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LOCAL COHOMOLOGY OF MULTI-REES ALGEBRAS,
JOINT REDUCTION NUMBERS AND PRODUCT OF
COMPLETE IDEALS

PARANGAMA SARKAR anD J. K. VERMA

Abstract. We find conditions on the local cohomology modules of multi-Rees
algebras of admissible filtrations which enable us to predict joint reduction
numbers. As a consequence, we are able to prove a generalization of a result of
Reid, Roberts and Vitulli in the setting of analytically unramified local rings
for completeness of power products of complete ideals.

81. Introduction

The objective of this paper is to find suitable conditions on the local
cohomology modules of multi-Rees algebras and associated graded rings of
multigraded admissible filtrations of ideals in an analytically unramified
local ring (R, m) and apply these to detect their joint reduction vectors and
completeness of products of complete ideals.

Recall that if R is a commutative ring and [ is an ideal of R, then a € R
is called integral over I, if a is a root of a monic polynomial z™ + a 2™~ ' +
o+ ap_17 + a, for some a; € I' for i =1,2,...,n. The integral closure
of I, denoted by I, is the set of all elements of R that are integral over I.
If I =1, then I is called complete or integrally closed. Zariski [15] proved
that the product of complete ideals is complete in the polynomial ring
k[x,y], where k is an algebraically closed field of characteristic zero. This
was generalized to two-dimensional regular local rings in [16, Appendix 5].
This result is known as Zariski’s product theorem. Huneke [5] showed that
the product of complete ideals is not complete in higher-dimensional regular
local rings. Since the appearance of this counterexample of Huneke, several
results have appeared in the literature which identify classes of complete
ideals in local rings of dimension at least 3 whose products are complete.
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2 P. SARKAR AND J. K. VERMA

The following result due to Reid, Roberts and Vitulli [13, Proposition 3.1]
about complete monomial ideals is rather surprising.

THEOREM 1.1. Let R=k[X1,...,X4] be a polynomial ring of dimen-
sion d>1 over a field k. Let I be a monomial ideal of R so that I is
complete for all 1 <n<d—1. Then, I is complete for all n > 1.

This can be thought of as a partial generalization of Zariski’s product
theorem for d=2. This theorem was proved using tools from convex
geometry. In this paper, we approach this result using vanishing of local
cohomology modules of multi-Rees algebras, and prove the following result
about completeness of power products of m-primary monomial ideals.

THEOREM 1.2. Let R=k[X1,..., X4] be a polynomial ring over a field
k, letd > 1, and let m be the mazximal homogeneous ideal of R. Let I, . .., I
be m-primary monomial ideals of R. Suppose that I™ is complete for all
n € N° such that 1 < |n| <d—1. Then, I™ is complete for all n € N* with
In| > 1.

We prove the above result as a consequence of a more general result for
complete ideals in analytically unramified local rings. In order to state this
and other results proved in this paper, we recall certain definitions and set
up notation.

Throughout this paper, (R, m) denotes a Noetherian local ring of
dimension d with infinite residue field. Let I,...,I; be m-primary
ideals of R, and we denote the collection of these ideals (I,...,Is)
by I. For s>1, we put e=(1,...,1), 0=(0,...,0) € Z®, and for all
i=1,...,s, =(0,...,1,...,0) € Z°, where 1 occurs at ith position.
Forn= (ni,...,ns) € Z°, wewriteI* = I7" - - - [" andn* = (n], ..., n}),
T =max{0,n;}. For s>2 and a=(a1,...,as) €EN°, we put
la|=a1+ -+ as. We define m=(my,...,ms) >2n=(ny,...,ns) if
m; 2 n; foralli=1,...,s. By the phrase “for all large n”, we mean n € N*
and n; >0 foralli=1,...,s.

where n

DEFINITION 1.3. A set of ideals F = {F(n)}nezs is called a Z*-graded
I-filtration if for all m,n € Z°, (i) I* C F(n), (ii) F(n)F(m) C F(n+ m)
and (iii) if m > n, F(m) C F(n).

Let t1,...,ts be indeterminates. For n € Z®, we put t® =¢]' ... ls
and denote the N°-graded Rees ring of F by R(F) = @,ens F(n)t" and
the Z°-graded exstended Rees ring of F by R'(F)=D,czs F(n)t". For
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an N°-graded ring S =P,59 Sn, We denote the ideal P, Sn by Si+.
Let G(F) = @pens F(n)/F(n + e) be the associated multigraded ring of F
with respect to F(e). For F = {I" }hezs, we set R(F) = R(I), R'(F) =R'(1),
G(F)=G() and R(I)44+ = Ry4.

DEFINITION 1.4. A Z?*-graded I-filtration F = {F(n) }nezs of ideals in R
is called an I-admissible filtration if F(n) = F(n™) for all n € Z* and R/(F)
is a finite R/(I)-module.

The principal examples of admissible filtrations with which we are
concerned in this paper are (i) the I-adic filtration {I" },czs in a Noetherian
local ring and (ii) the integral closure filtration {I”},czs in an analyt-
ically unramified local ring. It is proved in [11, Proposition 2.5] that if
F ={F(n)}nezs is an I-admissible filtration of ideals in R, then R(F) is a
finitely generated R(I)-module.

