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ABSTRACT 

The f l u c t u a t i o n s o f r e f r a c t i o n c o e f f i c i e n t s can be d e s c r i b e d by a 
s t o c h a s t i c p r o c e s s : a two-component p r o c e s s . One component o f t he 
p r o c e s s i s caused by s h o r t - p e r i o d i c ( d a i l y ) c l i m a t i c v a r i a t i o n s . The 
o t h e r component i s i n f l u e n c e d by l o n g - p e r i o d i c ( y e a r l y ) c l i m a t i c 
v a r i a t i o n s . The c e n t r a l moments o f t h e s e two components a r e used t o 
e s t i m a t e t h e c o v a r i a n c e m a t r i x o f t i m e s e r i e s o f r e f r a c t i o n c o e f f i c i e n t s . 
D i f f e r e n t f u n c t i o n a ] and s t o c h a s t i c mode ls a r e t e s t e d i n c o n n e x i o n w i t h 
t i m e a v e r a g i n g o f r e f r a c t i o n c o e f f i c i e n t s . 

1. INTRODUCTION 

F o r l o n g d i s t a n c e s t he a c c u r a c y o f v e r t i c a l a n g l e measurements 
depends m a i n l y on t h e e s t i m a t i o n o f t h e p a r a m e t e r s o f t h e m e t e o r o l o g i c a l 
f i e l d a l o n g t h e r a y p a t h . On the b a s i s o f a t m o s p h e r i c p h y s i c s e q u a t i o n s 
can be found w h i c h d e s c r i b e t he r e l a t i o n s between t h e o b s e r v a t i o n s , t h e 
model e r r o r s and t h e s y s t e m a t i c p a r a m e t e r s . In g e n e r a l t h e s e e q u a t i o n s 
a r e named " f u n c t i o n a l m o d e l s " . The f u n c t i o n a l mode ls a r e one s u p p o s i t i o n 
f o r e s t i m a t i n g s y s t e m a t i c pa rame te rs by l e a s t - s q u a r e s a d j u s t m e n t p r o c e ­
d u r e s . 

A s s u m p t i o n s abou t t h e a c c u r a c y , t h e s t o c h a s t i c i ndependence and 
t he c o r r e l a t i o n o f o b s e r v a t i o n s a r e c a l l e d " s t o c h a s t i c m o d e l s " . The 
s t o c h a s t i c mode ls a r e t h e second s u p p o s i t i o n f o r e s t i m a t i n g pa ramete rs 
by l e a s t - s q u a r e s a d j u s t m e n t p r o c e d u r e s . 

The l o s s o f i n f o r m a t i o n i n c o n n e x i o n w i t h a d j u s t m e n t p r o c e d u r e s 
w i l l be kep t s m a l l i f t h e f u n c t i o n a l and s t o c h a s t i c mode ls a r e e s t i m a t e d 
as e x a c t l y as p o s s i b l e . T h i s paper d e a l s w i t h t e s t s a n a l y s i n g t h e 
i n f l u e n c e o f d i f f e r e n t f u n c t i o n a l and s t o c h a s t i c mode ls on the r e s u l t s 
o f a d j u s t m e n t p r o c e d u r e s . Though t h e f o l l o w i n g t e s t s a r e based on t i m e 
s e r i e s o f r e f r a c t i o n c o e f f i c i e n t s t he r e s u l t w i l l be t y p i c a l f o r a l l 
a d j u s t m e n t p r o c e d u r e s u s i n g o b s e r v a t i o n s i n f l u e n c e d by t h e a tmosphe re . 
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2. FUNCTIONAL AND STOCHASTIC MODELS OF TIME SERIES OF REFRACTION 
COEFFICIENTS 

