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NOETHERIAN TENSOR PRODUCTS 

BY 

E. A. MAGARIAN AND J. L. MOTTO 

1. Introduction. Relatively little is known about the ideal structure of A ®RA' 
when A and A' are i^-algebras. In [4, p. 460], Curtis and Reiner gave conditions 
that imply certain tensor products are semi-simple with minimum condition. 
Herstein considered when the tensor product has zero Jacobson radical in [6, p. 43]. 
Jacobson [7, p. 114] studied tensor products with no two-sided ideals, and Rosen
berg and Zelinsky investigated semi-primary tensor products in [9]. 

All rings considered in this paper are assumed to be commutative with identity. 
Furthermore, R will always denote a field. 

We are concerned with the question: When is A ®R A' Noetherian? Our main 
result gives sufficient conditions for A ®R A' to be Noetherian where A is a 
Zariski ring and A' is an algebraic extension field of R. The best known previous 
result on this problem gives sufficient conditions for the tensor product of two 
fields to be Noetherian [8, p. 168]. However, if A is a perfect field of characteristic 
p^O, R is an imperfect subfield of A, andA = A\ then A ®R A' is not Noetherian. 
(If xeA such that xllp$R, then the ascending chain of principal ideals (J^) 
^ f e ) 0 1 • • • ^(Xn)^ ', where JC,= 1 ® 1 - l/xllpi ® xllpl, is an infinite chain of 
ideals.) This example is a coherent ring, but an example, due to Soublin [11], shows 
that the tensor product of two coherent rings need not be coherent. 

In general, a ring S with an ideal M can be made into a topological ring by 
taking powers of M as a basis of neighborhoods of zero. This topology is called 
the M-adic topology and is Hausdorffif and only if (~)n=i Mn = (0). If the Af-adic 
topology is Hausdorff, then a metric can be defined on S so that the M-adic topology 
is a metric topology and then a completion S of S can be constructed by taking 
equivalence classes of Cauchy sequences. Moreover, § can be regarded as the 
inverse limit of the sequence S/M<- S/M2^- S/M3< , where each map is 
the natural homomorphism [14, p. 434]. Furthermore, if M is finitely generated, 
then S is Noetherian if and only if S/M is Noetherian [2, p. 48]. 

We are particularly interested in S=A ®RA', where A is Noetherian and A' 
is an algebraic extension field of the field R. We shall assume M± is an ideal of A 
and that A is Hausdorff under the Mladic topology. If M=M±S, then S is 
Hausdorff under the M-adic topology [10, p. 64]. We shall denote the completion 
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S of S under the M-adic topology by 4̂ ®R A' and we note that S is Noetherian 
if AJM-L ®R A' is Noetherian. 

According to Gilmer [5], a ring S is said to have property C with respect to an 
overring T if for each ideal B of S, BT n S=B. Gilmer observes that it is sufficient 
to consider only finitely generated ideals B of S. Furthermore, if T is Noetherian 
and S has property C with respect to T, then S is Noetherian. 

Our basic approach to the problem is a simple one. We shall consider two cases 
when S=A ®R A' has property C with respect to its completion S. Then it will 
follow that S is Noetherian whenever § is Noetherian. 

Since for a finitely generated ideal B of S the closure of B is BS n S [13, p. 256], 
S will have property C with respect to S if each finitely generated ideal of S is closed. 
Furthermore, an overring T of S is faithfully flat as an S-module if and only if S 
has property C with respect to T and T is a flat S-module [1, p. 33], and in the 
presence of flatness, property C follows if each maximal ideal N of S is such that 
NT*T[l9p.44\. 

In Proposition 1, we show that if A is a Zariski ring and A' is an algebraic exten
sion of the field R, then each finitely generated ideal of A ®R A' is closed. Under 
the weaker hypothesis that A is Noetherian with a Hausdorff M-adic topology, 

but under the additional assumption that the completion A ®R A' of A ®R A! is 

Noetherian, we show in Proposition 2 that A ®R A' is a flat module over A ®R A . 
The main result follows as a corollary to either of the propositions. 

2. Results. Recall that A is a Zariski ring under the M-adic topology if A is 
Noetherian and each ideal of A is closed [13, p. 263]. In particular, A is Hausdorff 
under the M-adic topology, and if B is a ring which is a finite A -module, then B 
is also a Zariski ring. 