Recall that an ideal J contained in an ideal [ is called a reduction of [
if JI™ = I"*! for all large n. The role that reductions of ideals play in the
study of Hilbert—Samuel functions of m-primary ideals is played by joint
reductions, introduced by Rees in [12], of a sequence of m-primary ideals
LI, ..., I; to study the multigraded Hilbert—-Samuel function H (I, n)=

AR/I™). Let q=1(q1,...,qs) € N® and let |q|=d>1. A set of elements
{aijeli|li=1,...,s;7=1,...,¢} is called a joint reduction of the set of
ideals (11, ..., I;) of type q if there exists an m € N* so that, for all n > m,

54
DD IDIT (AN SRS ey iy e RERED IO (RS ESEER KO
i=1 j=1
The vector m is called a joint reduction vector. We estimate joint reduction
vectors using local cohomology modules of multi-Rees rings. In order to
achieve this, we need to work with joint reductions in a more general setting.
Kirby and Rees [9] generalized it further in the setting of multigraded rings

and modules, which we recall next.

DEFINITION 1.5.  Let R=@,cys Bn be a standard Noetherian
N*-graded ring defined over a local ring (Rp, m), and let M = @, ., My be
a finite Z*-graded R-module. A joint reduction of type q of R with respect
to M is a set of elements

.Aq(M):{aijERei:jzl,...,qi;i:L...,s}

generating an ideal J of R irrelevant with respect to M; that is,
(JM)n = My for all large n.
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Kirby and Rees [9] proved the existence of joint reduction of type q of
R with respect to M if |q| > dim (24;) + 1 and if the residue field Ro/m is
infinite. Here, dim R is defined to be max(ht P), where P ranges over the
relevant prime ideals of R if R is not trivial and —1 if R is trivial. For M,
dim M is defined to be dim (m).

Let (R, m) be a Noetherian local ring of dimension d > 1, let Iy, ..., I be
m-primary ideals of R, and let F = {F(n)}nezs be a Z*-graded I-admissible
filtration of ideals in R. Let q = (qu, . . ., ¢s) € N°, such that |q| =d.

DEFINITION 1.6. A set of elements Aq(F) ={a;;€l;:j=1,...,¢;i=
1,..., s} is called a joint reduction of F of type q if the set {a;;t; € R(I)e, :
j=1,...,¢;i=1,...,s}is ajoint reduction of type q of R(I) with respect

to R(F); that is, the following equality holds for all n > m for some m € N*:

S

Z ZZ aij}'(n — ei) :]:(n).

i=1 j=1
The vector m is called a joint reduction vector of F with respect to the joint
reduction Aq(F).

Let I,J be m-primary ideals in a Noetherian local ring (R, m) of
dimension d > 2, u, A > 1 and g+ A =d. For the bigraded filtration F =
{I"J*}, sez and a joint reduction

A(u,)\):{ai,bj\aiGI,bjeJ,lgig,u,,léjg)\},

Hyry [7] defined the joint reduction number of F with respect to A(u, A) to
be the smallest integer n satisfying

"Lt = (aq, o a ) TTT 4 (b b)) TR

We adapt this definition to define the joint reduction number for multi-
graded filtrations.

DEFINITION 1.7. Let q=(q1,...,qs) € N°, such that |q| =d > 1. The
joint reduction number of F with respect to a joint reduction

.Aq(]:):{aijGIi:jzl,...,qi;izl,...,s}

is the smallest integer n € N, denoted by jr4 (F), such that for all n € N*
and A = {i|¢; #0},

Zi:aij]: (Z(n+1)ek+n—ei> =F (Z(n+1)ek—|—n> .

=1 j=1 keA keA
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We define the joint reduction number of F of type q to be
jrg(F) = min{jr 4 (F) [ Aq(F) is a joint reduction of F of type q}.

A crucial step in our investigations is to establish a connection between
joint reduction vectors and vanishing of multigraded components of local
cohomology modules of multi-Rees algebras. The following result of Hyry
plays a crucial role.

LEMMA 1.8. [7, Lemma 2.3] Let S be a Noetherian Z-graded ring
defined over a local ring (R, m). Let M be the homogeneous mazximal ideal of
S. Let a Cm be an ideal. Let M be a finitely generated Z-graded S-module,
and let ng € Z. Then, [H'\ (M)}, =0 for alln > ng and i >0 if and only if

[H(icl 5+)(M)]n =0 for alln >ngp and i > 0.

For convenience, inspired by the above result, we introduce an invariant of
local cohomology modules of multigraded modules over multigraded rings.
Let R =D, cns Rn be a standard Noetherian N*-graded ring defined over
a local ring (Ro, m). Let M = @, ;s My be a finitely generated Z*-graded
R-module.

DEFINITION 1.9. Let m € Z°. We say that the module M satisfies Hyry’s
condition Hr(M, m) if

[H§%++(M)]n:0 for all i >0 and n > m.

Suppose that Re, #0 for all i=1,...,s. Let M be the maximal
homogeneous ideal of R, for each i=1,...,s, let M; be the ideal of R
generated by Re,, and let Ry, =), M;.

Let I be any subset of {1,...,s}, and let J be a nonempty subset of
{1,...,s}. Then, for disjoint I and J, we define

M= (Nae) N (4

il jeJ
We prove a multigraded version of the above result due to Hyry.