A s s u m p t i o n s c o n c e r n i n g t he f u n c t i o n a l and s t o c h a s t i c mode ls o f 
o b s e r v a t i o n s can be found b e s t , when a g r e a t number o f measurements i s 
a v a i l a b l e . N o r m a l l y i t i s d i f f i c u l t t o e s t i m a t e t h e mode ls d i r e c t l y f rom 
g e o d e t i c measurements , s i n c e f o r economic r e a s o n s o n l y a s m a l l number 
o f r e p e a t e d measurements can be p e r f o r m e d . In t h i s paper o n l y t h o s e 
f l u c t u a t i o n s o f v e r t i c a l a n g l e measurements w i l l be c o n s i d e r e d , wh i ch 
a r e caused by v a r i a t i o n s o f t h e m e t e o r o l o g i c a l f i e l d . I t i s shown 
(KAHMEN 1977) t h a t t h e s e f l u c t u a t i o n s can be e s t i m a t e d w i t h o u t d i r e c t 
g e o d e t i c measurements u s i n g o n l y r e c o r d s o f t h e m e t e o r o l o g i c a l f i e l d . 
L o n g - t i m e r e c o r d s o f m e t e o r o l o g i c a l pa ramete rs a r e a v a i l a b l e a t many 
m e t e o r o l o g i c a l s t a t i o n s . W i t h t h e s e r e c o r d s t h e p h y s i c a l c a u s e s o f t h e 
f l u c t u a t i o n s o f t h e v e r t i c a l a n g l e s can f i r s t be f o u n d . I f t he p h y s i c a l 
c a u s e s a r e w e l l known t h e f l u c t u a t i o n s o f t h e v e r t i c a l a n g l e s can 
e a s i l y be c a l c u l a t e d by s i m p l e l i n e a r t r a n s f o r m a t i o n s . Causes o f t h e 
f l u c t u a t i o n s o f v e r t i c a l a n g l e s a r e t he v a r i a t i o n s o f t h e r e f r a c t i o n 
c o e f f i c i e n t s . 

The f i g u r e s 2 .1 and 2 . 2 show examples o f such t ime s e r i e s +) . In 
f i g u r e 2 .1 we see mean v a l u e s f o r one hour o f r e f r a c t i o n c o e f f i c i e n t s , 
p l o t t e d d a i l y f rom J a n u a r y 1962 t o December 1963 u s i n g o b s e r v a t i o n s 
r e c o r d e d between 12 a .m . and 1 p.m. . F i g u r e 2 . 2 shows mean v a l u e s f o r 
one hour o f r e f r a c t i o n c o e f f i c i e n t s , p l o t t e d e v e r y f i f t h day f rom 
J a n u a r y 1962 t o A p r i l 1971 u s i n g o b s e r v a t i o n s r e c o r d e d between 12 a .m. 
and 1 p.m. . 

The f i g u r e s 2 .1 and 2 . 2 show t h a t t h e f l u c t u a t i o n s o f t h e r e f r a c ­
t i o n c o e f f i c i e n t s can be d e s c r i b e d by a s t o c h a s t i c p r o c e s s . 

+) F u r t h e r t ime s e r i e s have been c a l c u l a t e d and w i l l be p u b l i s h e d . 
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refraction coefficients k 

t I I I I 1 1 1 1 1 1 1 R 1 1 1 1 1 R 
400 800 1200 1600 ?000 2400 2800 3200 - days 

Figure 2.2 Refraction coefficients calculated from 1-1-1962 to 27-4-1971 
{time-difference betwen the single values: 5 days) 
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F i g u r e 2 . 3 i n d i c a t e s t h e s t r u c t u r e o f such a l i n e a r s t o c h a s t i c 
p r o c e s s . 

