4D D EA(O2) = Ea©D @ 02D, i = ( g ) and p2 = (0.1). Then, 1 =
< e ('D(u)> with ¢ : €9(Z') — €p(0(i)). Since the restriction €9 |z, (o) 1s full, there
0

exists 4 : Z' — ©(i), such that €y(h) = ¢ and then u = Co() =Co & . Since
Co(u) u

0,1) (Z) = uand uisan inflation, we obtain that ¥ := Z is an inflation. Moreover

W is an F-monomorphism since u is an F-monomorphism and F is a subfunctor of

Extg(—, —). Then, there is an F-exact pair&§ : 7’ N ()P Qv(Z) — X in A. By
[17, page 28 in Appendix], we can construct the following commutative diagram, where
all the rows and the first column are F-exact and 7 is pullback

O(i) =——— 0(j)

-]

7 —%00)P 02z +—x

"

00(2) —~ z

with 7:=(0,1). We have that ezi=a¢ is an F-epimorphism since F is a
closed subfunctor. It follows that o« is an F-epimorphism. From the fact
that j = Ker(«), we have that the second column, from the last diagram,
is an F-exact pair. We note that X € Zp(®) since Z, O(i) € #p(®) and
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Fr(©) is closed under F-extensions. By applying €y to &, we get the exact

€
sequence in mod(4) 0 — > €4(Z) — 22 €o(O) @ 0o(Z)) — Ep(X) — 0.
But €p(V) = pu, then €p(X) >~ Coker(i) = M. Proving that € is dense. O

COROLLARY 7.2. Let © be an F-system of size t in (A, E). Then, there exists an
F-projective system (®, Q) of size t, such that the following statements hold.:
(a) Fr(O) is closed under direct summands.
(b) For any object M € Fp(O), there exists an F-exact pair Z —> Qy —> M in
Fr(0®), such that Qyy —> M is an add(Q)-cover of M and min(M) < min(Z) if
M # 0 with Q := @;_, 0.

Proof. By 6.8, there exists (®, Q). Let 4 := End4(Q)”. We know by 7.1
that €p : Fr(®) — F(4A) is an exact equivalence, 4 is an standardly stratified
algebra with the usual order on [l,] and €o(®(i)) =4 A(i), Vi. Then, Fr(O)
is closed under direct summands since .#(4A) is closed under direct summands
(see [2, Theorem 1.6]). ]

According to Thomason, we can construct the bounded derived category of an
exact category with splitting idempotents (see, for example, [27]). The following result
gives us a description of the bounded derived category of .7 (©).

THEOREM 7.3. Let ® be an F-system of size t in an Ext-finite artin exact R-category
(A, E). There exists a standardly stratified algebra A and a equivalence as triangulated
categories

RHom(Q, —) : D*(Z¢(©®)) —> D’(mod(4)).

Proof. By 6.8, there exists a F-projective system (®, Q). The equivalence given in
7.1(d) extends to the level of bounded derived categories

RHom(Q, —) : D"(F£(©)) — D"(F(4A)).

By [25, Lemma 7.1], we have that D?(.% (4A)) ~ D?(mod(A4)) as triangulated categories
since 4 = End(Q)? is standardly stratified. Then, the result follows. O

8. Examples.

8.1. Example 1: F-system that is not stratifying system in the classical sense. For
this, we are going to use the Auslander—Solberg relative theory developed in [4]. Let k
be a field, consider the following quiver Q: 1 <—— 2 <——3 and its path algebra
A = kQ. The Auslander—Reiten quiver of A is

100 010 001
110 011
111.
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Consider the following set of indecomposable modules: ©(1):= P(1) = 100,
0(2) := P2) =110, ©(3) := P(3) = 111, ©(4) := 010.

We consider (mod(A), £), where £ is the class of all exact sequences in mod(A).
Then, we have that (mod(A), £) is an artin exact k-category, which is Ext,-finite. It is
easy to see that Hom (©()), ®(i)) = 0 forj > i.

