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Abstract

This paper contributes to the regular covers of a complete bipartite graph minus a matching, denoted
K, » — nK,, whose fiber-preserving automorphism group acts 2-arc-transitively. All such covers, when
the covering transformation group K is either cyclic or Zf, with p a prime, have been determined in
Xu and Du [ 2-arc-transitive cyclic covers of K,,,, — nK»’, J. Algebraic Combin. 39 (2014), 883-902] and
Xu et al. [‘2-arc-transitive regular covers of K, , — nK, with the covering transformation group Zﬁ’, Ars.
Math. Contemp. 10 (2016), 269-280]. Finally, this paper gives a classification of all such covers for
K =Z; with p a prime.
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1. Introduction

Throughout this paper graphs are finite, simple and undirected. For the group- and
graph-theoretic terminology we refer the reader to [18, 20]. For a graph X, let V(X),
E(X), A(X) and Aut X denote the vertex set, edge set, arc set and the full automorphism
group of X, respectively. An edge and an arc of X are denoted by {u, v} and (u,v),
respectively. An s-arc of X is a sequence (vg,Vvi,...,vs) of s+ 1 vertices such
that (v;, viy1) € A(Y) and v; # vi;o, and X is said to be 2-arc-transitive if Aut X acts
transitively on the set of 2-arcs of X.

Let X be a graph and let # be a partition of V(X) into disjoint sets of equal
cardinality m. The quotient graph Y := X/ is the graph with vertex set £ and two
vertices P and P, of Y are adjacent if there is at least one edge between a vertex of
P, and a vertex of P, in X. We say that X is an m-fold cover of Y if the edge set
between P; and P; in X is a matching whenever P, P, € E(Y). In this case Y is called
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the base graph of X and the sets P; are called the fibers of X. An automorphism of
X which maps a fiber to a fiber is said to be fiber-preserving. The subgroup K of all
those automorphisms of X which fix each of the fibers setwise is called the covering
transformation group. It is easy to see that if X is connected, then the action of K
on the fibers of X is necessarily semiregular, that is, K, = 1 for each v € V(X). In
particular, if this action is regular, we say that X is a regular cover of Y.

By [28, Theorem 4.1], the class of finite 2-arc-transitive graphs X can be divided
into the following three subclasses:

(1) quasiprimitive type: every nontrivial normal subgroup of Aut X acts transitively
on vertices;

(2) bipartite type: every nontrivial normal subgroup of Aut X has at most two orbits
on vertices and at least one of them has two orbits on vertices;

(3) covering type: there exists a normal subgroup of Aut X having at least three
orbits on vertices and thus X is a regular cover of some graph in cases (1) or (2).

During the past twenty years, a lot of results regarding the primitive, quasiprimitive
and bipartite 2-arc-transitive graphs have appeared; see [12, 13, 21-23, 28, 29].
However, very few results concerning the 2-arc-transitive covers are known, except
for some covers of graphs with small valency and small order. The first worthy class
of graphs to be studied might be complete graphs. In [10], a classification of covers
of complete graphs is given, whose fiber-preserving automorphism group acts 2-arc-
transitively and whose covering transformation group is either cyclic or Zf, with p a
prime, and it is generalized in [8] to the covering transformation group Z;, with p a
prime. In [32], the same problem as in [10] and [8] is considered, where the covering
transformation group is a metacyclic group, which is by definition an extension of one
cyclic group by another.

As for covers of bipartite type, in [31] and [33], all regular covers of a
complete bipartite graph minus a matching K, , — nK, were classified, whose covering
transformation group is cyclic or ZIZJ with p a prime, and whose fiber-preserving
automorphism group acts 2-arc-transitively. In this paper, we shall extend the covering
transformation group to Zf, with p a prime. Interestingly, we find several new covers
of K,,, — nK,. For further reading on the topic of covers, see [5, 6, 9, 14-16, 26].

A combinatorial description of a covering is introduced through a voltage graph, in
the next section. Before stating the main theorem, we first introduce several families
of covers ¥ Xy K of Y := K,, , — nK, with the covering transformation group K = Zf,
for a prime p and a voltage assignment f, where

Vi) ={,i'|1<i<n}, EX)={{i,j}i#jijeV@)}

and K is identified with the additive group of the three-dimensional vector space
V(3, p) over F,,.
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(1) n=4and X (4, p) =Y X; K, where

fizr = fiz = fiw = for = for = for = far =(0,0,0),
f3 =(1,0,0), far=1(0,1,0), fi =(0,0,1),
faz =(0,1,-1), f3o =(=1,1,0).
(2) n=35,p=+x1mod10and X»(5, p) =Y Xy K, where

fl,2’ = (09 2t9 1- Zt)’ f1,3’ = (Zt’ I- 2t9 0)’ f1,4' = (1 - 2t, 0’ 2t)a
fl,S’ = (_13 _19 _1)’ .f2,3' = (1 - Zt’ 09 _21)’ f2,4' = (Zt’ 2t - 1’0)3
Ly =CELLD,  fi4=0,-2t,1-21), fis=(1,1,-1),

1++V5
1 e]Fp.

fas =(L=L1), fiy=fr; fori,je(1,2,3,4,5), wherer=
n=p=>5and X»(5,5) =Y X, K, where

f1,2' = (0’ _1’0)’ f1,3’ = (3’ _1’2)7 f1,4’ = (2737 _1)’ f1,5’ = (0’ 1,2),
f2,3' = (0’ _173)3 f2,4’ = (33 Os 1)9 f2,5’ = (29 29 _1)a f3,4' = (O’ _19 1)3
f3,5' = (3a 1a2)9 f4,5’ = (09 _1’ _1)9 ﬁ,j’ = ﬁ’,j for iaje {1»29 3,4, 5}

(3) Label V(Y)={i,j |i,jePG(,p)} and EY)={{i,j'}|i,j € V(Y),i # j}.
n=1+p,p>5and X3;(p+1,p) =Y Xy K, where

foo,i’ = fOO',i = (Oa la 2l) and
T
fir=fr= (—ul) forall i # j in F,,
=] t—=j]Jit—=]
n==6,p=>5and X3(6,5) =Y x; K, where

fooit = foori = (=i, =%, %),
fiy =(0,£2,+2(i + j)) for (i — j)* = ¥1, where i, j € Fs.

(4) LetQ =PG(2,2) be the two-dimensional projective space over the field IF,, while
we identify Q with V(3,2) \ {0}. Let ya denote the characteristic function of A,
that is, if ya(i) = 1 fori € A and ya(i) = O for i ¢ A, then the set V = V(Q) of all
characteristic functions ya, where A € P(Q), forms a seven-dimensional vector
space over FF, with the rule: (aya + bxr)(i) = axa(i) + byr(@) for any a,b € F,
and ya, xr € V(Q). Clearly, a natural basis for V(Q) is the set of characteristic
functions y; for all i € Q. Note that a one-dimensional subspace of PG(2,2) can
be written as {i, j, i + j} for all i # j in Q, while a two-dimensional subspace
of PG(2,2) can be written as {i, j,k,i+ j, j+ k,k+i,i+ j+ k} for any three
distinct elements i, j,k in Q. Let V| and V, be the subspaces of V generated
by the characteristic functions of all one-dimensional subspaces and of all two-
dimensional subspaces of PG(2, 2), respectively.

Let Y = Kgg — 8Kj, where V(Y) ={i,j |i,je V(3,2)}, EY)={{i,j}|i, ] €
V(Y),i # j}, and let K be the corresponding additive group of V;/V,.
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We have n = 8, p =2 and X4(8,2) = Y Xy K, where
Joj = 0:=V, and Jii = Xiijivy = Xtijivjy + V2 forall i # jin Q.

Now we are ready to state the main result of this paper, which will be proved in
Section 3.

TueoreM 1.1. Let X be a connected regular cover of K,, —nK, (n>3), whose
covering transformation group K is isomorphic to Zz with p a prime and whose fiber-
preserving automorphism group acts 2-arc-transitively. Then one of the following
holds:

(1) n=4and X = X4, p);

2) n=5and X = X»(5, p) for p = 1 mod 10, or X»,(5,5) for p =5;
(B) n=p+1z6and X =X51(p+1,p)forp=5, or X35(6,5) for p=15;
@) n=8and X = X4(8,2) for p =2.