11 near 
system 

n(t).s(t^x(t) = n(t).s(t) t k 0 . k Q cos(2TTft .^) 

k 0 *k a c o s ( 2 t i ft* *f) 

harmonic 
component 

all - pass 

band -
pass 

©-
u 

nlt).s(t) 

FIGURE 2 .3 a) s t r u c t u r e o f a l i n e a r s t o c h a s t i c p r o c e s s 
b) l i n e a r s y s t e m 

The l i n e a r sys tem i s composed o f t h e p a r a l l e l c o n n e c t i o n o f an 
a l l - p a s s and a b a n c k p a s s . C o n s e q u e n t l y t h e s t o c h a s t i c p r o c e s s , w h i c h 
i s supe r imposed by a t r e n d , can be d e s c r i b e d by t h e l i n e a r model 

x(t) = n(t) + a(t ) + kQ + k a cos ( 2 u f t + gp) 

where 

x(t) = [ x j , x 2 . . . ] and t = [ t l 4 t 2 . . . ] 

n(t) = [ n l 9 n 2 . . . ] 

s ( t ) = [ S i , s 2 ...] 

* o -
[ k Q i k Q . . . ] 

9 - [<P ,9 ...] 

n(t) and s(t) d e s c r i b e t h e non d e t e r m i n i s t i c p a r t o f t h e p r o c e s s and 
k 0 + k a cos (27 r f t +(f) d e s c r i b e s t he d e t e r m i n i s t i c p a r t o f t h e p r o c e s s . 

n(t) i s a s h o r t p e r i o d random p r o c e s s and s ( fc ) a l o n g 
p e r i o d random p r o c e s s . F i g u r e 2 .4 f o r example shows how one s i g n a l x ( t ) 
i s b u i l t by a d d i t i v e s u p e r p o s i t i o n o f t h e f u n c t i o n s n ( fc ) , s ( t ) , 
k +k cos (2Trft + q>). 
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FIGURE 2.4 S u p e r p o s i t i o n o f t h e s i g n a l s n ( t ) , s ( t ) , 
k f t + k cos (27rft + 0>) 
O a 

F o r one s i g n a l n( t ) = n we can assume (KAHMEN 1977) 

E { n } = o (2.2) 

E { n n T } = a * 6 ( T ) (2.3) 

( a : s t a n d a r d d e v i a t i o n ) 

where 

«('> -<l%i;°o. <2-4> 

T d e s c r i b e s t he t i m e - d i f f e r e n c e between s i n g l e measuremen ts . 

E{ - } i s the s t a t i s t i c a l e x p e c t a t i o n . 
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2 
o*n has d i f f e r e n t v a l u e s d u r i n g the s e v e r a l p e r i o d s o f a y e a r . 

One s i g n a l s ( t ) = s c a n be a p p r o x i m a t e d by a G a u s s i a n na r row-band n o i s e 
(KAHMEN 1977) 

s ( t ) = s Q ( t ) cos [u)0t + y ( t ) ] ( 2 . 5 ) 

where t h e p r o b a b i l i t y d e n s i t y o f s Q ( t ) and Y ( t ) i s 

s 0 s£ 
p ( s Q ) = - | exp ( - - ^ - ) , ( R a l e i g h - D i s t r i b u t i o n ) ( 2 . 6 ) 

P (*) =^f - ^ -Zir)] ( 2 . 7 ) 

(6,. = normed s t e p - f u n c t i o n ) . 

C o n s e q u e n t l y we can assume: 

E { s } = o ( 2 . 8 ) 
T 2 2 2 

E { 8 8 } = a $ exp (- a Q T ) c o s côx = r(-r) ( 2 . 9 ) 

where T d e s c r i b e s t h e t i m e - d i f f e r e n c e between s i n g l e measurements and 
a Q i s a c o n s t a n t . 

3 . ADJUSTMENT OF TIME SERIES OF REFRACTION COEFFICIENTS OR REFRACTION 
ANGLES 

The b a s i c e q u a t i o n s f o r t h e c o e f f i c i e n t s k o f r e f r a c t i o n and t h e 
a n g l e s 6 o f r e f r a c t i o n a r e (FEARNLEY 1 8 8 4 / 8 5 ) : 

k = 1 / ^ x ( S ' ) d S ' ( 3 . 1 ) 

