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Introduction

As Fuks [3] stated, every domain of holomorphy or meromorphy over Cn

is analytically convex in the sense of Hartogs. Oka [6] proved that every

domain over Cn analytically convex in the sense of Hartogs is a domain of

holomorphy. Therefore a domain of meromorphy over Cn coincides with a

domain of holomorphy over Cn.

In the present paper we shall prove that the envelope of meromorphy of

a domain (Z>, ψ) over a Stein manifold S with respect to a family of mero-

morphic functions on D is £?-convex in the sense of Docquier-Grauert [2] and,

therefore, is a Stein manifold. Especially a domain of meromorphy over S1

coincides with a domain of holomorphy over S.

A complex manifold M is called of weak (or strong) Poincarέ type if for

any meromorphic function f on M there exist holomorphic functions g and h

on M such that f=g/h on M (and that g and h are coprime at each point of

M). From Siegel [8] any complex manifold of Cousin II type is of strong

Poincare type and from Hitotumatu-Kδta [4] any Stein manifold is of weak

Poincare type.

Let (D, ψ) he a domain over a Stein manifold and / be a meromorphic

function on D. There exists a meromorphic function / on the domain (1/, Dy,

ψf) of meromorphy of / such that / = / ° I / . As D/ is a Stein manifold which

is of weak Poincare type, there exist holomorphic functions g and h on D/ such

that 7-g/h on D/. Then holomorphic functions g~g°Jf and h~h°I/ on D

satisfies f-glh on D. This means that any domain over a Stein manifold is

of weak Poincare type.
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§ 1. Theorem of continuity

LEMMA 1. The following three assertions are valid for

1) Iff is meromorphic in a neighbourhood of 0 {z = (21, z2, . . . .-, zn) zι = af,
p - l

22 = Λ ? , . , * Λ - 1 = β « - l , i ^ l ^ l } U { Z 2i = f l } , 23 = Λf, . . . , * » - l = 0 « - l , | S Λ | = 1 } ,

/ can £# meromorphically continued in a neighbourhood of {z Zi = a\, z i = a\,

. . . , Zn-i^dn-u U i l ^ l ) where ap-> a) as p-» <*> y ^ y = 1, 2, . . . , » — 1.

2) // / /s meromorphic in a neighbourhood of {z Ui | = 1, 22 = 0, . . . , ̂ «-i = 0,

0 ^ 2 r t ^ l } U{2 U i l ^ l , 22 = 0, . . . , £ n - i = 0, 27ί=0}, / cβ^ be meromorphically

continued in a neighbourhood of {z U i l ^ l , 22 = 0, . . . , z«-i = 0, 0 ^ 2 r t ^ l } .

i) If f is meromorphic in a neighbourhood of {z \zι \ = 1, z2 = 0, . . . , 2rt-i = 0,

Un I ̂  1} U {2 I Zi I ̂  1, 22 = 0, . . . , zn-i = 0, zn = 0}, / £ύw te meromorphically

continued in a neighbourhood of {z U i l ^ l , 22 = 0, . . . , 2n-i - 0,

/. At first we shall prove the equivalence of l ) , 2) and 3).

1) -*2). Let γ be the supremum of d>0 such that / can be meromorphically

continued in a neighbourhood of

Suppose that γ^l. Let {δp p = 1, 2, 3, . . .} be a sequence of positive numbers

<^<r such that dp ~>γ as />-> °o. Since / is meromorphic in a neighbourhood

of

2 = 0, . . . ,2 Λ >i = 0, Zn = δP}Ό{z \ \zx\ = 1, 22 = 0, . . . , Zn-i

= 0, Zn = r}>

f can be meromorphically continued in a neighbourhood of Cr from l ) .

Therefore we have γ7>\. Hence / can be meromorphically continued in a.

neighbourhood of &.