2. Preliminaries

In this section we introduce some preliminary results needed in Section 3.

To describe a covering graph, we need the following definition. A combinatorial
description of a covering was introduced through a voltage graph by Gross and
Tucker [17, 18]. Let Y be a graph and K a finite group. A voltage assignment (or
K-voltage assignment) of the graph Y is a function f : A(Y) — K with the property
that f(u,v) = f(v, u)~! for each (u,v) € A(Y). For convenience, we denote f(u,v) by
Juv- The values of f are called voltages and K is called the voltage group. The derived
graph Y Xy K from a voltage assignment f has its vertex set V(Y) X K and its edge
set E(Y) x K, so that an edge (e, g) of Y Xy K joins a vertex (u,g) to (v, f,.g) for
(u,v) € A(Y) and g € K, where e = {u,v}. Clearly, the graph ¥ X, K is a covering of
the graph Y with the first coordinate projection p : ¥ Xy K — Y, which is called the
natural projection. For each u € V(Y), {(u, g) | g € K} is a fiber of u. Moreover, by
defining (u, g")% := (u, g’'g) for any g € K and (u, g’) € V(Y X; K), K can be identified
with a subgroup of Aut(Y Xy K) fixing each fiber setwise and acting regularly on each
fiber. Therefore, p can be viewed as a K-covering. Conversely, each connected regular
cover X of Y with the covering transformation group K can be described by a derived
graph Y Xy K from some voltage assignment f. Given a spanning tree T of the graph
Y, a voltage assignment f is said to be T-reduced if the voltages on the tree arcs are
the identity. Gross and Tucker [17] showed that every regular cover X of a graph Y
can be derived from a T-reduced voltage assignment f with respect to an arbitrary
fixed spanning tree T of Y. Moreover, the voltage assignment f naturally extends to
walks in Y. For any walk W of Y, let fy denote the voltage of W. Finally, we say that
an automorphism « of Y lifts to an automorphism a of X if ap = pa, where p is the
covering projection from X to Y.

The first proposition is related to a lifting criterion of an automorphism of a base
graph with respect to a voltage assignment.
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Prorosition 2.1 [25, Corollary 4.3]. Let Y be a connected graph and let X be a cover
of Y derived from a voltage assignment f. Then an automorphism « of Y can be lifted
to an automorphism of X if and only if, for each closed walk W in Y, we have that
fwe = 1implies fy = 1.

Let G be a finite group and H a proper subgroup of G, and let D = D! be
an inverse-closed union of some double cosets of H in G — H. Then the coset
graph X = X(G; H, D) is defined by taking V(X) = {Hg | g € G} as the vertex set and
EX)={{Hg,Hgy} | gzgl‘1 € D} as the edge set. By the definition, the order of V(X)
is the number of left cosets of H in G and its valency is the number of left cosets
of H in D. It follows that the group G in its coset action by right multiplication on
V(X) is transitive, and the kernel of this representation of G is the intersection of all
the conjugates of H in G. If this kernel is trivial, then we say that the subgroup H
is core-free. In particular, if H = 1, then we get a Cayley graph. Conversely, each
vertex-transitive graph is isomorphic to a coset graph (see [24]).

Let G be a group, let L and R be subgroups of G and let D be a union of double
cosets of R and L in G, namely, D = | J; Rd;L. By [G : L] and [G : R], we denote the sets
of cosets G relative to L and R, respectively. Define a bipartite graph X = B(G, L, R; D)
with bipartition V(X) =[G : L] U [G : R] and edge set E(X) = {{Lg, Rdg}| g € G,
d € D}. This graph is called the bicoset graph of G with respect to L, R and D
(see [11]).

ProprosiTioN 2.2 [11, Lemmas 2.3 and 2.4].

(i)  The bicoset graph X = B(G, L, R; D) is connected if and only if G is generated
by elements of D' D.

(i1) Let Y be a bipartite graph with bipartition V(Y) = U(Y) U W(Y), let G be a
subgroup of Aut(Y) acting transitively on both U and W, let u € U(Y) and
w e W(Y)and set D = {g € G | w® € Y (u)}, where Y(u) is the neighborhood of u.
Then D is a union of double cosets of G,, and G, in G, and Y = B(G, G,,G,,; D).
In particular, if {u,w} € E(Y) and G, acts transitively on its neighbor, then
D =G,G,.

The following result may be deduced from the classification of doubly transitive
groups (see [3] and [4, Corollary 8.3]).

ProposiTioN 2.3. Let G be a 3-transitive permutation group of degree at least four.
Then one of the following occurs:

i) G=S8y4

(i) soc(G) is 4-transitive;

(ii1) soc(G) = My, or As, which are 3-transitive but not 4-transitive;

(iv) PSL(2, q) < G < PTL(2, q), where the projective special linear group PSL(2, q)
is the socle of G which does not act 3-transitively, and G acts on the projective
geometry PG(1, q) in a natural way, having degree q + 1 with g > 5 an odd prime
power;
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(v) G = AGL(m,2) withm > 3; or
(vi) G = Z;‘ =~ A7 < AGL4,2).

The next two propositions deal with two basic group-theoretic results.

Prorosition 2.4 [20, Satz 4.5]. Let H be a subgroup of a group G. Then Cg(H) is
a normal subgroup of Ng(H) and the quotient Ng(H)/Cg(H) is isomorphic with a
subgroup of Aut H.

ProrosiTion 2.5 [20, Satz 17.4]. Let G be a finite group. Let A and B be two subgroups
of G such that A is abelian normal in G, A< B <G and (|A|,|G: B)=1. IfA has a
complement in B, then A has a complement in G.

The following result may be deduced from Bloom’s determination of the subgroups
of PSL(3, ¢) in [1].

ProposiTION 2.6. Let G = GL(3, p) for an odd prime p. Then:

(1) any nontrivial subgroup H of G which does not contain an elementary abelian
normal subgroup of order > 2 is isomorphic to one of the following groups:

(i)  PSL(2,5) with p = £1 mod 10;
(i) PSL(2,7) with p> =1 mod 7;
@iii)) PSL(2, p) for p = 5; or

@iv) PGL(2, p)for p = 5.

Moreover, G has exactly one conjugacy class of subgroups isomorphic to each
subgroup H listed in (i)—(iii);
(2) G contains neither the affine group AGL(m, 2) for m > 3 nor Z‘zl > A7,

The next proposition shows a property of PSL(2,7) acting on the vector space
V3, p).

ProposiTion 2.7 [8, Lemmas 2.7 and 2.8]. Let p be an odd prime and p* = 1 mod 7 or
p =1. Then, as a subgroup of GL(3, p), PSL(2,7) has no orbits of length seven in its
action on the space V(3, p).

For a group G, we let G’ denote the commutator subgroup of G. Recall that a group
G is an extension of N by H if G has a normal subgroup N such that the quotient group
G/N is isomorphic to H. In particular, G is a proper central extension of N by H if
N < Z(G) N G’ is a central subgroup. Such central subgroups are all quotients of a
largest group, called the Schur multiplier Mult(G) of G.

ProrosiTion 2.8 [7, page xv]. The Schur multiplier of the simple group PSL(2, q) is Z;
for q #9, and Zg for g = 9.

The next result is a simple observation and it was first mentioned in [9].
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Prorosition 2.9 [9, Lemma 2.5]. Let Y be a graph and let B be a set of cycles of Y
spanning the cycle space Cy of Y. If X is a cover of Y given by a voltage assignment f
for which each C € B vanishes, then X is disconnected.

The following proposition may be extracted from [33].