S 

0 

where S i s t h e l e n g t h o f t h e c u r v e d pa th ( t h e d i f f e r e n c e between t h e 
a r c - l e n g t h and t h e c h o r d - l e n g t h i s n e g l e c t e d , S ' d e s c r i b e s t h e 
c o o r d i n a t e s a l o n g t h e l i g h t p a t h , R i s t he r a d i u s o f t h e e a r t h and 
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x = x ( S 1 ) i s t h e l o c a l r e f r a c t i o n 
c o e f f i c i e n t . From ( 3 . 1 ) and ( 3 . 2 ) we 
g e t : 

FIGURE 3.1 A n g l e o f r e f r a c t i o n 

Sp 
( 3 . 3 ) 

A p p r o x i m a t e r e f r a c t i o n f r e e d i r e c t i o n s can be c a l c u l a t e d f rom t i m e 
s e r i e s o f v e r t i c a l a n g l e s , i f t he s y s t e m a t i c components o f 6 a r e e l i m i ­
na ted by s u b t r a c t i o n and i f t h e s t o c h a s t i c components o f 6 a r e f i l t e r e d 
by t ime a v e r a g i n g p r o c e d u r e s . In t h e f o l l o w i n g t h e c a l c u l a t i o n o f r e ­
f r a c t i o n f r e e d i r e c t i o n s w i l l be a n a l y s e d w i t h d i f f e r e n t f u n c t i o n a l and 
s t o c h a s t i c m o d e l s . Equ . ( 3 . 3 ) shows t h a t t h e t e s t s can d i r e c t l y be made 
w i t h the t ime s e r i e s o f r e f r a c t i o n c o e f f i c i e n t s shown i n f i g u r e 2 .1 and 
2 .2 as t h e r e i s a l i n e a r r e l a t i o n between 6 and k. 

W i t h equ . ( 2 . 1 ) t he g e n e r a l model f o r t h e v e c t o r o f t h e o b s e r v a t i o n s 
x = x (t) i s (Wo l f 1977) 

x = A * + 

where 

( 3 . 4 ) 

x . . . v e c t o r o f s y s t e m a t i c pa rame te rs 

A . . . m a t r i x r e l a t i n g x a n d x 

B . . . m a t r i x r e l a t i n g x a n d s . 

The m a t r i x C S c = cov ( s ) and t h e m a t r i x C n n = cov (n) a r e g i v e n 
a p r i o r i as t h e v e c t o r n i s c h r a c t e r i z e d _ b y equ . ( 2 . 2 ) , ( 2 . 3 ) and the 
v e c t o r s by equ . ( 2 . 8 ) , ( 2 . 9 ) C s s and C n n have t h e fo rm 

"ss 

2 2 

2 
ri2 oc 

r u l Q S r U 2 a

S 

•• r i u a s 

( 3 . 5 ) 
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nn 

2 

0 0 

0 

0 

( 3 . 6 ) 

F o r t h e f o l l o w i n g c a l c u l a t i o n s we g e t B = l ( I : u n i t m a t r i x ) so 
t h a t we have i n s t e a d o f ( 3 . 4 ) t h e c l a s s i c a l model o f c o l l o c a t i o n 

x = A x + s + n . 

Wi th t h e s i d e c o n d i t i o n 

cc 
+ n C n n n = minimum 

and c o n d i t i o n a d j u s t m e n t w i t h unknowns we ge t 

where 

p nn + C ss 

( 3 . 7 ) 

( 3 . 8 ) 

( 3 . 9 ) 

( 3 . 1 0 ) 

4 . NUMERICAL CALCULATIONS 

The o b s e r v a t i o n s x a r e t a k e n f rom t h e t ime s e r i e s shown i n 
f i g u r e 2 . 1 . The e s t i m a t i o n s o f t h e f u n c t i o n a l and s t o c h a s t i c mode ls 
a r e a l s o p a r t l y based on t h e t i m e s e r i e s shown i n f i g u r e 2 .1 and 2 . 2 . 
In o r d e r t o keep t h e d i s c u s s i o n o f t h e r e s u l t s c l e a n o n l y one pa ramete r 
w i l l be e s t i m a t e d : t h e t i m e a v e r a g e o f t he r e f r a c t i o n c o e f f i c i e n t s . 
Then t h e mean s q u a r e e r r o r o f t h e t ime a v e r a g e i s (Wo l f 1 9 7 5 ) : 

x o y x x xx ( 3 . 1 1 ) 