PROPOSITION 1.10. Let R =@, cns Bn be a standard N°-graded Noethe-

rian ring defined over a local ring (Ro, m), Re, #0 for alli=1,...,s, and
let M =@, cns Mn be a finitely generated N°-graded R-module. Let I be
any subset of {1,...,s}, and let J be a nonempty subset of {1,...,s},
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such that I and J are disjoint. Suppose that a= (ai,...,as) €Z° and
[Hiy(M)n=0 for all i>0 and n€Z*, such that ny > aj for at least
one ke {l,...,s}. Then, [HM S(M)]n=0 for alli>0 andn>a+e. In
particular, M satzsﬁes Hyry’s condztzon Hr(M,a+e).

In order to detect joint reduction vectors of multigraded admissible
filtrations, we use the theory of filter-regular sequences for multigraded
modules.

DEFINITION 1.11. A homogeneous element a € R is called an M-filter-
reqular if (0 :p; a)n =0 for all large n. Let ay, ..., a, € R be homogeneous
elements. Then, aq,...,a, is called an M-filter-reqular sequence if a; is
M/(aq, ..., a;—1)M-filter-regular for all i =1,...,r

THEOREM 1.12. Let (R,m) be a Noetherian local ring of dimension
d>1, and let I, ..., I be m-primary ideals in R. Let F = {F(n)}nezs
be an I-admissible filtration of ideals in R. Suppose that G(F) satisfies
Hyry’s condition Heq)(G(F), m). Let q € N° such that |q|=d, and let
{aijeli:j=1,...,q;i=1,...,s} be a joint reduction of F of type q such

thatajy, ..., aj, ..., a5, .., a5, is a G(F)-filter-regular sequence, where
a;‘j is the image of a;; in G(I)e, forallj=1,...,¢q; andi=1,...,s. Then,

ZZaU n—e;) foraln>m+q.

=1 j=1

We can now state the main theorem of this paper, which gives a
generalization of the Reid-Roberts—Vitulli theorem for zero-dimensional
monomial ideals.

THEOREM 1.13. Let (R, m) be an analytically unramified Noetherian
local Ting of dimension d > 2, and let Iy, ..., I be m-primary ideals in R.
Let R(I) = @pens I* satisfy the condition Hyry(R(I), 0). Suppose that I
is complete for all n € Ns such that 1 < |n| <d—1. Then, I"™ is complete
for all n € N* with |n| >

We prove that if R(I) is Cohen—Macaulay, then it satisfies Hyry’s
condition Hgr)(R(I), 0). By Hochster’s theorem [2, Theorem 6.3.5] about
Cohen—Macaulayness of normal semigroup rings, R(I) is Cohen—Macaulay
if I consists of monomial ideals in a polynomial ring over a field.
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82. Existence of joint reductions consisting of filter-regular
sequences

Let R = P, cns Bn be a standard Noetherian N*-graded ring defined over
an Artinian local ring (Ro, m). Let M = @, cns Mn be a finitely generated
Ns-graded R-module. Let Proj®(R) denote the set of all homogeneous
prime ideals P in R such that Ry, ¢ P and M“ =D, ( Mpe. Let
dim M® =d. By [3, Theorem 4.1], there exists a numerical polynomial
Py € Q[Xy, ..., X,] of total degree d — 1 of the form

Pur(n) = Z (—1)t1lele, (1) <n1 +ag — 1> . (ns + o — 1>’

« o
aeN? 1 §
|a|<d—1

where o= (aq, ..., as), such that eo(M) € Z, Py(n) = Ar,(Mn) for all
large n and e, (M) > 0 for all « € N° with |a| =d — 1.

PROPOSITION 2.1. Let R=&P, cns Rn be a standard Noetherian N°-
graded ring defined over a local ring (Ro, m) with infinite residue field Ry /m.
Let M = @,cns Mn be a finitely generated N°-graded R-module, and let
dim M2 >1. Fizie{l,...,s}. If Re, #0, then there exists a € Re; such
that a is M -filter-regqular.

Proof. Denote M/H%++ (M) by M'. Then,
Ass(M') = Ass(M) \ V(Ry4).

Let Ass(M') ={Py,..., P}

Let a; be the ideal of R generated by Re,. Therefore, for all j =
1,...,k, P; 2 a;. Consider the Ro/m-vector space Re,/mRe,. Then, for each
j=1,... .k

(Pj N Re; + MRe, ) /mRe; # Re,/mRe;.