PropositioN 2.10. Let X be a connected regular cover of K,,, —nK, (n > 3), whose
. . . . . 2 . .

covering transformation group K is isomorphic to Z,, with p a prime and whose fiber-

preserving automorphism group acts 2-arc-transitively. Then X exists if and only if

n=4

3. Proof of Theorem 1.1

To prove Theorem 1.1, let U ={1,2,...,n} and W ={1",2,...,n"}. Set Y =
K,n —nK; (n > 3) with the vertex set V(Y) = U U W and the edge set E(Y) = {{i, j'} |
i+ ji,j=1,2,...,n}. Let X be a cover of Y with covering projection f : X — Y and
covering transformation group K = V*(3, p), the additive group of V(3, p).

Suppose that n = 3. Then Y is a circle and there is only one cotree arc. Since
X is assumed to be connected, all voltages assigned to the cotree arcs in Y should
generate K. It means that K is a cyclic group, which is a contradiction. Therefore, we
assume that n > 4.

Let A be a 2-arc-transitive group of automorphisms of the base graph Y and let G =
Ay = Ayw. Let A and G be the respective lifts of A and G. Clearly, Aut(Y) =S, X (o),
where o is the involution exchanging every pair i and i’

Since A acts 2-arc-transitively on Y, G has a faithful 3-transitive representation
on both U and W, so that G should be one of the 3-transitive groups listed in
Proposition 2.3. Moreover, for the case n =4, it has been proved in [30] that
X = X1(4, p). So, we need to consider the following remaining cases in four separate
subsections:

(1) either soc(G) is 4-transitive or soc(G) = M»;, and it will be proved in Section 3.1
that the covering graph X does not exist;

(2) n =75 and soc(G) = As, and it will be proved in Section 3.2 that X = X;,(5, p) or
X»(5,5);

(3) n =6 and soc(G) = PSL(2, g) with g > 5, and it will be proved in Section 3.3 that
X =X31(p+ 1, p) or X32(6,5);

(4) G is of affine type and it will be proved in Section 3.4 that X = X4(8, 2).

3.1. Either soc(G) is 4-transitive or soc(G) = M>;.

Lemma 3.1. There exist no regular covers X of K, , — nK,, whose fiber-preserving
automorphism group acts 2-arc-transitively and whose covering transformation group
is isomorphic to Z;’, with p a prime, provided either soc(G) acts 4-transitively on two
biparts or soc(G) = My,.
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Proor. Suppose that G has a nonabelian simple socle T := soc(G) which is either
4-transitive or isomorphic to M,,. Let T be the lift of 7', so that 7/K = T. In view of
Proposition 2.4,

(T/K)/(C(K)/K) = T/C#(K) < Aut(K) = GL(3, p). 3.1

Since C+(K)/K > T/K and T/K is simple, we get C=(K)/K = 1 or T/K. If the first
case happens, then (3.1) implies that GL(3, p) contains a nonabelian simple subgroup
which is either 4-transitive or isomorphic to My,. This contradicts Proposition 2.6.
Thus, C#(K) = T, that is, K < Z(T). Let Z, = K, < K. Since K < Z(T), it follows that
K = T. Consider the quotient graph Z induced by the normal subgroup K;. Then Z
isa Zf,—cover of the base graph Y. However, by Proposition 2.10, there exists no such
cover. This completes our proof of this lemma. O

3.2. n =5 and soc(G) = As. Suppose that n =5 and soc(G) = As, so that ¥ =
K55 — 5K,. Since G is isomorphic to either As or S5 and since As is a 3-transitive
group of degree five, it suffices to find all the covers for which As lifts. Suppose
that G = A5 and let G be the lift of G, that is, 5/1( = G. As As is simple, we have
C&z(K)/K =1 or As. For the case Cz(K)/K = As, which means that K < Z(E), with
the same arguments as Lemma 3.1, one may get that there exist no connected covers
occurring. Therefore, Cz(K) = K. Moreover, it follows from Proposition 2.4 that

As = G/K = G/C5(K) < Aut(K) = GL(3, p).

So, by Proposition 2.6, we have either p = £1 mod 10 or p = 5. In what follows, we
deal with these two cases in Lemmas 3.2 and 3.3 separately.

Lemma 3.2. If p = £1 mod 10, then X = X5,(5, p).

Proor. Let F be a fiber and take a vertex ve F. Then 5F = K > 5~ Since
(IG GFI K))=(5,p%) =1 and K is an abellan normal subgroup ofG by Proposition
2.5, K has a complement in G, say T. Thus, G =K =T, where T = As.

Let K = V*(3, p). By [1, Lemma 6.4], GL(3, p) has only one conjugacy class of
subgroups isomorphic to As, for p = +£1 mod 10, given as follows:

1 0 0 010
a1 =(12)3H —a=[0 -1 0|, ;=238 r—c=|0 0 1|,
0 0 -1 1 00

1
-2 -t

xi=QB4S)—x=|t-1 ¢+ -
1

! )

where t = ((1 + \/5)/4) € IF; and multiplication in As is chosen from right to left (for

example, (123)(234) = (12)(34) but not (13)(24)). For any k = (x,y,z) € K and any
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matrix g € T, we may write k% := (x, y, 7)g. Moreover, under this isomorphism,

dy = (15)(24) = (345)(14)(23)(354) +— d = —% t— % -t |,

-1 0 0
by = (13)(24) = (234)(12)(34)(243) — b = [ 0 -1 o].
0 0 1

Acting on V(Y) = U U W, where U ={1,2,3,4,5} and W ={1",2",3",4",5"}, let
H :={a,b) = {c) = A4 be the point stabilizer for the vertex 5 € U and so the other
vertices in U \ {5} correspond to the cosets {Hd, Hda, Hdb, Hdab}. Then we carry
out the proof by the following four steps.

Step 1. Determination of the point stabilizers G _

Taking u € f~!(5), the fiber over 5, we have Ay =Gz < K~ H = Zf, = A4. Since
p = =1 mod 10, p cannot be 2 or 3. Thus, K is a normal n-Hall subgroup of K =< H.
So, by the Schur—Zassenhaus theorem, we get that the subgroups of K < H which
are isomorphic to H are all conjugate. Therefore, one may set L := Gy = H and
R :=Gy = H, where w’ € f~1(5").

Step 2. Determination of the bicoset graphs of G relative to L and R.
Now, by Proposition 2.2, our graph X is isomorphic to a bicoset graph
X" =B(G, L,R; D), where D = Rdk,L for k| € K, with two biparts:
(G : L] = {Lk, Ldk, Ldak, Ldbk, Ldabk | k € K},
[G : R] = {Rk, Rdk, Rdak, Rdbk, Rdabk | k € K}.

Since the length of the orbit of L containing the vertex Rdk; is four, the element ¢
should fix the vertex Rdk;, that is,

Rdk, = Rdkyc = Rdkc(dky)™'dky = R (kSky" ) dk,
= R (Kk M dky = RSk, Y dky,
which forces k{ = k;. This in turn gives k; = (x, x, x) for some x € ]F;.

Step 3. Show that X" = X»,(5, p).
Since the neighbor of L corresponds to the bicoset D = Rdk;L, the vertex L is
adjacent to

{Rd(x, x, x), Rda(x, —x, —x), Rdb(—x, —x, x), Rdab(—x, x, —x)}.
Therefore, the neighbors of Ld, Lda, Ldb and Ldab are, respectively,

{R(—x, —x,—x),Rda(0, 2tx, (1 — 2t)x), Rdb(2tx, (1 — 2t)x,0), Rdab((1 — 2t)x, 0, 2tx)},
{R(—x, x, x), Rdb((1 — 2t)x, 0, —2tx), Rdab(2tx, (2t — 1)x,0), Rd(0, —2tx, (2t — 1)x)},
{R(x, x, —x), Rda((2t — 1)x, 0, 2tx), Rdab(0, —2tx, (1 — 2t)x), Rd(—2tx, 2t — 1)x, 0)}
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and
{R(x, —x, x), Rda(=2tx, (1 — 21)x, 0), Rdb(0, 2tx, (2t — 1)x), Rd((2t — 1)x, 0, —21x)}.
Define a map n: V(X’) — V(X31(5, p)) by the rule
n(Lk) = (5,x7'k),  n(Rk) = (5", x"'k),
n(Ldk) = (1, x7'k), n(Rdk) = (1", x"'k),
n(Ldak) = 2,x k), n(Rdak) = (2, x'k),
n(Ldbk) = 3,x"'k), n(Rdbk) = (3’,x"'k) and
n(Ldabk) = (4,x'k), n(Rdabk) = (4, x"'k),
where k € K. It can be checked that X’ = X,(5, p) vian.
Step 4. The connectedness of X»1(5, p). Take three closed walks:
Wy =1,2.,3,4.1, W,=1,3,42,1 W;=14,2731.