Since gldim(A) = 1, we have that Ext) (M, N) >~ DHom,(N, tM) as k-vector
spaces for all M, N € mod(A). Then, we have that

1. Extl (©(4), ©(4)) =0, 3. Exth (©(4), ©(2)) = 0,
2. Exth (©(4), ©(3)) =0, 4. Ext} (©(4), ©(1)) #0.

We also have that Extk(@(j), OG) =0 if j=1,2,3 since O(j) is projective.
Hence, the set {®(i)}, is not a stratifying system in the classical sense since
Exth (©(4), ©(1)) # 0.

Let’s see that © = {©(i)}%_, is an F-stratifying system for some additive subfunctor
F, which is Ep-closed of Ext, (—, —).

Let’s take X' = add(100 ® 110 111 & 010) and consider F := Fy, where Fy is
defined as follows:

Fy(C,A):={0 > A4A— B— C— 0| Hom(—, B)|y — Hom(—, C)|x — 0}

and Fy (o, B) = Exta(a, B).

It can be proved that Fy is an additive subfunctor of Ext}\(—, —)which is Ep-closed.

Since P(A) € X, we have that the projectives relative to the functor Fy are precisely
X, that is, P(F) = X (see, for example, [4, Proposition 1.10]).

We assert that {©(i)}}_, is an Fy-stratifying system.

Indeed, is enough to show that F(®(4), (1)) = 0. But this follows from the fact
that ©®(4) € P(F) = X.

Hence, {@(i)};‘:l is an Fy-stratifying system in mod(A), which is not a stratifying
system in the classical sense. It can be shown that in this case Q(i) = ©(i) Vi and then
0 = @, ©(i). Therefore,

kkkO
0kkk
00kO
000k

A7 = End(Q)” =

Therefore, by theorem 7.3 it follows that

D’(Z((©)) ~ D’(mod(4?)).

8.2. Example 2. The notion of exceptional sequences originates from the study
of vector bundles (see, for instance, [14, 30]).

Let K be an algebraically closed field. Let # be a hereditary, exact (or abelian) K-
linear category with finite dimensional morphisms and extensions spaces. Recall that
an object M in H is called exceptional if Ext;_{(M , M) =0 and Endy (M) is a division
ring, hence Endy (M) >~ K since K is algebraically closed. Furthermore, a sequence
X = (X1,..., X)) is an exceptional sequence if it is a sequence of exceptional objects
satisfying Homy, (X;, X;) = 0 for j > i and Ext;[(Xj, X;) =0 for j > i. An exceptional
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sequence (X1, ..., X,) is called complete, if n is the rank of the Grothendieck group of
‘H. An exceptional sequence X = (X, X») is called an exceptional pair.

It is worth to mention that exceptional pairs has been amply studied (see,
for example, [19]). Given an exceptional pair (X7, X3) in a hereditary, abelian K-
linear category H with finite dimensional morphisms, in [19], H. Lenzing and H.
Meltzer classified the smallest subcategory of H containing X; and X5 (denoted by
C(X1, X»)), which is closed under extensions, kernels and cokernels. They proved that if
r = dimgHomy(X), X>) > 1 there are exactly 3 possible types for C(X1, X>), all derived
equivalent to mod(H,) over the r-Kronecker algebra H, (for more details see [19]).

Therefore, we have that exceptional sequences are example of F-systems in H with
F = Exty(—, —). We note that the example 1 give us an hereditary exact category and
O = (0(1), ®(2), ©(3), ©(4)) is an exceptional sequence in (mod(A), £). In the case of
a hereditary algebra A, the following result is known.

LeEMMA 8.1. [8, Lemma 2] Let A be a hereditary K-algebra. Then, a sequence of
modules X = (X\, ..., X,) is exceptional, if and only if X = {X;}\_, is a stratifying system
in mod(A).

In [31], the author computed the number of complete exceptional sequences for
algebras A associated to quivers of Dynkin type and by the above result the number
of stratifying systems of size n, where n is the number of isoclasses simples in mod(A).