Since Ro/m is infinite, there exists a € Re, \ Ule(P] N Re, + mRe,).
By [11, Proposition 4.1], there exists m such that [H%H(M)]n =0
for all n>m. Let n>m, and let = € (0:p a)n. Then, azx’ =0 in M/,

where z’ is the image of z in M’. Since a is a nonzero divisor of M’,
x€[Hpy, (M) =0. M

PROPOSITION 2.2. Let R= @, cns Bn be a standard Noetherian N°-
graded ring defined over an Artinian local ring (Ro, m). Let M = @ cns Mn
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be a finitely generated N°-graded R-module. Let a; € Re, be an M-filter-
reqular element. Then, for all large n,

My
)‘Ro ((Wn—el> = )‘Ro (Mn) - )‘Ro (Ml‘l—ei)7

and hence for all n € Z°, Pyrq,p(n) = Pyr(n) — Py(n — ;).
Proof. Consider the exact sequence of Ry-modules

) M,
00— (0:01 @i)ne; — Mn_o; — My —> ——2— — 0.
aiMnfei

Since a; is M-filter-regular, for all large n, we get

My
ARo (CLZMH> = ARro(Mn) — ARy (Mn—e;),

and hence for all n € Z°, Py/q,p(n) = Py (n) — Py(n — €;). [

THEOREM 2.3. Let R= @, s Rn be a standard Noetherian N°-graded
ring defined over an Artinian local ring (Ro, m) with infinite residue field
Ro/m and Re; #0 for all i=1,...,s. Let M =@, s Mn be a finitely
generated N°-graded R-module, and let dim M > 1. Let eo(M) >0 for all
a €N°, such that |a|=dim M® — 1. Then, for any q= (q1,...,qs) € N®
such that |q| = dim M*, there exist a1, . . ., Qig; € Re; for alli=1,... s,
such that a1, ..., 014, --,08s1,-- -, 0sq, 15 an M-filter-reqular sequence,
and for all large n, My =771 375, aijMn_e;.

Proof. We use induction on dim M*? =1. Let [ = 1. Then, by Proposi-
tion 2.1, for each ¢ =1, ..., s, there exists a; € Re, such that a; is M-filter-
regular. Since | =1, Py/(n) is polynomial of total degree zero. Therefore,
by Proposition 2.2, Ary(Mn/a;iMn—e;) =0 for all large n, and hence we
get the required result. Suppose that [ > 2 and that the result is true for
all finitely generated N*-graded R-modules T such that 1 <dim 72 <1—1
and e, (T) > 0 for all @ € N® such that |a| = dim T2 — 1. Let M be a finitely
generated N°-graded R-module such that dim M2 =1 and e, (M) >0
for all a € N® such that |a|=1—-1. Fix q=(q1,...,9s) € N® such that
lq| = dim M%. Let i = min{j | ¢; # 0}. By Proposition 2.1, there exists a;; €
Re, such that a;; is an M-filter-regular element. Let N = M /a;; M. Since
ea(M) >0 for all o € N°® such that |a| = dim M* — 1, by Proposition 2.2,
Py(n) is a polynomial of degree I —2, and hence dim N® =1—1. Let
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B=(Bi,...,0s) € N® such that |f| =1—2 and o= + ;. Then, eg(N) =
ea(M) > 0. Let m = q — e; € N%; that is, m; = ¢; — 1 and for all j #14, m; =
qj. Since |m| =1 — 1, by induction hypothesis there exist bj1, . .., bjm; € Re
forall j=1,...,ssuchthat by1,...,b1mys---,bs1, ..., bsm, is an N-filter-
regular sequence and for all large n, Ny, = Zzzl Z;”:’“l b Nn—ey - Let a;, =
bik—1) for all k=2,...,¢; and for all j #1, ajp =bjx for all k=1,...,q;.
Then, for all large n, My =37, ?;1 a;jMn_e;. Since a; is M-filter-
regular, ai1, ..., Qg s, Qsl, - - -, Qgq, is an M-filter-regular sequence. []

THEOREM 2.4. Let (R, m) be a Noetherian local ring of dimensiond > 1,
and let Iy, ..., Is be m-primary ideals in R. Let F = {F(n)}nezs be an I-

admissible filtration of ideals in R, and let q = (q1, ..., qs) € N®, such that
la| =d. Then, there exists a joint reduction {a; € L;:j=1,...,¢;i=
1,...,8} of F of type q such that Q15 ey Qlgys v oo gy oo Qg 1S @

*

G(F)-filter-regular sequence, where a;;

allj=1,...,qandi=1,...,s.

is the image of a;; in G(I)e; for

Proof. Since F is an I-admissible filtration, G(F) is a finitely generated
G(I)-module. By [12, Theorem 2.4], there exists a polynomial

Prm= (e (MO T (e

aq Qs
a=(ai,...,as) ENS
la|<d

such that for all large n, Pr(n) = Ag(R/F(n)), eo(F) € Z and e, (F) >0
for all @ € N*, where |a| = d. Hence,

N(#ara) 2 (Fara) 2 (7w

is a numerical polynomial in Q[X7, ..., X;] of total degree d —1 for all
large n and eg(G(F)) >0 for all §&N® where |3| =d — 1. Therefore,
by Theorem 2.3, there exist a;i,...,ai, €I; for all i=1,...,s, such
that ajy, ..., aj,, ..., a5,. .., a5, isa G (F)-filter-regular sequence, where
a;‘jzaij—l-IeJrei €G(I)e, forall j=1,...,q;,i=1,...,sand

CFha=3" a5G(Fln e

i=1 j=1

for all large n. Hence,

s @
F(n)= Z Z a;j F(n—e;) + F(n+e) for all large n.
i=1 j—1

https://doi.org/10.1017/nmj.2016.49 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.49

10 P. SARKAR AND J. K. VERMA

Since F is an I-admissible filtration, by [12], for each i=1,...,s, there
exists an integer r; such that for all n € Z®, where n; >r;, F(n+e;) =
I; F(n). Hence, for all large n, we get