2) ->3). Let d be any real number. Since f(zu z%y . . . , zn-\, zn

is meromorphic in a neighbourhood of

f(zιf zit . . . ,2Λ-i, zn exp (V —1 θ)) can be meromorphically continued, in a

neighbourhood of

{Z U i l ^ l , 22 = 0, . . . , 2 n - j = 0 , 0 ^ 2 n ^ l }

from 2). Thus we have proved that f(zu 22, . . . , zn) can be meromorphically
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continued in a neighbourhood of

U U U i i ^ l , 22 = 0, . . . ,Zn-i = Q, O^zn exp {-j~lθ\£l}
^ 0 2

3) -> 1). There exists δ>0 such that / is meromorphic in a neighbourhood

of

{z U 1 - α l | < 2 J, U 2 - α ° 2 | < 2 5 , . . . , \zn-i- αi-Ί| < 2 5, U J = l}.

There exists <?>0 such that Uf-β} |<<5 ( ; = 1, 2, . . . , n - l) for £ > # . Since

/ is meromorphic in a neighbourhood of

2̂ = β?, . . , Zn-\ = β2-i, UΛI = 1 } ,

/ can be meromorphically continued in a neighbourhood of

U \zι-aί\£δ, zz = aQ

2> . . . yzn-ι = aq

n-.u. U J ^ l K

from 3). Of course / can be meromorphically continued in a neighbourhood

of

<2 εi = β? 22 = «? 2 l = ^ U

Continuing the same argument we can prove that / can be meromorphically

continued in a neighbourhood of

Okuda-Sakai [7] proved the validity of 1). Therefore l ) , 2) and 3) are all

valid form the above discussion.

L E M M A 2. Iff is meromorphic in {z-(zχ, z?, . . . , zn) i 1 - e < \zA < 1 + ε,

\z.z\ < 14-£, . . . , \zn\<l + e} U {z U i l ^ l , U 2 | < 1, . . . , U«|<1>, / can be

meromorphically continued in {z U i | < l + e, 1221 < 1H- e, . . . , | 2 Λ | < H - ε } .

Proof We take any aj with I aj I < 1 for / = 1, 2, . . . , n - 1. Let 5 be any

positive number with δ<l. Since / is meromorphic in a neighbourhood of

{z Uil = 1, £2 = 02,.'. . , 2n-ι = βrt-i, \zn\^l + ε-δ}U {z U i t ^ l , 2> = β2,

. . . , 2rt-ι = α Λ - j , 2n = 0},

/ can be meromorphically continued in a neighbourhood of
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from 3) of Lemma 1. Therefore / can be meromorphically continued in a

neighbourhood of

{z U i l ^ l , U f X l , . . . , \zn-i\<l, \zn\<l + e).

Continuing the same argument we can prove that / can be meromorphically

continued in a neighbourhood of

{z

Therefore / can be meromorphically continued in

{z U i | < l + e, | * i l< l + e, . . . , U» |< l+β} .

§ 2. Envelope of meromorphy

In this section we shall define a meromorphic completion, an envelope of

meromorphy and a domain of meromorphy. At the same time we can define

a holomorphic completion, an envelope of holomorphy and a domain of holo-

morphy.

Let M be a complex manifold. If there exists a local biholomorphic map-

ping of a complex manifold V in M, {V, <p) is called an open set over M.

Moreover, if V is connected, (F, ψ) is called a domain over M. Let (F, ψ)

and (F', ψf) be open sets over M. If a holomorphic mapping λ of F in V

satisfies ψ = φtoλ, λ is called a mapping of (F, ψ) in (F' , ψf). Consider domains

(F, φ) and (F', φ') over M with a mapping A of (F, ?>) in ( F \ φ1). Let/be

a meromorphic (or holomorphic) function on F. A meromorphic (or holomor-

phic) function/' on F w i t h / = /'°Λ is called a meromorphic (or holomorphic)

continuation of / to U, V, ^ ) , or shortly to (V, ψ'). Let 5 be a family of

meromorphic (or holomorphic) functions on F. If any meromorphic (or

holomorphic> function of g has a meromorphic (or holomorphic) continuation

to U, F', ψ1), (I, V1, φf), or shortly (F' , <p'), is called a meromorphic (or

holomorphic) completion of (F, ψ) with respect to the family 3. A meromorphic

(or holomorphic) completion (Ig, Fg, <£g) of (F, ^) with respect to Q , or

shortly (Fg, φ%)> is called an envelope of meromorphy (or holomorphy) of (F, <#)