The following example give us an exceptional sequence in a non-hereditary algebra
and it was communicated to H. Krause by Martin Kalck (see [18, Example 5.9]). Let
K be a field and consider the finite dimensional K-algebra A given by the quiver

/X
p SN

with the relations y8 = 0 = ay. Let us denote by S; the simple associated to the vertex
i and let P; the projective cover of S;. Then, (S, P», P3) is an exceptional sequence in
mod(A) and .Z (S, P, P3) = add(S| & P, & P3).

As a consequence of our results, we have the following result for exceptional
sequences.

PROPOSITION 8.2. Let ‘H be an hereditary exact K-category with finite dimensional
morphisms and extensions spaces and let X = (X1, ..., X;) an exceptional sequence.
Then, there exists a quasi-hereditary algebra A and equivalence

€ F(X) — F(4A0)
of K-categories, which extends to an equivalence of triangulated categories

D'(.Z (X)) — D’(mod(A4)).
Proof. This follows from 7.1 and 7.3. O

8.3. Example 3. Let A be an abelian category; A is called a length category if
every object in A has a finite composition series. Recall that a projective object P in
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an abelian category is a generator, if for every object X, there exists an epimorphism
P" — X for some integer n. Next, recall the following definition.

DEFINITION 8.3 [18, Definition 3.1]. Let A be an abelian length category having
only finitely many isoclasses of simple objects. Then, A is called a highest weight
category if there are finitely many exact sequences

0 U; P; A 0 (I<i<n

in A satisfying the following:
(a) End4(A)) is a division ring for all i.
(b) Hom (A, A;) =0 for all j > i.
(c) Uie (A1, ..., Ay foralli.
(d) P =@, P;is a projective generator of A. The objects Ay, ..., A, are called
standard objects.

If the objects P; in the previous definition are indecomposable, we get that the
standard objects A := {A(i)}}_, form an F-projective system, where F' = Ext}4(—, -).

It is worth to mention that in the study of highest weight categories, the theory of
recollements arises in a natural way (see, for example, [18]).

As a corollary of the results in this paper we get the following.

PROPOSITION 8.4. Let A be an abelian length K-category, Krull-Schmidt and with
finite dimensional morphisms and extensions spaces, which is a highest weight category
with standard objects A = {A, ..., A,}. If the objects P; in the definition 8.3 are
indecomposable, then A := End 4(P)? is a quasi-hereditary algebra, where P = @®!_, P(i)
and there exists an equivalence

€p: y(A) — y(AA)
of K-categories that extends to an equivalence of triangulated categories

D(#(A)) — D’(mod(A4)).
Proof. This follows from 7.1 and 7.3. U

8.4. Example4. Let A bean abelian category and Ch(A) be the category of chain
complexes over the category A. Let £ be the class of all exact sequences in Ch(.A)

0 A — s p P 0.

such that 0 A g P i 0 are split exact sequences for all i. It

is well known that (Ch(A), £) is an exact category (in fact it is a Frobenius category).
Consider the canonical functor iy : A —> Ch(A) that sends M € A to the stalk
complex M concentrated in degree zero, then i is additive full and faithful. Therefore,
HomA(M, N) ~ HomCh(A)(M, N)
Now, consider the canonical translation functor [1] : Ch(A) —> Ch(.A), such that
(M°[1])' := M™! and let K(A) the homotopy category of Ch(A). It is well known that
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there exists an isomorphism of abelian groups
HOIIlK(A)(M., N°[1]) >~ Exte(M*®, N*).

Let ® = {O(i)}._, be and stratifying system in A. We assert that © := {%i)}f:1 is an
Extg-system in (Ch(A), £).
Indeed, Homcn(4)(©()), ©()) =~ Hom 4(O()), ©(i)) = 0 for j > i and

Eth(@_(j), %) = HOI’I]K(A)(@_(j), %[1]) =0.

In this way we can produce a lot of Extg-systems in (Ch(A), ).
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