Zzalj ei)+F(n+e)

=1 j=1

_ZZCL” +Il If(n).

i=1 j=1

Thus, by Nakayama’s lemma, for all large n,

S qi
:ZZaijf(n—ei). 0
i=1 j=1

§3. Vanishing of local cohomology modules of Rees algebra of
multigraded filtrations

Let R = P, cns Bn be a standard N*-graded Noetherian ring defined over
a local ring (Ro, m), and let Re, #0 for all i=1,...,s. For a nonempty
subset J of {1,..., s}, we define My=3 e M

LEMMA 3.1. Let R=@, s Bn be a standard N°-graded Noetherian
ring defined over a local ring (Ro,m), Re, #0 for all i=1,...,s, and
let M =@, cns Mn be a finitely generated N°-graded R-module. Let a=
(a1, ...,as) € Z%, and let J be any nonempty subset of {1, ..., s}. Suppose
that [H)(M)]n =0 for alli > 0 and n € Z* such that nj, > aj, for at least one
ke J. Then, [HMJ(M)]n =0 for alli >0 and n € Z° such that 3 _ ;. ;n; >
Zje] a;

Proof. Consider a group homomorphism ¢ : Z° — Z defined by ¢(n) =
> jes i Then, R =@, (D p(ny=n Bn)- Let S= (R%), and let N be
the maximal homogeneous ideal of S. Therefore, (R?), is an N-graded
ring defined over the local ring Sy and ((M7)?) is the irrelevant ideal of
(R?)nr. Then, for all i >0 and m > > jet @

(Hipi 1o = (o M = (€D (O ) @5 S
$(n)=m

Since m >} . ; aj, ¢(n) = m implies ny, > ay, for at least one k € .J. Hence,

[HzM¢)N(Mf/)]m =0 forall >0 and m > ZjeJ a;. Then, by Lemma 1.8,
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taking a = 0 we get [H(i(M Yo ur (M®) A}y =0 for all i >0 and m > 5
Thus, (@(b(n):m[ijJ(M)] ) ®@sSy =0 for all i>0 and m>3",;a;
Therefore, [ijJ(M)]n =0 for all i >0 and n €Z° such that >, ;n; >
ZjeJ a;

PROPOSITION 3.2. Let R= @, s Bn be a standard N°-graded Noethe-
rian ring defined over a local ring (Ro, m), Re, #0 for alli=1,...,s, and
let M =@, cns Mn be a finitely generated N°-graded R-module. Let I be
any subset of {1,...,s}, and let J be a nonempty subset of {1,..., s},
such that I and J are disjoint. Suppose that a= (ai,...,as) €Z° and
[Hiy(M)n=0 for all i>0 and n€Z* such that ny>ay for at least
one ke{l,...,s}. Then, [HM J(M)]n=0 for alli>0 andn>a+e. In
particular, M satzsﬁes Hyry’s condztzon Hr(M,a+e).

jeJ 4j

Proof. We follow the argument given in [6, Theorem 3.2.6] and use
induction on r = |I U J|. Suppose that r=1. Since I, J are disjoint and
|J| > 1, we have I =0, and the result follows from Lemma 3.1. Suppose
that r > 2 and the result is true up to r — 1. Let I ={iy, ..., i}, and let
J ={ig+1, ..., 1r}. We use induction on k. If k=0, then, again by Lemma
3.1, we get the result. Suppose that k > 1 and the result is true up to k — 1.
Let Z= 1\ {ix}, and let J = J U {ir}. Then, Mz j + Mz (5,3 = Mz 7 and
Mz ;N Mz gy = M 5. Consider the following Mayer—Vietoris sequence of
local cohomology modules:

- — Hiy, (M) D Hi, iy (M) — Hy, (M) — HfL (M) — -

Using induction on k, we get [H“rl ](M)]n =0foralli>0and n>a+e,
and using induction on r, we get [H/Z\AI S(M)n=0= [HMI,{%} (M)]n for all
>0andn>a+e. For Ry, wetake I={1,...,s—1}and J={s}. [J

Let R = @, cns Bn be a standard N°-graded Noetherian ring defined over
a local ring (Ro, m), and let M be the maximal homogeneous ideal of R.
Let M =@, c7s Mn be a finitely generated Z°-graded R-module. For all
i1=1,...,s, define the a-invariants of M as

a' (M) =sup{k € Z | [HE™ M (M)]n # 0 for some n € Z° with n; = k}
(see [7]). Put a(M) = (a' (M), ...,a*(M)). We recall the following result.

PROPOSITION 3.3. [10, Lemma 3.7] Let (R, m) be a Cohen-Macaulay
local ring of dimension d, let Iy, ...,Is be m-primary ideals of R, and
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let F={F(1n)}nezs be an I-admissible filtration of ideals in R. Then,
a(R(F)) = —e.

REMARK 3.4. Let (R, m) be a Noetherian local ring of dimension d,
and let Iy,..., I be m-primary ideals in R. Let F = {F(n)}nezs be an
I-admissible filtration of ideals in R, and let R(F) be Cohen—Macaulay.
Then, by Propositions 3.3 and 3.2, R(F) satisfies Hyry’s condition
Hr @) (R(F), 0).