ίί;//A respect to the family $ if the following conditions are satisfied •*

Let U', F', fO be another meromorphic (or holomorphic) completion of

(F, φ) with respect to g. Then there exists a mapping ^ of (V'y ψ1) in (F^, ίf%)%
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with Xg = 0o/' such that (ψ, V%, ψ%) is a meromorphic (or holomorphic)

completion of (F ; , <ff) with respect to the family g' of meromorphic (or

holomorphic) continuations of all meromorphic (or holomorphic) functions of $.

If 5 is the family of all meromorphic (or holomorphic) functions on F, a

meromorphic (or holomorphic) completion of (F, ψ) with respect to 5 and an

envelope of meromorphy (or holomorphy) of (V, ψ) with respect to $ are

called shortly a meromorphic (or holomorphic) completion of (F, <p) and an envelope

of meromorphy (or holomorphy) of (F, 0̂ respectively.

LEMMA 3. Let (F, ψ) be a domain over a complex manifold M and (λ, V\

φ') be its meromorphic completion. Then (λ, F', ψ1) is a holomorphic completion of

(V,φ).

Proof Let / be a holomorphic function on F. / has a meromorphic con-

tinuation / ' to U, F', ψ1). Since exp/must be meromorphically continued to

the function exp/ ' on F', / ' must be holomorphic in V.

By the same method as Malgrange [5], who proved the unique existence

of the envelope of holomorphy, we shall prove the unique existence of the

envelope of meromorphy.

LEMMA 4. Let (F, ψ) be a domain over a complex manifold M and 5 = {/,•;

/ e /} be a family of meromorphic functions on V. There exists uniquely an envelope

of meromorphy of (F, ψ) with respect to £y

Proof. Consider an open neighbourhood U of a point a^M. Let (gi)ieι

be a family of meromorphic functions in U indexed by the above /. Let (g'i)i<=i

be another such family defined in a neighbourhood U' of a. If there exists a

neighbourhood W of a such that WczUΠ JJ1 and gi-g\ in W for any ί*e/,

(gi)ieι and (gi)im are identified. In this manner we shall induce an equivalence

relation in the set of aίl families (gi)ie i of meromorphic functions defined in

an open neighbourhood of a. An equivalence class is denoted by (gi)a and the

set of all classes (gi)a is denoted by $g,fl. Let

%= U %*.
ug=Λ

We shall define a mapping p of % in M by putting p{x) = a for # = (gϊ)Λe % .

We can induce on ®% a sheaf structure as usual such that ($g, p) is an open

set over M. If we define a mapping 0 of F in $g by putting
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for flG F, Φ is a mapping of (V, ψ) in ($g, />). The connected component of

the complex manifold $g containing the connected open set ψ{V) is denoted

by Ϋ%. We put

We shall define a meromorphic function f on V% for any i e / so as the germ

defined by fi at x = (gi)a& Fg> defined by a family of meromorphic functions

(gdi^i in a neighbourhood of α, coincides with the germ defined by gi°ψ% at x.

For # e ^ ( F ) , we have

for ύ ε 7 . Therefore we have

fi=fi*Φ

for any / e / . Hence// is a meromorphic continuation of// to (0, Fg, f) for

any / e / . This means that (φy Fg, ψ%) is a meromorphic completion of (F, f)

with respect to fy.