Q x x i s a d i a g o n a l e lemen t o f t h e m a t r i x ( A T C ^ A ) " 1 a nd 

mQ t h e mean s q u a r e e r r o r o f u n i t w e i g h t o f t h e o b s e r v a t i o n s . 
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model IV 

a) as i n model I I 

b) as i n model I I 

c ) r = 0 . 9 f o r a t i m e - d i f f e r e n c e t up to 1 month 
r = 0 11 " " o f 3 months 
r = 0 .4 " " " o f 6 months 
r = 0 " " " o f 9 months 
r = 0 . 3 " " " o f 12 months 

The r e s u l t s o f t h e a d j u s t m e n t p r o c e d u r e s a r e shown i n T a b l e 1 and 
T a b l e 2. F o r a l l t i m e - s e r i e s t h e t ime a v e r a g e s x ( t h e mean s y s t e m a t i c 
e r r o r s o f t he r e f r a c t i o n f r e e d i r e c t i o n s ) and t h e mean -squa re e r r o r s m-
become maximum, when model I i s u s e d . Compar ing t h e x and m- o f t h e 
f o u r d i f f e r e n t a d j u s t m e n t s one can see t h a t t he v a l u e s o f m- d i f f e r 
much more than t h o s e o f x . A n a l y s i n g the x and m£ when t h e model I I , 

The a d j u s t m e n t p r o c e d u r e s a r e based on t he f o l l o w i n g m o d e l s : 

model I ( g e n e r a l l y used f o r p r a c t i c a l work) 

a) k = 0 .13 
2 

b) a l l o b s e r v a t i o n s have equa l a 
c ) t he o b s e r v a t i o n s a r e u n c o r r e c t e d 

model I I ( a s s u m p t i o n s based on the t ime s e r i e s shown i n f i g u r e 2.1 and 
2 . 2 ) 

a) k = k + k cos (2<Frft) 
o a 

where k = 0 . 0 9 , k = 0 . 0 8 , f = 1 o s c i l l a t i o n / y e a r , o a 

t = 0 a t t h e b e g i n n i n g o f J a n u a r y . 

b) a n = 0 . 16 f rom November t o F e b r u a r y 

a n = 0 . 0 8 f rom March to A p r i l 

a $ = 0 .07 o v e r t h e who le y e a r 

c ) the o b s e r v a t i o n s a r e u n c o r r e c t e d 

model I I I 
a ) as i n model I I 

b) as i n model I I 

c ) r = 0 . 9 f o r a t i m e - d i f f e r e n c e t up to 1 month 
r = 0 " " " o f 3 months 
r = 0 . 8 •* " " o f 6 months 
r = 0 " " 11 o f 9 months 
r = 0 .7 " " " o f 12 months 
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model I I I and model IV a r e u s e d , we can n o t i c e t h a t t h e r e i s o n l y a 
s m a l l d i f f e r e n c e between t h e x w h i l e t h e r e i s a g r e a t e r d i f f e r e n c e 
between t h e m£. Somet imes t h e m£ c a l c u l a t e d w i t h model IV a r e t h r e e 
t i m e s g r e a t e r t han t h e m# c a l c u l a t e d w i t h model I I . T h i s d i f f e r e n c e 
i n c r e a s e s w i t h t h e number o f t h e o b s e r v a t i o n s . T h e r e i s no s i g n i f i c a n t 
d i f f e r e n c e between t h e r e s u l t s o f t h e a d j u s t m e n t based on model I I I 
and model IV . C o n s e q u e n t l y o n l y a rough a p p r o x i m a t i o n o f t h e f a c t o r 
exp ( "dg T ) o f ( 2 . 9 ) i s needed . The v a l u e s o f m$ c a l c u l a t e d w i t h 
model I I I and IV a r e n e a r l y a l w a y s l a r g e r t h a n t h e v a l u e s o f x . We w i l l 
no t f i n d t h a t as o f t e n when c o n s i d e r i n g t he v a l u e s c a l c u l a t e d w i t h 
model I I . T h e r e f o r e t h e r e s u l t s we g e t w i t h model I I I and IV appea r 
more r e a l i s t i c . 