Then it is easy to get fw, =(0,0,2(1 —4¢)), fw, =(0,2(1 —41),0) and fw, =
(2(1 — 41),0,0), where ¢ is given as above. Then fy,, fw, and fw, can generate K.
Hence, X»(5, p) is connected.

Finally, in view of the voltage assignment f of X5,(5, p), for o which exchanges
every pair in Y and for any i, j, we have fic jo = fi ; = fi 7. Thus, fyo = fi for any
closed walk W. So, by Proposition 2.1, o lifts. O

Lemma 3.3. If p =5, then X = X5, (5, 5).

Proor. Suppose that n = p = 5. By [1, Lemma 6.3], GL(3, 5) has only one conjugacy
class of subgroups isomorphic to PSL(2, 5) given as follows:

r 2rs 257
(,02(’; ‘s})|—>(rv—st)_1 rt  rv+st 2sv].
In particular,
VPRI 1 2 2 0 0 2
a:((l) })I—)cZ: 0 1 2|, E:(_Ol 1)._>b= 0 -1 0],
0 0 1 30 0

/2 tv v
-1 0 O B T 1 2 2
0 1 0], d:( )|—>d:2 0 1]1.

(=]

23 2 1 -1

Acting on V(Y) =U U W, where U ={1,2,3,4,5} and W = {1",2/,3",4",5'}, let
H := (b, c) = {(d) = A4 correspond to the vertex 1 € U and the other vertices in U \ {1}
correspond to the cosets {Ha, gaz, Ha’, Ha*}. Takewe F:= f'(1)and W € F’ :=
f71(1"). Let L := Gy and R := Gy, and the two biparts in the bicoset graph are

[G:L]={Ldk|i€Zs,ke K} and [G:R]={Rd'k|i€Zs keK).
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Then we carry out the proof by the following six steps.

Step 1. Show that K has no complement in G.

On the contrary, assume that G = K < T, where T = PSL(2, 5). Since Gp = GF/ =
K~ H = Zg > A4 and there is only one conjugacy class of A4 in K < H, we may set
L:= 5; =Hand R := 5; =H. Then X =X’ = B(G, L,R; D), where D = Rak, L for
some k| € K \ {0}, noting that R = L = H.

As the length of the orbit of L containing the vertex Rak, is four, the element d
should fix the vertex Rak;, that is,

Rak, = Rakd = Rakyd(ak,)""ak, = Rd*" (k%k;")*" aky = ROk aky,

forcing k‘f = ky. This gives k; = (x, x, —x) for some x € Fz.
Now _
(D7'D) = (I(ak))"'Rak L) = (b, c,d, b™, ¢, d"™y = G

By computation, one may get ¢**'d“*'b = ak, and so ak; € (D™'D). Thus, (D™'D) =
(b,d, ak,). Moreover, we have d = (ak,)b(ak,)*b(ak,)?, which means that (D~'D) =
(b, aky). Since (ak;)’ = b* = (akib)® = 1, it follows that (D! D) = A5 < G and thus, by
Proposition 2.2, X’ is disconnected.

Step 2. Determination of the defining relations of G. _
Now assume that K has no complement in G. Then our group G = {ay, b1, x1,y1,21)
has the following defining relations:

=man,bﬁwnap,<mmf=u4zb X' = Xy,

a 2 a b 2 4 b 3
Y1 = Y13y le =z1, x1 =21, yl _yl,le X1s

where i, j, [ € Fs and x; = (1,0,0), y; =(0,1,0), z; =(0,0,1) € K. If i =0, then
(|(~?: K > (ay)],|K]) = (12,5°%) = 1; Proposition 2.5 implies that K has a complement in
5, which contradicts our assumption. Hence, i # 0.

Set H :={(a, b, x,y, z), which has the following defining relations:

@ =(0,0,1), b =1, (aby =120, x" = xy’7,
Y=y = =2y =yt =
where [ € Fs and x = (1,0,0), y = (0,1,0), 2= (0,0, 1) € K.
Define a map from H to G:
@:am ay(0,1, )b bi(j,0,2)), x> xi,y - ¥,z 2.

Then ¢ can be extended to an isomorphism from H to G. Therefore, let G = H.

Step 3. Determination of the point stabilizers Gi.

Since ég is the lift of H = (E, c_l>, where d = aba’ba’, we may set 5; =
(bky, aba*ba’k,) for some ki, k, € K. As (bk))*> =1, we get k; = (ry, s1,3r;) for
some ry, 51 € Fs.
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For the generators a and b, one may get the following relations:
bab =a'ba”', ba'b=aba, ba b= a(bazb)a,
ba*b =a ' (ba*b)a”', ba*ba’h=a"'(ba*b)a”',
ba’ba”?b = a(baSb)a, ba’ba’b = a 'ba*ba’b,
ba2ba*b = a(ba*ba’b) = (ba>ba *b)a™".
Since G = A4 and aba*ba’k, is the lift of d, it follows that
(aba*ba’ky)* = 1.
According to (3.2) and @’ = (0,0, 1),
(aba’ba*)’ = a(ba*ba*ab)a*ba*aba*ba” = ba *(ba*ba*b)a’ba*ba’*
= ba>ba">(ba*ba’b)a* = ba~>ba*ba"*ba
= (a>)’ba*ba > aba3ba = (a)’ba*(bab)a>ba(a™> )b"%ba
— (a—S)b(bab)a—4ba(a—5)ha’3bu = (@ Ya! ba—Sba(a—S)bu’3ba
_ (a—S)b(a—5)ba(a—5)ba’3ba = (2,2,3).

Set kp := (2, 52, 1). It follows from (3.3) that

272 21 232
k;+aba ba*”+(aba”ba~) — (3’ 3’ 2)’

thatis, r, + 5o — 1, = 3.
Lﬁttil’lg k=2s; +2s0 +1,25,351 +252 +31) € K,

[12]

(3.2)

(3.3)

G = k™'\Gak = (b(k™Yokyk, aba?ba®(k™" Y™ kyky = (b, aba®ba’(3,0,0)),

where k| = (51 + 351 + 52 + 26,0, 3(r1 + 351 + 52 + 212)). Moreover,

(bK,aba*ba*(3,0,0))* = (baba*ba*(k;)™"" (3,0,0))* = 1.

(3.4)

By (3.2), one may get (baba’ba®)® = 1. Then, from (3.4), we have ki =(2,0,1). Hence,

we may assume that

L:=Gy=(b(2,0,1),aba’ha*(3,0,0)) and R:=Gy =(b(2,0,1),aba*ba*(3,0,0)),

where Ve f~1(1)and V' € f~(1").

Step 4. Determination of the bicoset graphs B(g, L,R; D) of G.
Set D = Rak; L for some k3 € K and X’ := B(G, L,R; D).

As the length of the orbit of L containing the vertex Rak; is four, the element

aba*ba*(3,0,0) should fix the vertex Raks, that is,
Raks = Raks(aba*ba’*(3,0,0)) = Raksaba*ba*(3,0, 0)(aks) ' ak;
= Ra*baba(k&*" (3,0,00k; )" aks,
= R[(=1,1,1) + (k&2 (3,0,00k; ) ' aks,
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forcing
(=1, 1, 1) + (k&2 (3,0, 00k ) = 0. (3.5)

By (3.5), we get k3 = (x, x — 1, —x) for some x € Fs.
Let D’ = Ra(0, —1, 0)L. Define the map

0: am a(-x,-x,x), b b.

