
PART I V . 

Considerations on Localized Velocity Fields in Stellar Atmospheres; 
Prototype — The Solar Atmosphere. 

B . - Consideration of Convective Instability 
from the Viewpoint of Physics. 

Introduction. 

I n the s tudy of tu rbu len t flows similarity a rguments are used to explore 
t he consequences of non-mechanist ic assertions concerning the general be ­
havior of t he flow. For example , i t is current ly assumed t h a t viscosity p lays 
no role in t he determinat ion of t h e mean velocity profile of tu rbu len t shearing 
flow far from a boundary . The consequences of this assumpt ion are t h a t t h e 
ampl i tude of the mean velocity will be determined by the m o m e n t u m t rans ­
por t ed in to such a region and t h a t t he velocity profile will be a solution t o 
Euler ' s equations. 

The first section of this work will a t t e m p t to critically re-assess the exper­
imen ta l results used to suppor t the assertion underlying conventional similarity 
theories. The second section discusses a l ternat ive assertions from which t h e 
qual i ta t ive experimental results can be deduced. A final section outl ines t h e 
quan t i t a t ive theory which has been constructed within t h e framework described 
in section two. 

1 . - Two quite different tu rbu len t flows will be explored in order to t e s t 
t he generali ty of the convent ional and new 

v v v + l \ \ \ \ \ \ \ \ \ \ assertions. The first of these is t u r b u l e n t 
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shearing flow between parallel surfaces. The 
second is the tu rbu len t convection of h e a t 
between horizontal surfaces. 

Fig. 1. - The geometry for tur­
bulent shearing flow. 

Current similarity arguments for shear 
flow. - I n Fig. 1 t he x axis is t he direction 
of the mean velocity U = U(Z). The solid 
velocity profile represents the parabolic solu-
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t ion for laminar flow. The dashed line represents a mean velocity profile for 
t h e tu rbu len t regime. F o r incompressible s teady s ta te flow t h e m o m e n t u m 
transfer per un i t mass is 

( 1 ) 

where 

7^ 

Z~« 

T — vfi -\~ W1I 

Z0 dPo 
dx 

dU 
dZJ 

v is the k inemat ic viscosity, Q is t he density, Z0 t he channel half-width, 
dP0ldx is the downst ream pressure gradient a t t h e boundary , w is t he cross 
s t ream velocity fluctuation, u is t he downst ream velocity fluctuation and the 
horizontal superscript ba r indicates an ensemble average. This flow is de­
termined by the Eeynolds n u m b e r R~Z0UJv if Um is fixed, where the sub­
script m indicates an average over the entire flow. The flow is de termined b y 
the a l ternate Eeynolds n u m b e r RT = Z0UJv if t he downs t ream pressure gra­
dient is fixed, where UT = VTO> The mean velocity profile is wr i t t en t h e n 
ei ther as 

(2) U— U [R,— or U-- U[Rr,%~ 
* J 0 

Among the first observations on this tu rbu len t flow was t he discovery of 
t he « velocity-defect law » shown in 
Fig. 2. A t high Eeynolds numbers 
all t he da t a can be fitted to this one 
non-dimensional curve. The curve is 
logari thmic beyond a small l inear 
« boundary layer », becoming para­
bolic in the mid-regions of t he flow. 

A recent presenta t ion of t he 
similarity a rguments is given b y 
T O W N S E N D ( 1 9 5 8 ) . This a rgumen t 
is b a s e d . o n two general assertions. 
The first assertion is t h a t viscosity 
plays no role in t h e de terminat ion 
of t he mean profile far from the F i S - 2 - " T h e velocity-defect « law». 
boundaries . F r o m eq. (2) for Rx 

fixed, t h e mean velocity in t h e midregions of the flow is then 

(3) 
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where an a rb i t ra ry velocity of t rans la t ion is chosen as t he m a x i m u m velocity 
a n d F is an a rb i t ra ry function of ZjZ0. The second assert ion is t h a t flow 
near t h e wall is only a function of dis tance from the wall and independent of 
t he (large) channel half-width, Z^. Defining a << runn ing» Reynolds ' number 

( 4 ) B7< — 
Z'Ur Z'=ZB-Z, 

eq. (2) is re-wri t ten wi thout loss of generali ty as 

Z'\ 
(5) U=Ur6 (Rz., 'z~r 

where G is an a rb i t ra ry function of i ts a rguments . The consequences of the 
second assertion is t h a t t h e dependence on Z0 in eq. (5) m u s t vanish. Hence 
near t h e boundary , 

(6) UM= VtG{Rz.) 