Let (A, F', f ) be another meromorphic completion of (F, ̂ ) with respect

to 5- Let // be any meromorphic function of g\ There exists a meromorphic

function /,' on V with fi-fi°λ. If we define a mapping φ1 of F' in ί?g by

putting

Φ'{a) = {f'io<fΓi)ψf(a)

for any flε F', '̂ ' is a mapping of (F' , f ) in-(ffg9 p). Since Fy is connected

and ψ^ciφ'iV1), we have

Therefore φ1 is a mapping of (F'». fO in (Fg, f§) too. Moreover we have

Φ = ψ'°λ and

for any / e / . Therefore (0, Fg, ̂ ^) is an envelope of meromorphy of (F, ^)

with respect to 5-

Now let (I, F, ψ) and (I', F ;, ψ0 be envelopes of meromorphy of (F, y)

with respect to gf. There exist, respectively, a mapping 0 of (F, 5) in (^', ψ)

and a mapping 0; of {Vf, ψ1) in (F, ϊ ) such that
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From the theorem of identity ψ'°ψ and φ°ψt are, respectively/identities of V

and F'. Hence ψ is biholomorphic. In this sense the envelope of meromorphy

of (F, ψ) with respect to g exists uniquely.

§ 3. Pseudoconvexity of an envelope of meromorphy

LEMMA 5. Let (V, ψ) be a domain over an n dimensional Stein manifold 5,

5.= (ft I i^ I) be a family of meromorphic functions on V and (7g, Fg, fg) be

the envelope of meromorphy of (F* <f) with respect to $. Then (Fg, <f%) is p-r

convex in the sense of Docquier-Grauert [2] and, therefore, V% is a Stein manifold.

Proof. We may suppose that n>2. We put

B={z=(zi, z2,... ,zn) Uil^i, U 2 K i , . . :;\zn\<D

and

δD={z Uil = l, z^D).

Consider a continuous mapping ψ of the closure Z5 of D in Fg U BV% with the

following properties:

2)

3) ψ%°ψ can be continued to a biholomorphic mapping ξ of a neighbourhood

of D in S.

From 3) £ is a biholomorphic mapping of B* in S for 0<ε^e' where

Bξ= {z 1.̂ 1 < l + e, U 2 | < l + e, . ... , | 2 Λ | < l + e}

and o is a suitable positive number. If we put Ge-ξ(Bs)f φ-% maps φ%{GB)

biholomorphically on the subdomain Gε of S for 0<εge'. From l) and 2) ψ

can be regarded as a biholomorphic mapping of Gf in Fg for 0<e^e" where

Cε=£>U {z I l - ε < U ; | < l + ε, U 2 |<l-hε, . . . , U « | < l + β}

and e" is a suitable positive number.

Now let fi be any meromorphic function of $ and fi be its meromorphic

continuation to (Ig, Fg, ̂ g). Theh^1/=y; b 0 is meromorphic not only in D but

also in Cε for 0<ε^£ == min (ε', ε"). Lemma 4 means that Bξ is a meromorphic

completion of Cε. Therefore there exists a meromorphic contination #, of gv
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to B*. We shall consider the sum space V%UBS. We shall identify a point

x e V% and a point y^Bδ if

We can put a complex structure on the quotient space F' of V% U i?δ by the

equivalence relation induced by the above identification. The holomorphic

mappings ψ and ξ induce naturally a local biholomorphic mapping ψf of V in

S. The natural injection Fg -^VgUft induces a biholomorphic mapping / of

Ϋ% in F'. ί is a mapping of (Fg, φ%) in (F'> ^ ') . Since (/oXgf F', ^') is a

meromorphic completion of (F, ^) with respect to £y and since (Λg, F$, 5g)

is the envelope of meromorphy of (V, ψ) with respect to 5> there exists a

mapping y of (F', ψ1) in (Fg, ^g) such that Ig=i°/°Xg. From the theorem

of identity j°i is the identity of Fg. The natural injection J5δ-> Fg U i^ induces

a biholomorphic mapping ψ' of J5δ in V1. It holds that

φ1 = ί°0

in DrnBu. Therefore we have

in Zλ Hence we have

as ψf(D)ξiVf. Thus we have proved that (Fg, f g) is />7-convex in the sense

of Docquier-Grauert [2]. Of course Fg is a Stein manifold from [2].