It is easy to check that 6 gives an automorphism of G fixing R and L and maps D to
D’. Then ¢ induces an isomorphism from B(G, L, R; D) to B(G, L, R; D’). Therefore,
we let D = Ra(0, -1, 0)L.

Step 5. Show that X’ = X»,(5,5).
Since the neighbor of L corresponds to the bicoset D = Ra(0, —1,0)L, the vertex L
is adjacent to

{Ra(0,-1,0), Ra*(3,-1,2),Ra*(2,3,—1), Ra*(0, 1, 2)}.
Therefore, the neighbors of La, La®, La® and La* are respectively

{R(0,1,0), Ra*(0,-1,3),Ra*(3,0, 1), Ra*(2,2, - 1)},
(R(2,1,3),Ra(0,1,2),Ra*(0,-1,1),Ra*(3, 1,2)},
{R(3,2,1),Ra(2,0,-1),Ra*(0,1,-1), Ra*(0,-1,-1)} and
{R(0,-1,3),Ra(3,3,1),Ra*(2,-1,3),Ra’(0, 1, 1)}.

Define a map n: V(X’) = V(X1,(5, 5)) by the rule

n(Lk) = (1,k), n(Rk) = (1",k),
n(Lak) = (2,k), n(Rak) = (2',k),
n(La’k) = 3,k), n(Ra’k) = (3',k),
n(La’k) = (4,k), nRa’k) =4 ,k) and
n(La‘k) = (5,k), n(Ra‘k) = (5',k),

where k € K. Then X’ = X»,(5,5) vian.

Step 6. The connectedness of X5,(5, 5).
Take three closed walks in Y:

Wy =1,2.,3,4,1, W,=1,3,42",1, W;=1,4,2,31.

Then fw, = (3,-1,0), fw, =(0,-1,2) and fw, = (1,3, -1). Thus, fw,, fw, and fw, can
generate K, showing the connectedness of X5,(5, 5).
Finally, similarly to Lemma 3.2, o exchanging every pair in Y lifts. O
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3.3. soc(G) = PSL(2,q) withg>S5andn=1+¢g > 6.

Lemma 3.4. Suppose that PSL(2, q) < G < PI'L(2, q), where q is an odd prime power.
Then the following hold.

(1) G =PGL2, p) and A = G X (o), where o is an involution exchanging two
biparts.

2) G=K~T, A=K x (T x (7)), where T is an involution which is a lift of
o and T is the image of one of the following faithful irreducible p-modular
representations ¢ of degree three of PGL(2, p), up to equivalence, either:

r? 2rs 252

ru rv+ su 2sv]; or
u*/2 uy V2
(i) p=5:¢:gr de(®)?"0i(3), 3 € PGL2, p).

Proor. (1) Let G be the lift of G, so that G/K = G, where PSL(2, ¢) < G < PTL(2, ¢).
Since Cz(K)/K is normal in 5/1( and soc(a/K) =~ PSL(2, g), we deduce that
Cs(K)/K =1 or PSL(2,q) < Cz(K)/K. If the latter case happens, then, with the
same arguments as Lemma 3.1, one may get that there exist no covers occurring. So,
Cz(K) =K.

Since PSL(2, ¢) < G/K = G/C&(K) < Aut(K) = GL(3, p), it follows from
Proposition 2.6 that ¢ = p and G = PGL(2, p). Moreover, A = G X (o), where o is
an involution exchanging two biparts.

(1) pZS:gol:(; i)H(rv—su)]

(2) In what follows, we identify V(Y) with two copies of the projective line
PG(1, p). Let F be a fiber over oo and pick u € F. Then Ap = K Az, Since K
is an abelian normal subgroup of A and (K], IZ: XFI) = (p*,2(1 + p)) = 1, it follows
from Proposition 2.5 that K has a complement in A, which is of course isomorphic
to PGL(2, p) X Z,. Therefore, we may set G = K =T, where T is the image of
one of faithful irreducible p-modular representations ¢ of degree three of PGL(2, p).
Consequently, A=K (T x (1)) for an involution 7 which is a lift of o.

By [1, Lemma 6.3], the map ¢ in (2)(i) of the present lemma gives an irreducible
p-modular representation of degree three of PGL(2, p). Clearly, ¢, is another such
representation, which is inequivalent to ¢;.

In view of Proposition 2.6, all the subgroups isomorphic to PSL(2, p) (respectively
PGL(2, p)) contained in SL(3, p) form a conjugacy class of GL(3, p), given by ¢y,
noting that ¢;(g) = ¢2(g) for any g € PSL(2, p).

Let ¢ be any irreducible p-modular representation of degree three of 7, where ¢(T")
is not contained in SL(3, p). Then we show that ¢ is equivalent to ;.

Take an involution b € PGL(2, p) \ PSL(2, p). Then ¢(PSL(2, p)) < SL(3, p) and
@(b) € GL(3, p) \ SL(3, p). Now det(p(b)) = —1. Let e=| —1,-1,—1| be the
central involution of GL(3, p). Then e<p(5) < SL(3, p), so that (¢(PSL(2, p)), ego(Z)) <
SL(3, p). Since all the subgroups isomorphic to PGL(2, p) contained in SL(3, p) are
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conjugate in GL(3, p), there exists a g € GL(3, p) such that (@(PSL(2, p)), ep(b)) =
©1(PGL(2, p))8. Then

@(PSL(2, p) = ¢1(PSL(2, p))* and  ew(b) = 1 ()",
for some involution x € PGL(2, p) \ PSL(2, p), that is, go(Z) =e(p1(X))® = (—p1(x))% =

©2(x)%. Now
©(PGL(Z2, p)) = (¢(PSL(2, p)), ¢(]))

= (p1(PSL(2, p))*, p2(X)*)

= (p2(PSL(2, p)), ¢2(X))*

= p2(PGL(2, p))*.
Therefore, up to equivalence, ¢; and ¢, are all irreducible p-modular representations
of degree three of PGL(2, p). O

Form=1,2, let

S = @u(PSL(2, p))s Ty = @u(PGL(2,p)), Gu=KxT, and A, =G, (7),

where the operation between K and 7 is yet to be determined. Then both 51 and 52
are subgroups of AGL(3, p) and G; N G, = K < §. Again, K = V*(3, p). However, we
adopt a multiplication notation for K when considering K as a subgroup of G;.

In PGL(2, p), set

Lot (6 0 (0 -1
o 1) ““lo 1) &7\ o)

where F;; =(0), and set H| = (t1, a;).

Let PG(1, p) = {e0,0,1,..., p — 1} be the projective line over FF,, where we identify
{(0, 1)) and {(1, £)) with co and ¢, respectively. Then H; fixes co € PG(1, p) and t’i maps
¢ into € + i. Furthermore, let ¢ = ¢,,, where m = 1,2, and set t = ¢(t,), a = ¢(a;) and
g = ¢(g1). Then, for any i,

120 27 ¢ 0 0
zi:¢(t§):[o 1 21’], af=¢(a§):(—1)<m-'>f[o 1 0],
00 1 00 ¢

0 0 2

g=¢(g1)=[0 -1 0].

12 .0 0

Then we have the following lemma.

Lemma 3.5. With the above notation, X is isomorphic to either:

i p=5 Cos(A:l; (t,a),(t,a)gkt(t,a)), where k = (0,1,0) and [1,K] = 1; or
(i) p =35, Cos(Ay;(K't,a),(t,a)gr{k't,a)), where k' = (1,-1,-1) and k* = k™" for
any k € K.
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Proor. First note that our graph X is isomorphic to a coset graph arising from A=A,,
where m =1,2. Set T =T, and H = ¢(H;) =(t,a). Set M := Gr = K < H, where
F = f~!(c0). Take u € F.

Step 1. Determination of X—,; = 5—,;.