I t is argued, t h a t in t h e region of overlap, the boundary law, eq. (6), and 
t h e mid-region law, eq. (3), m u s t be t h e same. Only one choice for F and G 
is t hen possible, and the overlap law becomes 

(7) U0=A + Bln (Rz.), 

where A=A(RT) only and B is a universal (Von Karman ' s ) constant . 
The experiments indicate t h a t eq. (7) holds no t jus t for some small 

overlap region of t he flow b u t for mos t of the profile. I t has been believed 
t h a t this fact establishes t h e correctness of t he similarity assertions. However , 
one migh t also in terpre t t h e exper imenta l results as indicat ing t h a t t he first 
assert ion is incorrect and t h a t a region of completely inviscid flow does no t 
exist . This possibility will be explored shortly. 

Current similarity arguments for turbulent convection. - I n Fig. 3 t h e solid 
l ine represents the t empera tu re profile which would exist in t he absence of 

mot ion between hor izontal conduct ing 
pla tes separated b y a dis tance d. The 
dashed line represents a mean t empera tu re 
profile for the tu rbu len t regime. Fo r 
flows with a small to t a l t empera tu re 
droj> f AT, the k inemat ica i hea t flux is 

Fig. 3. 

//////////////#/////&/// 

The geometry for turbu­
lent convection. ( 8 ) QmCv dZ' 
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(12) £ > 0 , 

where is the ac tua l hea t flux, Q is t he density, x is t h e coefficient of kine­
m a t i c thermal conduct ivi ty , Gv is t he specific hea t of the fluid a t cons tant vol­
u m e , W is t he vert ical velocity and T is the t empera tu re . F o r a fixed AT, 
th is flow is de termined b y the P r a n d t l number a = v/x a n d t h e Rayleigh 
n u m b e r R = ocg A T dz/xv} where a is the coefficient of expansion of the fluid 
a n d g is the acceleration of gravi ty . Alternat ively, for fixed hea t flux, the 
P r a n d t l number and RH = RH d/xAT determine t h e flow. Hence the mean 
t empera tu re profile m a y be wr i t ten either as 

<») T = T ( R , a , ^ ) or T = T ( R E , O ^ . 

A similarity a rgumen t for tu rbu len t convection was given b y P R I E S T L Y 

( 1 9 5 4 ) . Paralleling t he shear flow s tudy, t he assert ion was m a d e t h a t viscosity 
a n d conduct ivi ty p lay no role in t he de terminat ion of t h e m e a n tempera tu re 
profile far from the boundar ies . The consequences of this assertion were sought 
b y establishing the possible dimensional relations in an equat ion such as eq. ( 9 ) . 
Beyond the b o u n d a r y region 

( 1 0 ) (T(Z) - Tm) = const (Zn^nocgY(Gvr , 

where relations between t he powers a, 6, c and d are to be found so t h a t t he 
r ight side of eq. ( 1 0 ) has the dimensions of a t empera tu re . I n contras t to t he 
shear flow s tudy, P R I E S T L Y discovered t h a t a unique result is obtained for 
each of these powers. This is 

( 1 1 ) (T(Z) - Tm) = const (je*lagCl)HZ)-* . 

I n turbulen t convection, then , an explicit form for t h e «in viscid » region 
is found wi thout s tudying t h e overlap wi th a « boundary » region. 

The exper imental evidence in the labora tory ( T O W N S E N D , 1 9 5 9 ) does no t 
suppor t t he Z~* law of eq. ( 1 1 ) b u t fits a Z~X l aw ra the r closely. Hence t he 
correctness of t he assertion t h a t molecular t r anspor t coefficients are unim­
p o r t a n t in the body of t h e flow is in doubt . 

2. The similari ty a rgumen t to be advanced in th i s paper rests on two 
general assertions concerning s teady s ta te tu rbu len t flows. The first of these 
asser t ions m t h a t t h e m e a n profiles (of t empera tu re and velocity) approach b u t 
never exceed, t he local condit ion for marginal inviscid instabi l i ty . 

The problem of tu rbu len t convection will be t r ea ted first. The condition 
for inviscid instabil i ty in convection is t h a t 
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t h a t is t h a t there be l ighter fluid below and heavier fluid above. Thus t h e 
first assertion m a y be wr i t ten 

(13) 

where I is to be represented b y its Fourier expansion 

+ 0 0 

(14) 
I = 2 I n exp [imp], 0 < cp < 2n T 

where the co-ordinate cp is shown in Fig. 3 and where In = I_n in order t h a t I 
be real. 