The next theorem is a generalization of a result due to Hyry |8,
Theorem 6.1] for Z*-graded admissible filtration of ideals.

THEOREM 3.5. Let (R,m) be a Noetherian local ring of dimension d,
and let Iy, ..., Is be m-primary ideals in R. Let F ={F(n)}neczs be an
I-admissible filtration of ideals in R, and let R(F) satisfy Hyry’s condition
HR(I) (R(f), 0) Then,

(1) Pr(n)=Hgz(n) for alln € N,
(2) for alla=(ay,...,as) € N® such that |a| =d,

ea(F) = i i <zi) <zz>(_1)d—n1_...—ns/\ <}_?n))’

where n = (nq,...,ns).

Proof. (1) Since R(F) satisfies Hyry’s condition Hg)(R(F),0),
by [11, Theorem 4.3], we get Pr(n) = Hr(n) for all n € N°.

(2) Consider the operators (A!Pr)(n)= Pr(n+e;) — Pr(n) for all
i=1,...,s Then, (A% --- AT'Pr)(0) = eo(F) for a = (ai, ..., as) € N°,
|a| = d. By [14, Proposition 1.2],

= 30 30 (1) () ot

n1:0 'r‘L.g:O
where n = (nq, ..., ns). Thus, from part (1) we get the required result. []
LEMMA 3.6. Let R=@, s Bn be a standard N°-graded Noetherian
ring defined over a local ring (Ro, m), and let M = @, ;s Mn be a finitely

generated Z°-graded R-module. Let a € Ry, be an M-filter-regular, where
m # 0. Then, for all n € Z° and i > 0, the following sequence is exact:

(e, 00— [, (257)| = 13 O
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Proof. Consider the following short exact sequence of R-modules:

M
0 0: M P 0.
—)( M(L)—) _>(O:Ma)—>

Since a is M-filter-regular, (0:57 a) is R4 -torsion. Hence,

, , M
Hy 0=, (;

O]wa)> fOI' all ¢ 2 1.

Therefore, the short exact sequence of R-modules

M a M
00— ——(m)— M — — —0
(0:pr @) (-m) aM
gives the desired exact sequence. 0

LEMMA 3.7. Let R=@, s Bn be a standard N°-graded Noetherian
ring defined over a local ring (Ro, m), and let M =@, ;s My be a finitely
generated Z°-graded R-module. Suppose that M satisfies Hyry’s condition
Hr(M,m). Let ai,...,a € Re; be an M-filter-reqular sequence. Then,
M/(a1, ..., a)M satisfies Hyry’s condition Hr(M /(a1 . . ., a;) M, m + le;).

Proof. We use induction on [. Let [ = 1. By Lemma 3.6, for all ¢ > 0, we
get the exact sequence

e, 00— |11k, (57 ) | — W3 e

Since for all ¢ > 0 and n > m, [H]i%++(M)]n =0, we get {H}é++ (ai‘/[M)} L= 0
for all i > 0 and n > m + e;j. Hence, the result is true for [ = 1.

Suppose that [>2 and the result is true up to [ —1. Let N =
M/(ay,...,a;—1)M. Then,

[H§++(N)]n:0 forall i >0 and n>m+ (I — 1)e;.

Since a; is N-filter-regular, using the [ = 1 case, we get [H};b++ (aziNﬂ =0
n
for all 7 > 0 and n > m + le;. [

PROPOSITION 3.8. Let R= @, s Bu be a standard N°-graded Noethe-
rian ring defined over a local ring (Ro,m), let M =@, ;s Mn be a
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finitely generated Z°-graded R-module, and let M satisfy Hyry’s condi-

tion Hr(M, m). Let q=(q1,...,qs) EN°, let aji,..., a5y € Re; for all
j=1,...,ssuch that aii,...,a1q,,...,0s1, .- ., Qsq, s an M-filter-reqular
sequence, and let N =DM/(a11,...,01q,---,0s1,...,0sq,)M. Then, N

satisfies Hyry’s condition Hr(N, m + q).

P’FOOf. Define N[) =M and Nj = Nj,l/(ajl, ey ajqj)Nj,1 for all
J=1,...,s. Since aj1, ..., ajq; € Re; is an N;_y-filter-regular sequence for
all j=1,...,s, by Lemma 3.7, we get the required result. 0

THEOREM 3.9. Let (R, m) be a Noetherian local ring of dimension d > 1,
and let I, ..., I be m-primary ideals in R. Let F ={F(n)}neczs be an
I-admissible filtration of ideals in R. Suppose that G(F) satisfies Hyry’s
condition Heq)(G(F), m). Let q € N® such that |q| =d, and let {a;; € I;:
j=1,...,q;i=1,...,s} be a joint reduction of F of type q such that

* * * * N *
AT1y vy Qg v ey Qgps - -5 Qg 1S @ G (F)-filter-regular sequence, where a};

ij
is the image of a;; in G(I)e; for allj=1,...,¢; andi=1,...,s. Then,

s G
F(n) :Zzai]’f:(n*ei) for alln > m + q.
i=1 j=1

Proof. By Proposition 3.8, we get

. G(F)
H] =0
[ G(I)4+ ((aﬁ, O PR ) P a:qs)G(f)>]n

for all :>0 and n>m+q. Since {a;;€;:j=1,...,¢;5i=1,...,s}
is a joint reduction of F, G(F)/(ajy, ..., @iy, -, a%, .., a5, )G(F) is
G(I)4+-torsion. Thus,