Clearly, Gz < M. Note that |M| = |K = H| = (K > (t)) = {a)| = p*(p — 1). Let
P =K (t). Then P is a p-group of order p*. Since p >5 by assumption, P
is a regular p-group (for the definition of regular p-groups, see [20, Kapitel III,
Definitionen 10.2]). Since ®(P) < K and the order of ¢ is p, P has exponent p. Clearly,
M has only one conjugacy class of subgroups isomorphic to {(a). Assume that L is
a subgroup of M such that (a) < L= H and LN K = 1. Then we may assume that
L = (kty = {(a) for some k = (x,,7) € K. Suppose that (kt)* = (kt)'. Then

(kn)® = k" = (=1)" " (6x,y,67' )"
and

(k) = (kKK kT
=y, )+ (x,2x+y,2x =2y +27) + -

+(x, 20— Dx+9,2(G-D*x=23G -y +2)f

(i— Di2i—1)

3 x— (i — Diy + i)',

= (ix,—(i — Dix + iy,

1

Thus, we geti =6~ and

(i- Dii-1)
3

(1) First, suppose that m = 1. From (3.6), we have 6x = ix = #'x and so 6*x = x.
Since p > 5, we get 8> # 1 and so x = 0 and y = 0 by the second equation again. Hence,
k = (0,0, z) for any z € F,, which means that k has p possibilities. For each k, we get
an L = (kt) = (a); in particular, L = H when z = 0. Furthermore, these p subgroups are
conjugate in M. In fact, for any k = (0, 0, z), by taking k£’ = (0, z/2,0),

=1y (Ox, y,67'2) = (ix, (i - Dyix + iy, X—(i=Diy+ iz). (3.6)

(kt)¥ = k(Y ek = k() (k) ¢t

- ((o, 0,2) - (o, : o) + (o, : —z))t —(0,0,0) =1

and
& =kl =K~ K a=((0.-3,0)+(0.30))a =
2 2

which forces L¥ = H. Therefore, we choose G = H.

(2) Now suppose that m = 2. From (3.6), we get —6x = ix = 6"'x and so
x(6* +1)=0.

If x = 0, then from (3.6) it can be easily deduced that y = z = 0.

Suppose that x # 0. Then 6> = —1, that is, p =5. Solving (3.6) again, we get
k' = (y,—y, —y). Therefore, we choose G = (k't, a).
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Step 2. Determination of the coset graphs.

Set L := Ey Assume that X’ = Cos(é; L, D), where the neighbor of L corresponds
to a bicoset D = Lgk 7L for some k; = (x1,y1,21) € K. Then the following conditions
should be satisfied:

(1) d(X’) = p.

As the length of the orbit of L containing the vertex Lgk; T is p, the element a should
fix the vertex Lgk,, that is, Lgk,ta = Lgk,7. Then, noting that g> = 1 and [, T] = 1,

L= Lgkiak;'g = La®(k8k;")s = La™ " (k9K ") = L(Kk; e,
Therefore, (k{k;")¢ € KN L =1, that is, k%;" = 0. Then
Kkt = (D0 = Daxy, (D" = Dyp, (-1 '67" = 1)z1) = 0.

Therefore, if m = 1, then k; = (0, y, 0) for some y € F?; and, if m = 2, then k; = 0.
In summary, we get X’ = Cos(g; L, D), where

m=1, L=<{t,a) and D =Lg(0,y,0)rL, wherey€F;, and
m=2, L=((y,-y,-yta) and D=Lgrl, whereyeF,

Suppose that [7, K] # 1. Then 7 can be viewed as an involution of GL(3, p). By
Lemma 3.4, we have Cgr3,,)(PGL(2, p)) = Z(GL(3, p)). In view of [7,T] = 1, we get
that 7 is the central involution of GL(3, p) and, in particular, k7 = k! for any k € K.
For any y € F, define a map A(y) on A by

AY)k) = yk,  AY)Nd) =d, A)(7) =T,

where k € K and d € T. Clearly, A(y) can be extended to an automorphism of A and,
moreover, A(y~!) fixes L and moves L(0,y,0)L to L(0, 1,0)L for m = 1 and moves
L={@,-y,-nt,ay to L={(1,-1,-1)t,a). Therefore, L and D can be chosen as
follows:

m=1, L=<{ta), D=1Lg0,1,0)0tL; m=2,L={1,-1,-1)t,a), D= LgtL.

(2) Undirected property.

For m = 2, we have D = LgtL, where gt is an involution and so D = D!,

Let m = 1. First, suppose that [, K] = 1. Note that D = LgktL, where L = (¢, a) and
k =(0,1,0). Then (gkt)> = gkgk =k 'k = 1 and so D™! = D.

Next, suppose that [7, K] # 1. Then 7 = e, as stated before. Assume that D '=D.
Then there exist &y, h, € H such that (gkt)™" = higkths,, that is,

kg = higkhy = k™' ghy = (K7 ) hygha,

which forces k = (k"')~!. However, for any h;' = f'a/, we have (k"1')~" = (0, -1,
—2i67) # k. Therefore, [7, K] = 1 and so 7 is a central involution of A.
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(3) Connectedness property.
)m=1:
It has been shown in (2) that [K, 7] = 1. Now X is connected if and only if

(D) = (L, gkt) = (t,a, gkt) = A.
By computation, we get the following equations:
#7 = 1#(1,0,0),  £5(1,0,0)1(1,0,0) = g(1,0,2),
#0102 = 8(=1,2,0),  (#5(=1,2,00)"'#5(1,0,0) = (2, -2,0).
Thus, (2,-2,0) € (D). Furthermore, we have (2, -2, Ol’ =(2,2,0) e (D) and
(2, -2,0)%F = (0,2,4) € (D). Hence, K < (D), so that (D) = A, as desired.
(i) m = 2:
Note that in this case p = 5 and
<D> = <L’ gT> = <(1’ _19 _l)ts a, gT>‘
First, suppose that [K, 7] = 1. By computation, we get the following equations:
((1’ _19 _l)t)gT = tg(2’ _1’ 2)a tg(27 _1’ 2)(1 ) _1’ _1)ttg(2’ _1’ 2) =4
((1,-1,-Drg)* = (0,0,0).
Thus, ((1,-1,-1)t, g) = PSL(2,5). Moreover,
(1, =1, =D g((1, =1, =Dn*g((1, =1, =1)1)’g = @*,
which means that ((1, -1, —-1)t, g, a) = PGL(2, 5). Therefore,
(D) =((1,-1,-1)t, g,a) x () = PGL(2,5) X Z, < A,

so that X’ is disconnected in this case.
Next, suppose that k* = k~! for any k € K. Then

((1$ _1’ _1)t)g‘r = tg(3s 1’ _2)$ tg(3’ 19 _2)(1’ _1’ _1)118(3, 13 _2) = g(_l’ _1’ _2),
((19 _1’ _l)t)g(_]’_l,_Z) = tg(z’ 2a 2)’ (tg(2a 2a 2))_ltg(3’ 1’ _2) = (1’ _1’ 1)

Therefore, K < (D), so that (D) = X, proving the connectedness. O

Lemma 3.6. The following hold:

i p=5 Cos(gl; (t, a), (t, a)gkt(t,a)) = X31(p + 1, p), where k =(0,1,0) and
[,K]=1;

i) p=S5, COS(XQ; k't ay, (t,aygr(k’t, a)) = X3,(6,5), where k' = (1,—-1,-1) and
k" =k forany k € K.

Proor. We discuss the two covers separately.

Step 1. Show that Cos(gl it a), (t, aygkt(t,a)) = X3 (p + 1, p).
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Note that L is adjacent to Lgt/(0, 1,2 j)t with j € F,. Moreover, for any k € K,
{Lgt', Lgt’kt} € E(X’) if and only if {L, Lgt'kt 'g7} € E(X).
By computation,
Lgt'kt 'gr = Lot/ gk 87 = Lgt= D" k" '¢1.
Therefore, k' ¢ = (0,1,2/(i — j)), that is,

o= (o 2 ) = (L 20
1=J =] i=Ji—J
Hence, Lgt' is adjacent to Lgt/(1/(i — j), (i + j)/(i = ), 2ij/(i = ).
Set X’ := Cos(A1;(t,a),(t,a)gkt(t,a)). Define amap ¢;: V(X') - V(Xz1(p + 1, p))
by the rule

$1(Lk) = (c0,k),  ¢1(Lgt'k) = (i, k),
¢1(Lkt) = (0", k),  ¢1(Lgt'kr) = (i, k),
for any k € K. Clearly, ¢, is an isomorphism from X’ to X3,(p + 1, p).