PROPOSITION 1. If A is a Zariski ring under the M-adic topology and if A' is an 
algebraic extension of the field R, then each finitely generated ideal of A ®R A' is 
closed in the M(A ®B A')-adic topology. 

Proof, We let Sa=A ®R Ba, where Ba is a finite extension of R. By flatness, we can 
consider the direct limit S=A ®R A' as the directed union of the subsets Sa. For 
a<jS, Sa is a subspace of S$ since Sa is Noetherian and S0 is a finite S'a-module 
[8, p. 52]. Thus if x e (MnS) n Sa9 then x = 2 rafl\> where rai e Sai and a{ e M n . 

For A>a, and X>at for each i, x e MnSÀ. Since (MnSA) n Sa = MnS a , it follows 
that x G MnSa. Thus (M7^) n Sa = MnS(x and Sa is a subspace of S for each a. 

If B is a finitely generated ideal of S, there is an a0 and a finitely generated ideal 
C of Sao such that 5 is the union (direct limit) of CS^ for p>a0. Since each S^ is 
a Zariski ring, CSe is a closed ideal of S0. Furthermore, for A> 8>a0 , (CSA) n S^ 
is the closure of CSÔ in S^. Thus (CSA) n SÔ = CSÔ. Since B n Sô is the union of 
(CS*) n Sa for A > 8 > «0, it follows that B n Sô = CSÔ and 5 n Sd is closed in Sd 

for each 8 > «0« Therefore, 5 is closed in S. 
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PROPOSITION 2. Let A be a Noetherian ring which is Hausdorff under the M-adic 

topology, and let A' be an algebraic extension of the field R such that A ®RA' is 

Noetherian. Then A®RA' is aflat A ®R A'-module. 

Proof. Let S=A ®RA', let T=A ®RA', and let Sa=A ®RBa, where Ba is 
a finite extension of R. Then T/MnT~ S/MnS since MnS is an open ideal of S under 
the MS-adic topology [14, p. 434]. Now 

S = A ®R A' ~ A ®R (Ba ®Ba A') = {A ®R Ba) ®Ba A' = Sa ®Ba A' 

and since A' is a free 2?a-module, S is a flat ^«-module. Furthermore, 

S ®Sa (SJMnSa) ~ (S ®Scc Sa)!(M
nSa)(S ®Sa Stt) ~ S/MnS ~ r / M T . 

Therefore, T/MnT is a flat Sa/Af "S^-module for each integer n. If T a=Tfor each a, 
then in order to show that r= l im_ Ta is a flat S'=lim_> ^-module, it suffices to 
show that T=Ta is a flat »Sa-module for each «[1, p. 35]. Since (MSa)T is contained 
in the Jacobson radical of T, Tis ideally separated for MSa [2, p. 101], Therefore, 
Tis a flat Sa-module [2, p. 98]. 

If we also assume, in addition to the hypothesis of Proposition 2, that each 

maximal ideal N of A ®R A' is such that N(A ®R A')^A ®R A\ then A ®R A' 

has property C with respect to A ®R A' and A ®R A' is Noetherian. 

MAIN RESULT. Suppose A is a Zariski ring under the M-adic topology and that 
A' is an algebraic extension of the field R. If the completion of A ®R A' under the 
M{A ®R A')-topology is Noetherian, then A ®R A' is Noetherian. 

Proof. The result follows immediately from Proposition 1. We also show that 
the main result is a corollary of Proposition 2. By the above remark, it is sufficient 
to show that each maximal ideal N of S=A ®R A' is such that NS^S where S is 
the completion of S. 

If all the maximal ideals are open in the AfS-adic topology (that is, MS is con
tained in the Jacobson radical J(S) of S), then for each maximal ideal N of S, 
S/N~ SIN, where $ is the closure of N in S. Thus, under the assumption that TV 
is open, NS^fî^S. The proof will be complete if we show that each maximal 
ideal N of S is open in the MS-adic topology. Each maximal ideal of A contains M 
since A is a Zariski ring. Also, A' algebraic over R implies S is integral over A 
[3, p. 14]; consequently each maximal ideal of S lies over a maximal ideal of A. 
Hence each maximal ideal of S contains MS, and is therefore open in the MS-adic 
topology. 
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