5 . OPTIMUM ARRANGEMENT FOR THE TIME OF MEASUREMENTS 

The v e c t o r 

z = ( A ^ - ' A ) " 1 A T C L ; 1 

o f e q u . ( 3 . 9 ) can be used t o f i n d an optimum a r rangemen t o f t h e t ime o f 
t h e measurements , as i t s components c h a r a c t e r i z e , how much t h e s i n g l e 
measurements a f f e c t t h e t i m e a v e r a g e . T a b l e 3 f o r example shows t h e 
normed v e c t o r z Q f o r t h e f i r s t 7 , 9 , 11 and 16 measurements o f t h e 
t i m e s e r i e s 1 . . . 5 o f t a b l e 1 , when model I I I i s u s e d . 

TABLE 3 

number o f t h e 
o b s e r v a t i o n s 

Z o 7 

Z o 9 

Z o 1 6 

1 0 .090 0 . 0 5 0 0 .041 0 . 0 3 3 
2 0 . 0 9 0 0 . 0 5 0 0 .041 0 . 0 3 3 
3 0 .090 0 .050 0 .041 0 . 0 3 3 
4 0 .090 0 .050 0 .041 0 . 0 3 3 
5 0 . 0 9 0 0 . 0 5 0 0 .041 0 . 0 3 3 
6 0 . 2 7 5 0 .207 0 .129 0 .117 
7 0 . 2 7 5 0 .207 0 .129 0 .117 
8 0 . 1 6 7 0 . 1 3 8 0 . 1 0 2 
9 0 . 1 6 7 0 .138 0 . 1 0 2 

10 0 .129 0 .117 
11 0 .129 0 .117 
12 0 . 0 3 3 
13 0 . 0 3 3 
14 0 . 0 3 3 
15 0 . 0 3 3 
16 0 . 0 3 3 
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F o r example t h e f i r s t co lumn z 0 ? shows t h a t t h e f i r s t f i v e 
O b s e r v a t i o n s a r e l e s s s i g n i f i c a n t i n t h e f i n a l r e s u l t t han t h e l a s t 
two o b s e r v a t i o n s . 

6. CONCLUSIONS 

The f o r e g o i n g c o n s i d e r a t i o n s a r e model s t u d i e s . As the r e s u l t s 
o f the a d j u s t m e n t p r o c e d u r e s a r e no t d e r i v e d fo rm d i r e c t g e o d e t i c 
measurements t h e y c a n n o t g e n e r a l l y be compared w i t h t h o s e c a l c u l a t e d 
w i t h d i r e c t measurements . The model s t u d i e s however can h e l p us to 
e s t i m a t e s u i t a b l e f u n c t i o n a l and s t o c h a s t i c mode ls f o r a d j u s t m e n t 
p r o c e d u r e s , to i n t e r p r e t t h e r e s u l t s and f i n a l l y to f i n d an optimum 
ar rangement f o r t h e t ime o f t h e measurements . 
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DISCUSSION 

L. Hradilek: Can your method be used for a smaller number of observa­
tions, let us say 5 repetitions of vertical angle measurements within 
one day? 

H. Kahmen: Yes, the arrangement of the measurements is included in my 
model. I have taken this measurement together to an alternative time 
equation. The recordings of the meteorological parameters were done 
between 1 2 a.m. and 1 p.m. and there were recordings every ten minutes. 
I time-averaged these values and the single refraction coefficients 
sought for were time-averages of one hour. So I think they include 
several measurements during one day. 

B. Garfinkel: Can you give us a definition of the coefficient of re­
fraction? 
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