Step 2. Show that Cos(Xz; K't,a),(t,a)gT(k't,a)) = X3(6,5).
Note that L is adjacent to Lgt/(— j, — j2, /)t with j € F,. Moreover, for any k € K,

{Lgt', Lgt’kt} € E(X’) if and only if {L, Lgt’kt 'g7} € E(X).
By computation,
. . .. i Lo il
Letikt gt = Lgt' gk 87 = Lgt™ " (j — i, —(j — i)2, —(j — ))& k1.

Therefore,

(i~

G=iv=G =i =G =) K8 = (== jy == )%= )7,

that is,
k=GU=0=3G -0 =D—i(j=D7+2( =+ (=D
PG=D)=PG =07 =i =D+ 2 =)+ (=) +2( -7
Since i # j and i, j € Fs, it follows that (i — j)> = +1. Then
k=(0,+2,+2(i + j)) for (i — j)*> = Fl.
Set X' := Cos(gz; (k't,a),(t,a)gT(k’t,a)). Define a map ¢,: V(X') — V(X3,(6,5))

by the rule
$2(Lk) = (c0,k),  pa(Lgt'k) = (i, k),
dr(LkT) = (o', k),  Po(Lgt'kt) = (i, k),
for any k € K. Obviously, ¢, is an isomorphism from the graph X’ to X3,(6, 5). O

https://doi.org/10.1017/51446788716000057 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788716000057

164 S. Du and W. Xu [20]

3.4. G is of affine type. In this subsection, we assume that either G = AGL(m, 2) =
23 = GL(m,2) with m >3 or G = Z‘zt =~ A7.  With the same notation as before,
A/K = A = G x (o), where ¢ is the involution exchanging every pair i and /. By
Propositions 2.3 and 2.6, we get either Cz(K) = G or Ca(K)/K =Z) withm > 3.

When Cz(K) = G, the same discussion as Lemma 3.1 shows that there exist no
connected covers occurring.

When Cz(K)/K = Z7, by checking Proposition 2.6, we get m = 3 and either p =7
or p> =1 mod 7. Thus, Y = Kgg — 8K> and A/K = AGL(3,2) X Z, = (Z3 =« GL(3,2))
X Z,. In what follows, the cases either p = 7 or p is an odd prime and p* = 1 mod 7
will be dealt with in Lemma 3.7 and the case p = 2 will be dealt with in Lemma 3.8.

Lemma 3.7. There exist no covers when either p =7 or p is an odd prime and
p°>=1mod7.

Proor. Let F be a fiber. Sinse (IZ: ZFl, IK|) = (16, p?) = 1 for both cases, it follows
that K has a complement in A. Thus, we may set

G=Kx(LxT), A=K>((LxT)x/()),

where L = Zg, [K,L]=1,T = GL(@3,2) = PSL(2,7) and 7 is an involution, which is a
lift of .

Take u € F := f71(0), where 0 is the zero vector of L. Set H := 5;; = Z;; <KxT.
So, X is isomorphic to a coset graph X’ := X(A; H, D), where D = HrtkH for some
¢ € L\ {0} and k; € K. Therefore, D corresponds to a suborbit of A of length seven
relative to H.

Suppose that the representations of G on the two biparts are equivalent. Then
there exists an #’ in the other bipart such that Gy = 5; = H = PSL(2,7). Then
|HCk,H|/|H| = 7 for some nontrivial elements ¢ and k;, that is, |(¢k; )| = 7. This forces
H = PSL(2,7) having an orbit of length seven in its conjugacy action on K. However,
this is impossible by Proposition 2.7.

From now on, suppose that the two representations of G on the two biparts are
inequivalent. In particular, [K, 7] # 1. Suppose that p* = 1 mod 7. Then there is only
one conjugacy class of PSL(2,7) in KT. In this case, two representations of G on two
biparts are equivalent. Therefore, we let p = 7.

By Proposition 2.6, GL(3, 7) has only one conjugacy class of subgroups isomorphic
to PSL(2,7). So, we may fix a matrix representation ¢ of T in GL(3,7) as follows:

0o 0 2
a1:0 1|—>a:0—10,
-1 4 0 0

1 00
bl—(} (1))|—>b:1 1 0],
4 1 1
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where {(aj, b;) = SL(2,7) and ¢(e) =1 for the center involution e. Then
CoLia7(PSL(2,7)) = Z(GL(3,7)). Since [r,T] =1, the element 7 is the center
involution of GL(3, p), which implies that k* = k™! for any k € K.

Acting on V(3,2), we have Gy = (a,b) and H is the lift of Gy. Then we turn
to the group H. Since H < K < T and since there is only one conjugacy class of
involutions in K = T, we may assume that H = {(a, bk;) for some k; = (x2,y2,22) € K.
As H = PSL(2,7), the generators of H should satisfy

a* =1, (bky) = 1, (abky)® = 1, ((bka)*a)* = 1. (3.7)
From the last two equations of (3.7),
2)C2—y2+Z2=O, 2)C2—y2+222=0,

forcing y; = 2x; and zp = 0. Thus, H = {a, bk,), where k; = (x2,2x,0).

Since the length of the orbit of H containing the vertex Httk; is seven, every
involution in H should fix a point in the orbit and every Sylow 7-subgroup of H should
be transitive on the orbit. Taking this into account, we get the following.

(1) Hrtkya = Httky, which forces ¢ = € and k{ = ki, where ki = (x1,y1,21) € K.
From

(4z1,=y1,2x1) = ki =k = (x1,y1,21)s

we get y; = 0 and z; = 2x;. Hence, k; = (x1,0, 2x1).
(2) The (bk;)-orbit containing Httk is

A = {Hrtky, Het" k' (1) 1 <i<6),
that is,

Hrlky, Htl’Qx; + 2x2,2x1 + 4x2,2x1),  HTl” (5x1 + X2, 4x1 + x2,2x1),
HT€b3(3x1 +4x7, —x1 — 2X2,2X1), HT€b4(3x1 + 4xy, X1 + 2x2,2x1),
HTl” (=21 + x2,3x1 — x2,2x1),  Htt" (2x) + 2x2, =2x1 + 3x2, 21).

(3) The images of a acting on those points are

Hrlky, HTl"(x;, —2x) — 4xy, 4%, +4x), Htt"(x;, —4x, — x2,3%x1 + 2%2),
HT€b3”(x1,x1 + 2X2, —X1 + X2), HT€b4“(x1, —X1 —2Xx2,—X| + X2),
Hrl(xy, =31 + X2,3%1 +2x2),  HTl"(xy, 2% — 3x2, 4x1 + 4x2).

Since a preserves the set A setwise, by comparing (2) and (3), one may get that
X1 = —2x;. Thus, k; = (=2x2,0, —4x,) and k> = (x2, 2x3, 0). Moreover, a™ = a and

(bky)™ = k7'bky 'Ky = b7k ey = b((4,4,4) + (=1,-2,0) + (=2,0,-4))) = bk,.
Therefore, [tk;, H] = 1. Finally,
(D) = (a, bky, £7hy) < {a, bky, L, tk1) = (L = {a, bky)) X (tk) < A,

contradicting the connectedness of X. O
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LemmMa 3.8. If p = 2, then X = Xy(8, 2).