*
54s

. a)
G(@)++ (a{l, cee CLqu, cee aZp S aqu)G(]:)
G(F)

(@15 s @lgs ey Qlpyee ey at, )G(F)

Hence, for all n > m + q, we have

(3.9.1) Fn)=>" Z a;; F(n—e;) + F(n+e).

i=1 j=1
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Now, for all £ >0 and n > m + q,

s i
F(n+ke) = ZZaij]:(n—i-ke—ei)+f(n+(k+1)e)

i=1 j=1

s i

S>> ayF(n—e)+ Fn+ (k+1e).

i=1 j=1

Since F is an I-admissible filtration, by [12], for each i =1, ..., s, there
exists integer r; € N such that for all n € N*® where n; >r;, we have
F(n+e)=ILFm). Let r=max{r;:i=1,...,s}. Therefore,

S qi

F(n+e) C Z Zaij]:(n—ke —e;) + F(n+2e)
i=1 j=1
S qi
C > a;F(n—ei)+ F(n+2e)
i=1 j=1
C:
S qi
C > Y ai;F(n—e)+ Fn+(r+1e)
i=1 j=1
S qi
C > Y a;Fn—e)+1-- LF(n).
i=1 j=1

Hence, by using Nakayama’s lemma, from the equality (3.9.1) we get the
required result. 0

LEMMA 3.10. Let (R, m) be a Noetherian local ring of dimension d > 1,
and let Iy, ..., Is be m-primary ideals in R. Let F ={F(n)}neczs be an
I-admissible filtration of ideals in R. Suppose that R(F) satisfies Hyry’s
condition Hpq)(R(F), m), where m € N°. Then, G(F) satisfies Hyry’s
condition Hepy(G(F), m).

Proof. Denote R'(F)/R'(F)(e) by G'(F). Consider the short exact
sequence of R(I)-modules

(3.10.1) 0— R'(F)(e) — R(F)— G'(F)—0.
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This induces the long exact sequence of R-modules

o [Hy (RN(F))nte — [Hi,, (R'(F)In — [H, , (G'(F))ln

- [H7Z€L+1+ (RY(F))ln+e — -+
Hence, by [11, Proposition 4.2] and the change of ring principle, we get the

required result. [

THEOREM 3.11. Let (R,m) be a Noetherian local ring of dimension
d>1, and let I, ..., Is be m-primary ideals in R. Let F ={F(n)}nezs
be an I-admissible filtration of ideals in R, and let R(F) satisfy Hyry’s
condition Hp ) (R(F),0). Let q € N° such that |q| =d. Then, there evists
a joint reduction {a;; € I;:j=1,...,q;i=1,...,s} of F of type q such
that

s 4
F(n) = Z Z a;; F(n—e;) foralln>q and
i=1 j=1

jrg(F) <max{q; |i€ A} — 1, where A={i|q >1}.

Proof.  Since R(F) satisfies Hyry’s condition Hgq)(R(F),0), by
Lemma 3.10, G(F) satisfies Hyry’s condition Hg ) (G(F),0). By Theo-

rem 2.4, there exists a joint reduction {a;; € [;: j=1,...,¢;i=1,...,s}
of F of type q such that ajy,...,aj, ..., a5, .., a5, is a G(F)-filter-
regular sequence, where a;; is the image of a;; in G(I)e, forall j=1,..., ¢,
i=1,...,s. Hence, by Theorem 3.9, for all n > q,

Fn)=)" Z ai; F(n — e;). i

i=1 j=1

EXAMPLE 3.12. Let R=k[|X,Y]]. Then, R is a regular local ring of
dimension 2. Let I = (X, Y?), and let J = (X2,Y). Then, I, J are complete
parameter ideals in R. Consider the filtration F = {I"J®}, scz. Since I, J
are complete ideals, by [16, Theorem 2, Appendix 5], I", J* and I"J* are
complete ideals for all r, s > 1. By [11, Proposition 3.2] and [11, Proposition
3.5], for all 7, s €N, Hp  (R(I, J))(r,s) = 0. Note that (X* +Y?, XY) is a
minimal reduction of IJ and

(X 4+ Y3, XY)IJ=1%J°
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Thus, r(IJ) <1 and hence ez(I.J) = 0. Therefore, using [11, Theorem 4.3]
and [11, Lemma 2.11], we get [H72er+ (R(L, J))](r,s) = 0 for all 7, s € N. Hence,
R(F) satisfies Hyry’s condition Hg ) (R(F), 0).

Note that Ae = {X, Y} is a joint reduction of (I, J) of type e and

X1t yrttyps = stl forallr, s eN.

Thus, jre(F) = jry (F) =0.

THEOREM 3.13. Let (R, m) be an analytically unramified Noetherian
local ring of dimension d > 2, and let Iy, ..., Is be m-primary ideals in R.
Let R(I) = DPnens In satisfy Hyry’s condition Hr (R(I), 0). Suppose that
I" is complete for alln € N° such that 1 < |n| < d — 1. Then, I™ is complete
for all n € N* with |n| > 1.