The second assertion concerning s teady s ta te turbulence is t h a t t he smallest 
scale of mot ion effective in the t r anspor t 
of hea t (or m o m e n t u m ) is a monotonic­
ally increasing function of the Eayleigh 
(or Reynolds) number of the flow. I n 
Fig. 4 a possible spectral description is 
given of the m e a n squared velocity a n d 
convective hea t t r anspor t a t some fixed 
Rayleigh number . The wave n u m b e r 
n0 = n0(E, a) is defined as t h e largest wave 
number which contr ibutes to the t ranspor t 
of heat . T h a t is, t h e wave n u m b e r (n0+l) 
makes no effective contr ibut ion to h e a t 
t ranspor t . I t is possible, indeed neces­
sary to t h e Kolmogoroff-like studies of 
isotropic turbulence, t h a t t he «disorgan­
ized » spect rum of t he m e a n squared 

v velocity ex tend to higher wave n u m b e r s 
t h a n the « organized » correlations responsible for convection. 

F r o m eq. (8) 

Fig. 4. - Characteristic spectra for 
« organized » (WT) and « disorgan­
ized » ( F 2 ) , moments in turbulent 

convection. 

(15) £ = s l + (WTU-WT 
fim 

hence a consequence of t he second assertion is t h a t t h e spec t rum of I , eq. (14) r 

t e rmina t e a t some n0 = n0(B, a). W e now wish to establish t he condit ions 
unde r which the restr ic ted sum 

(16) I(noy<p)= 2 I„exp[iw?>] 
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leads to qual i ta t ive laws for t h e mean t empera tu re profile as B (and n0) ap­
proach infinity. 

One such condit ion on the s t ruc ture of I n can be found b y summing eq. (16) 
b y p a r t s : 

+ n 0 . + n o . 

(17) 2 J n exp [in^] = ( I w , 2 e x P iin(P\)r-
1 t£? 
— 2) AI„ exp [ m p ] . 
MP I — L exp [199] - a. n = _ n o 

If then I n is smooth in t he sense t h a t 

(18) A I n - ^ , 

t h e first t e r m on the r ight of eq. (17) is an asympto t i c « law » of order n0 larger 
t h a n the second te rm, for (p^>7tjnQ. 

Before invest igat ing th is consequence, an a l t e rna te s t a t emen t of the con­
dit ions will be explored. If one writes 

(19) I n ^ G ( ^ n 

\no + 1 / 

a n d expands G in a power series 

(20) G = 2 < M —-j) , Om = (- l)<*G*m , 
tn-0 Wo + 1/ 

i t is possible to perform the par t ia l sums a n d explicit ly order te rms in ljnn. 
The sum 

(21) 2 e x p M = « P ^ 0 H + D ] + exp [ - ^ o + D1 m 0 

exp - 1 exp [ - 1 9 ] - 1 

permi t s one to de termine the sums 

(22) J n"' exp [iny] = ( - l)m = 

- ( n . + l ) j e x p W _ 3 + ( 1) e x p [ _ i t p ] _ 1 \ 

- min + D - 1 ] e x p W % + 2 ) ] + ( _ i ) « e x p [ - i y ( n , + 2 ) ] | 
W ( W o + 1 ) l ( e x P M - l ) 2

+ ( X ) ( e x p [ - ^ ] - l ) 4 + - -

https://doi.org/10.1017/S0074180900104590 Published online by Cambridge University Press

https://doi.org/10.1017/S0074180900104590


382 W . V . R. MALKUS 

Hence 

(23) 7<n. , „ ) = 2 J*. { e x p M _ ! + <~ ^ exp [ - t t f - 1 j * 

- fexp [ t y ( w 0 + 2)1 exp [ - i y ( ^ 0 + 2 ) ] | 

' n 0 + 1 I (exp [fy] - 1 ) ' + (exp [ - fy] - l ) 2 J 

One obvious, b u t s trong, condit ion t h a t , away from t h e boundaries , t he leading 
t e r m be of order n0 larger t h a n all other t e rms in eq. (23) is t h a t 67 be a finite 
polynomial . The conditions t h a t In be smooth, eq. (18), or t h a t i t be properly 
represented by a finite polynomial therefore lead to t he same law a t large R. 
One m a y write 

0 0 

2 Grn = gr + igt 

t hen from E q . (20) and (23) 

_ sin ( 2 n 0 + l ) ( p / 2 ) _ cos (2n 0 + l ) (y/2) 
[ ] w ^ ° ° ~~ 9 r sin (<p/2) 9 i sin (<p/2) 

Our physical problem requires t h a t ft be symmetr ic a round the mid-point of 
t h e region. Therefore ei ther gt or gr mus t be zero. If one chooses g{ = 0 and 
defines 0 = (p — 7z then 

xf}\ T g _ ^ 2 cos 2 (2n 0 + 1)0 

In tegra t ing eq. (25) to obta in the t empera tu re field one finds 

fc«.f(tgS+o(I)), 

outside a region within n\n^ of t h e boundaries . An identical law results for 
gr = 0 and g^O. 