§ 4. Main results

Let (F, f) be a domain over a complex manifold M and/be a meromorphic

(or holomorphic) function on F. The envelope (1/, F/, <?/) of meromorphy

(or holomorphy) of (F, f) with respect to the family consisting of only / is

called the domain of meromorphy (or holomorphy) of f. A domain over M is

called a domain of meromorphy (or holomorphy) if it is a domain of meromorphy

of a meromorphic (or holomorphic) function on a domain over M.

PROPOSITION 1. Let (F, ψ) be a domain over a Stein manifold S? Then V

is of weak Poincarέ type.

Proof. Let / be a meromorphic function on F and (I/, F/, ?/) be the

domain of meromorphy of /. There exists a meromorphic continuation 7 oίf
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to (I/, V/, <ff). From Lemma 5 V/ is a Stein manifold, which is of weak

Poincare type from Hitotumatu-Kδta C3]. There exist holomorphic functions

g and h on F/ such that f-glTί on Fg. If we put g^g0!/ and h = h°7/f g

and h are holomorphic functions on V such that f=g/h on F

If we put

S is a non compact holomorphically convex complex manifold which is not of

weak Poincare type. The authors do not know whether there exists a holo-

morphically convex complex manifold which is obtained by a proper modifica-

tion of a Stein space and a domain over which is not of weak Poincare type.

We shall prove the converse of Lemma 3 for domains over a Stein manifold.

PROPOSITION 2. Let (F, ψ) be a domain over a Stein manifold S and (λ, F', ψ')

be its holomorphic completion. Then (λ, V, ψ1) is a meromorphic completion of

(V, φ).

Proof. Let / be a meromorphic function on F. From Proposition 1 there

exist holomorphic functions g and h on F such that f-glh on F. There exist

holomorphic continuations g1 and h1 of g and h to (λ, F', ψf) respectively.

Then f'=*gf/h' is a meromorphic continuation of / to (λ, F', <ff).

COROLLARY. Let (F, ψ) be a domain over a Stein manifold. Then (A, F', ψ1)

is a holomorphic completion of (F, ψ) if and only if it is a meromorphic completion

of (F, φ).

As a special case of the above Corollary we have the following Proposition.

PROPOSITION 3 Let (F, ψ) be a domain over a Stein manifold S. Then the

envelope (X®, F$, φ$) of meromorphy of (F, ψ) coincides with the envelope ( IQ,

°f holomorphy of (F, ψ).

Proof. From Lemma 3 and Proposition 2 there exist, respectively, a map-

ping ψ of (Kg, f •>?) in (ΐ?Ό, fc ) and a mapping </>' of (PΌ, fo) in (F®> φ%)

such that λ^ψ°λ' and λ1 = ψ'°λ. From the theorem of identity 0'°^ and ^ ΰ 0 '

are, respectively, identities of F® and V&. Hence 0 is a biholomorphic map-

ping of Ϋ® in Vo. In this sense (If, F^, 5g) coincides with (Xo, Fo, ^ D ) .

THEOREM. L^ {V, ψ) be a domain over a Stein manifold S. Then the following
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assertions are equivalent:

1) (V, φ) is an envelope of meromorphy with respect to a family of meromorphic

functions on a domain over S.

2) (V, ψ) is a domain of meromorphy.

3) (V, ψ) is domain of holomorphy.

4) V is holomorphically convex.

Proof From Lemma 5 l) implies 4). Ouite similarly as in the proof

of Lemma 5, 4) follows from 3) by Docquier-Grauert [2]. If V is holomor-

phically convex, (F, ψ) is a domain of meromorphy of a holomorphic function

on V from Cartan-Thullen [1]. A domain of meromorphy of a meromorphic

function is an envelope of meromorphy with respect to the family consisting

of only /.

Roughly speaking, the theory of domains of meromorphy over a Stein manifold

coincides almost with the theory of domains of holomorphy over CΛ.
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