Proof. We use induction on |n|. By the given hypothesis, the result is true
up to 1 <|n| < d— 1. Suppose that n € N® with |n| > d, and the result is
true for all k € N® such that 1 < |k| < |n|. Let m = (my, ..., ms) € N° such
that m < n and |m| = d. Consider the filtration F = {I?},¢zs. By [12], F
is an I-admissible filtration. Then, by Theorems 2.4 and 3.9, there exists a

joint reduction {a;; € I;:j=1,...,m;;i=1,...,s} of F of type m such
that
S my
Ir= Z Z a;;I*=¢ for all r > m.
i=1 j=1

Thus, I" =7, >4y aijInei. By induction hypothesis, I is complete
for all i € A := {i|n; > 1}. Hence,

s my s my
DD o 5 I IS 0

i=1 j=1 i=1 j=1

As a consequence of the above theorem, we obtain a generalization of a
theorem of Reid, Roberts and Vitulli [13, Proposition 3.1] about complete
monomial ideals.

THEOREM 3.14. Let R=Fk[X1, ..., X4] be a polynomial ring over a field
k,letd> 1, and let m be the mazximal homogeneous ideal of R. Let I, . .., I
be m-primary monomial ideals of R. Suppose that I™ is complete for all
n € N® such that 1 < |n| <d— 1. Then, I is complete for all n € N* with
In| > 1.
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Proof. If d=1, then R is a principal ideal domain (PID), and hence
normal. Therefore, every ideal is complete since principal ideals in normal
domains are complete. Let d > 2. Since Ii,...,I; are monomial ideals,
R(I) is Cohen—Macaulay by [2, Theorem 6.3.5]. Let W = R\ m. Then,
S =W~IR(I) is Cohen-Macaulay. Since for any ideal I, W' = W11,

we have

WIRM =P W' =P W 1) =RW 'I,..., W L)
neNs neNs

Therefore, S satisfies Hyry’s condition Hg(S,0), where Q=W 1R(I).
Replace R by W~!R. Therefore, by Theorem 3.13, W~1(I") is complete
for all n € N® such that |n| > 1. Since m is the maximal homogeneous ideal
of R and W—1(I"/I") = 0, we get the required result. [

We end the paper with three examples illustrating some of the results
proved above.

EXAMPLE 3.15. Let S =Q[[X,Y, Z]], and let f = X2 + Y2 + Z2. Then,
R = 5/(f) is an analytically unramified Cohen—-Macaulay reduced local ring
of dimension 2. Set m=(X,Y, Z)/(f). Since Gn(R) ~Q[X,Y, Z]/(f) is
reduced, m” is complete for all n > 1.

Consider the m-admissible filtration F = {m”},cz. The Hilbert polyno-
mial of the filtration F is Pr(n) = 2(”'2"1) —n. Set R =R(m). Since R is
(E(J)henfMacaulay, H%++ (R(mj/) = 0. By [1, Theorem 3.5], [H71€++ (R(m))], =
m”/m” for all n > 0, where {m”},,c7 is the Ratliff-Rush closure filtration of
F. Therefore, by [11, Proposition 3.2], [H712++ (R(m))], =0 for all n > 0. By
[1, Theorem 4.1], we get [H72er+ (R(m))]o =0. Hence, by [1, Lemma 4.7],
[H722++ (R(m))], =0 for all n>0. Hence, R(m) satisfies the condition
HR (m)(R(m), 0).

The following examples show that Hyry’s condition Hg)(R(I),0) is
sufficient but not necessary in Theorem 3.13.

EXAMPLE 3.16. Let S =Q[[X,Y, Z]], and let g = X3 + Y3 + Z3. Then,
R = 5/(g) is an analytically unramified Cohen—Macaulay reduced local ring
of dimension 2. Set m=(X,Y, Z)/(g). Since Gn(R) ~Q[X,Y, Z]/(g) is
reduced, m" is complete for all n > 1.

Consider the m-admissible filtration F = {m"},cz. The Hilbert poly-
nomial of the filtration F is Pr(n)=3("4') —3n+1. Set R =R(m).
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Since R is Cohen—Macaulay, H%++ (R(m))=0. By [1, Theorem 3.5],
[H712++ (R(m))], =m™/m™ for all n > 0. (Here, {m"},cz is the Ratliff-Rush
closure filtration of F.) Therefore, [H%er+ (R(m))], =0 for all n>0. By

[1, Theorem 4.1], we get )\(H72z++ (R(m)))o = 1. Hence, R(m) does not satisfy
Hyry’s condition Hy () (R(m), 0).

EXAMPLE 3.17. Let R = k|, y, z|, where k is a field of characteristic not
equal to 3, and let I = (2% z(y® + 23), y(v® + 23), 2(v® + 23)) + (2, 9, 2)°.
In [4, Theorem 3.12], Huckaba and Huneke showed that ht(I) =3, I is
normal ideal; that is, I" =1I" for all n>1 and H?(X, Ox)#0, where
X =ProjR(I). Hence, H%++ (R(I))o #0. Thus, R(I) does not satisfy
Hyry’s condition Hgr)(R(I),0).
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