Near the boundary eq. (26) leads to 

(27) Tm—T{Z) ^ Z 1 

in keeping wi th the exper imenta l results. 
The preceding a rguments for t he rma l turbulence are easily adap ted to the 

shear flow problem. The sufficient condition for inviscid s tabi l i ty in parallel 
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flow is t h a t t h e curva ture of t he flow do no t change sign. Parallel ing eq. (13) 
one m a y wr i te 

(28) d[ziz.)> - * °-

Since the conditions on I are jus t those of t h e the rmal problem, 

(29) P V C ° 8 2 (2n°+V6 

where n0 is now a monotonical ly increasing function of t h e Eeynolds ' number . 
In tegra t ing eq. (29) twice one obtains a velocity-defect law 

<30> S = v r - 3 * H * > ] + ' ' 

This profiles adheres closely to the exper imental results (LATJFER, 1 9 5 0 ) no t 
only in its logari thmic behavior near the boundary b u t in its parabolic char­
acter in the mid-regions of the flow. 

The possibility remains t h a t t he hea t and m o m e n t u m t ranspor t spectra 
could have «tai ls » extending well beyond n0+l. I t has been found t h a t a 
weak exponent ia l « t a i l » beyond n0, responsible for only one percent of the 
to ta l t ranspor t , can significantly modify eq. ( 2 4 ) for I. Hence one mus t con­
clude t h a t the available exper imental evidence supports t he second assertion 
as well as the first. 

3. - The qual i ta t ive conclusions, eq. ( 2 6 ) and ( 3 0 ) , have been obtained in 
two previous studies ( M A L K U S , 1 9 5 4 , 1 9 5 6 ) . However they were immersed in 
the complexity of a quan t i t a t ive analysis and it was no t clear a t t h a t t ime 
whether these « laws» were immedia te consequences of t he basic assertions or 
whether they resul ted from the several ma themat i ca l approximat ions . The 
formulation of t he problem in Section 2 was m a d e to isolate these asympto t ic 
consequences of t he two assertions from two more explicit assertions on which 
the quan t i t a t ive theory rests . 

The first of these more explicit assertions is t h a t t h e smallest scale of 
motion contr ibut ing to t h e t r anspor t of hea t (or m o m e n t u m ) is t h a t smallest 
mot ion which is uns table on the mean profile. This s t a t emen t replaces t h e 
second assertion of Section 1. I t is based on the belief t h a t there is a negli­
gible transfer of organizat ion down the spec t rum b y non-linear processes. 
Hence n0+l is to be found by a conventional stabil i ty analysis of the mean 
profile. 

Still, within the constraints so imposed on the fields of motion, m a n y pos-
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sibilities remain . The second of t h e more explicit assertions was t h a t t he con­
s t ra ined flow would approach t h a t ex t reme s ta te which maximized t h e to ta l 
diss ipat ion r a t e . The de te rmina t ion of this ex t reme s ta te proves t o be a 
t r ac t ab le , if difficult, var ia t ional problem for t he o p t i m u m I n . W i t h I n quan­
t i t a t ive ly determined, a mean field of flow from b o u n d a r y to bounda ry and 
t h e dependence of t he t r anspor t on t he boundary conditions is given. Com­
parison wi th exper iment can then establish t h e range of val id i ty of t he asser­
t ions wi th l i t t le oppor tun i ty for self-deception. 

F i r s t a t t e m p t s a t t he de te rmina t ion of t h e ex t reme states for shear tu rbu­
lence and convective turbulence h a v e been made ( M A L K U S , 1 9 5 4 , 1 9 5 6 ) . The 
quan t i t a t i ve results for Von K a r m a n ' s constant (\g*r in eq. ( 3 0 ) ) , agree with 
t h e d a t a of L A U F E R ( 1 9 5 0 ) . The quan t i t a t ive results for the convective con­
s t a n t [\g%

r in eq. ( 2 6 ) ) is t w e n t y percent less t h a n the value found by T O W N -

S E N D ( 1 9 5 9 ) . However, in this l a t t e r case, more ma themat i ca l care mus t be 
t aken to satisfy boundary conditions and more d a t a m u s t be gathered. A 
repor t on steps in bo th these directions and a new simplification of the mathe­
mat ica l problem will be presented in a forthcoming s tudy . 

This pape r was performed under t h e auspices of t h e Office of Nava l Ee-
search and is Contribution No. 1 1 4 8 from the Woods Hole Oceanographic 
Ins t i tu t ion . 
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