Proor. Let C = Cz(K). Then C acts regularly on V(X) and C/K = Zg. Now C is
an extension of K by Zg and so it has exponent either 2 or 4. Let T = Gy for some
Ve V(X). Then T = GL(3,2) = PSL(2,7) and G =CxT. Since C/K is elementary
abelian, we get ®(C) < K. Since T normalizes C, it normalizes ®(C). On the other
hand, since T acts on K nontrivially and 7 is simple, K is a minimal normal subgroup
in G. It follows that ®(C) is trivial or K. Thus, C is isomorphic to either Zg or a 2-group
generated by three elements of order four. Suppose that the latter case happens, that
is, ®(C) = K. A direct checking from a classification of groups of order 2° (see [19])
shows that C cannot be nonabelian. Therefore, it should be C = Zi or Zg.
Recall our conditions

A = G(t) = (C5(K) = T(T),

where 72 € K, T = G = PSL(2,7) for some vertex € V(X), G=C =T, C = Cz(K)
and 7 is a lift of 0. Then we prove the lemma by the following five steps.

(1) Show that [K, 7] = 1. Consider the group M = (K, T, ). Suppose that [K, 7] # 1.
Then PSL(2,7) X Z, = M/K = M/Cp(K) < GL(3,2), which is a contradiction.

(2) Show that 72 = 1. Since [0, G] = 1, for any t € T, we may set 7 = tk for some
k € K. Then £~ = (tk)* = tk? = t, which means that [t2, T] = 1. Since 72 € K and T has
no fixed nonzero elements in K, we get 7> = 1.

(3) Show that C = Zg. To the contrary, suppose that C = Zi. Then T can be
identified with a subgroup of Aut(C). By using Magma [2], we may compute that
Aut(C) has only one conjugacy class of subgroups isomorphic to GL(3, 2). Therefore,
we may fix a matrix representation of 7" in Aut(C). Pick two elements in Aut(C):

-1 0 O -1 -1 2
a=]10 -1 0| and b=|-1 1 1}.
1 0 1 2 1 2

Then T := (a, b) = GL(3,2). Note that we are working in the ring Zy.
Suppose that a” = ak; and b" = bky, where ki = (x1,y1,21), ko = (x2,¥2,22) € K.
Since ak; and bk, should satisfy the defining relations of GL(3, 2),

(ak)? =Kk =1, ((ab)")’ = (akibks)’ = (@bkika)® = (Koky) ™+ = 1,

which implies that z; = 0 and x; + x, + 2, = 0.

Assume that X = Cos(;f; T, D), where D = Tt{T for some ¢ = (x,y,z) € C \ K. It
follows that 7" has an orbit of length seven in its conjugacy action on C \ K, where the
involution a should fix a point in this orbit and (b) acts transitively on it.

Without loss of generality, suppose that 77¢ = Ttfa, which is equivalent to
Tttt = Ttt%;. Therefore, {* = €k;, that is,

z=2x+x;, 2z=0, 2y=y;. (3.8)
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By (3.8), the other six points in the (b)-orbit A including T'7¢ are
Ttth=Tt(—x—y+x2,— X+ Y+ 2+ y2,2x+y+2),
TTlh* =TTQRx+2y + 2+ y2,2X =y + 2+ X0 + 20, X+ Y + 2+ V2 + 22),

TT€b3=TT(2x+y+y2+z2,x+2y+z+y2+x2,y+z+xz),

TTeh* =Tt(x—y+2+20, —X+ 2y + V2 + 20, X+ 2y — 2+ X2 + Y2 + 20), )
Ttth’ = Tt2x—y—-z+x2+y,—x+y+x+y+22,—x+y) and
Trb® = Tt(x+z+x+22,2y -2+ 22, X— Y+ X2+ Y2).
As a fixes A setwise, by (3.8) and the equation x| + x; + z, =0,
Tttha = TTC"kik = TT(~x + 2y, X +y — 2+ y2,2x +y + 22) € A. (3.10)

Comparing (3.9) and (3.10), one may get £ € K, which is a contradiction.

(4) Show that [r,C] =1. Since C is regular on both U and U’ and C > ()
acts regularly on V(X), we may identify U with C and U’ with Ct. Suppose that
X1(1) ={rc; | ¢; € C,1 < i <7}, the neighborhood of 1 with size seven. Then, for any
1 <i<7, 7c; is adjacent to t¢;7c; = ¢jc; € K, as [7,¢] = 1in G. Since each TC; 18
adjacent to just one vertex in the fiber K, that is, {1}, we have c[c; = 1, that is, ¢} = ¢;.
From the connectedness of X, we get that C can be generated by ¢; with 1 <i <7 and
thus [C, 7] = 1.

(5) Show that X = X4(8, 2).

SinceG=CxT = Zg = GL(3,2), T has an isomorphism to GL(6, 2). To describe
these isomorphisms, let Q = PG(2,2) be the two-dimensional projective space over
the field F,, while we identify Q with V(3,2) \ {0}. Let ya denote the characteristic
function of A, that is, ya(i) = 1 fori € A and y(i) =0 fori ¢ A. Then the set V = V(Q)
of all characteristic functions ya, where A € P(Q), forms a seven-dimensional vector
space over F, with the rule: (ayxa + byr)(Q) = aya(i) + byr(i) for any a,b € F, and
Xa-xr € V(Q). Clearly, a natural basis for V(Q) is the set of characteristic functions
Xy for all i € Q. Moreover, V can be defined as a T-module, called a permutation
module, where the action of g € T is defined by (y*)(i) =)((ig71) forall i € Q (see [27]).

For i =0,1,2, let V; be the subspace of V({)) generated by the characteristic
functions of all i-dimensional subspaces of PG(2,2). Then Vy = V(Q), V, = I, where
I = (3icaxuy> and V; is a T-submodule. Choose a basis {a], a2, @3} for V(3,2). Then
ey + Vi | 1 <@ <3} (respectively {¥ia.aai+a; + V2 |1 # j,1 <i,j<3}) is a basis
for the irreducible quotient 7-module Vy/V,| (respectively V,/V,). Therefore, the
T-module V;/V, of dimension six has the irreducible 7-submodule V;/V, of
dimension three, which is the unique faithful minimal 7-submodule of V by
[21, Theorem 5.1]. Consider the affine transformation group AGL(6, 2) of the linear
vector space V/V,. Then T can be viewed as a subgroup in AGL(6, 2), while K is
exactly Vi/V;.

Let every characteristic function in V, be presented as a seven-dimensional vector
(x1,x2,...,x7) over IF, whose vector components are indexed in order by

{(1,0,0),(0,1,0),(0,0,1),(1,1,0),(1,0,1),(0,1, 1), (1, 1, D)}.
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Let T ={a, b) = GL(3,2), where

1 0 0 1 1 0
a={0 1 O and b=|1 1 1}{.
1 0 1 01 0

Then, via its action of V(3,2), the actions of a and b on V(Q) are given by

a
(x1, X2, X3, X4, X5, X6, X7)" = (X1, X2, X5, X4, X3, X7, X6),

b
(X1, X2, X3, X4, X5, X6, X7)” = (X5, X3, X4, X1, X6, X7, X2).

Since (b) is a Sylow 7-subgroup, we may set a” = ak; and b" = b, where k| € K.
Then ak; and b satisfy the defining relations of GL(3, 2):

(k2 =1, (akib)® = KPPk = 1,

A N 3.11)
(Brakyy = KOO REP e, = 1. (

Solving (3.11), we get k; = (0, x, x, x, x,0,0) + V.

First, let x = 1. Suppose that X = X(Z, T, D), where D corresponds to a suborbit
of A of length seven relative to T. Since a should fix a point in D, we may
assume that Trca = T7c, so that D = TtcT, for ¢ = (x],---x) + V2 € C\ K. Then
T =Tca"c = Tcak,c = Tc%k;c, that is, ¢?k,c € V,. However,

ccki = (0,1, x5 + x5+ 1,1, 1+ X5 + x5, xp + x5, xg + x5) ¢ Vs

Secondly, let x = 0. Then k; = 0 and so [7,T] = 1. In other words, 7 is a central
involution of A and so our graph X is a canonical double covering of a cover of the
complete graph of order eight with the covering transformation group Z3 and whose
fiber-preserving automorphism group acts 2-arc-transitively. This covering graph has
been determined in [8] and is just the homomorphism image of X4(8,2) by mapping
every pair (i, ') to one vertex. O

Combining the lemmas in Sections 3.1-3.4, we complete a proof of Theorem 1.1.
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