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SUM THEOREMS FOR COUNTABLY PARACOMPACT 
SPACES 

H E N R Y POTOCZNY 

In this paper, we extend the class of spaces to which the 2 and /3 theorems 
of Hodel apply, as well as the sum and subset theorems of [2]. Instead of the 
open cover definition of countable paracompactness, we utilize an equivalent 
formulation of countable paracompactness, due to Ishikawa [3]. Using the 
same technique, it is then possible to extend these results to spaces having 
property 3i, introduced by Zenor in [7]. 

Finally, we exhibit a class of completely regular, T2 spaces which have 
property 31. 

Definition. A space X is said to be countably paracompact provided every 
countable open cover has an open locally-finite refinement. 

Definition. A space X is said to have property 3 if for any well-ordered 
monotone decreasing family {F(a)\a £ A} of closed sets with empty inter
section, there is a monotone decreasing family of domains {G(a)\a G A} such 
that: 

(1) For all a G A, F (a) C G (a), 
(2) n«6xG(a)- = 0. 

LEMMA 1. A space X is countably paracompact provided that for any countable 
descending family {F(i)\i G Z+}, of closed sets with empty intersection, there is a 
countable descending family {G(i)\i G Z + }, of open sets such that 

(1) For alii G Z+, G(i) D F(i), 
(2) C\{G(i)-\i G Z+} = 0. 

Proof See [3]. 

THEOREM 1. Let X = U K(a), whereC^ = {K(a)\a G A} is a locally finite 
family of closed, countably paracompact subsets of X. Then X is countably 
paracompact. 

Proof. Let {F(i)\i G Z+} be a descending family of closed subsets of X such 
that Pi F(i) = 0. For alia £ A, {F(i) H K(a)\i G Z+} is a descending family 
of closed subsets of K(a), with void intersection, whence there is a family 
{T(a,i)\i G Z + }, of open subsets of K(a) such that T(a, i + 1) C T(a, i), 
and O {ClK(a)T(a, i)\i G Z+} = 0. Since each K(a) is a closed subset 
of X, we can say that ClK(a)T(a, i) = T(a,i)~, so that for a G A, 
H {T(a, i)~\i G Z+} = 0. (The closure bar means closure in X.) Now for 
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x G X, let A(x) = {a G A\x G -£(«)}. Then A(x) is finite, and since J f is 
locally finite, we can say that for x G X, there is a set V(x), open in X such 
that x G F(x) C U { J 5 » | a € i4(»)}. Now for all i G Z+, and * £ F(i) , let 

S(x, i) = V(x) C\ (H{X - (K(a) - T(a, i))\a G A(x)}). 

Then it is easy to see that S(x, i) is an open subset of X, and contain the point 
x. Further, S(x,i) C U {T(a,i)\a G A(x)},ioriîp G S(x, i),\henp G V(x), 
whence there exists à G A (x) such that/? G i£(ô:). Also, £ G O {-̂  ~ C f̂cO — 

r ( a , i)) |a G ^4(tf)}, so that in particular, p G X — (i£(a) — r ( â , ?)), and 
p G K(a) — T(a, i). Since p is a member of K(à), then £ must be a member 
of T(â, i), which is a subset of U {T(a, i)\a G A(x)\. 

Now for i G Z+, let W(i) = U {S(x, i} |* G /?(*)}. Then the family {W(i)\ 
"works", that is, {W(i)\ is a family of open subsets, W(i) D F(i), H W(i)~ = 
0, and {W(i)\ is a descending family. That each W(i) is open and contains 
F{i) is clear from the definition of W(i). 

To see that H W(i)~ = 0, note that 

T F « - C C 1 X ( U {T(a,i)\x G F ( i ) , a G 4 (*)}). 

Since {K(a)\a G 4̂} is locally finite, then for all i G Z+, {T(a, *)|« € 4̂ (x)} 
is also locally finite, hence closure-preserving. In particular, then, the family 
{T(a, i)\x G F(i), a G A(x)\ is closure-preserving. Thus 

W(i)~C U {r(a, i)-\x G F ( i ) , a G i4(x)}; 

hence to show that C\ W(i)~ = 0, it suffices to show that 

F\ {V{T(a,i)~\xe F(i),ae A(x)}} = <f>. 

Now let p£X. Let ai, «2, • • • «* be those members of A for which p G 2£ (ai), 
K(a2), . . . K(ak). Since nS=i^"(«y, i)~ = 0, for a.j = «i, a2, . . . akj there are 
integers ii, i2, . . . ik such that p G ^(a^, ^ ) _ , for a;- = ai, a2, . . . ak. Let 
i* = max (ii, i2, . . . ik). Then since each family {T(a, i)~] is descending, we 
have that p G T^o^, i*)~, for a y = «i, a2, . . . afc. This shows that 
^ U {r(a, i*)"|jc G F(i*), a G A(x)}, for if « G A, with £ G X(a) , then 
p G r ( a , i*), since T(a, i*) C K(<x), and £ meets only those sets K(a), for 
which a: is one of the indices «i, a2, . • • ak. If « is one of the indices «i, a2, . . ,ak, 
then by the choice of i*, £ G r ( a , i*)~. Thus 

H U {T(a,i*)~\x G F(i*) ,a G 4(*)} f 

and we have that D ^ ( i ) - = 0. 
We show one further fact. If j > i, then W(j) C W(i). To do this, we show 

that if x G F(j), then 5(x, i) D S(x,j). 
For all a G A(x), T(a, j) C ^(a, i), so X(a) — T(a, j) contains K(a) — 

r ( a , i), whence X — (i^(a) — T(a,j)) is a subset of X — (K(a) — T(a, i)), 
and 

V(x)n( n (X- (K(a) - T(a,j)))) 
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is a subset of 

v(*)n( n (x - (z(«)-7-(«,*))) 

t h a t is, 5 (x , j) C *$(#, i ) . 

Finally, then, W(j) = U {S(s, j)\x G F(j)} C U {S(s, î ) | s 6 F( i )} = 
W(i), and the theorem is proved. 

T H E O R E M 2. Le£ X be a space which is the union of a locally finite family of 
closed sets j each hvaing property Se. Then X has property Se. 

Proof. T h e proof is analogous to t h a t of Theorem 1. Ins tead of a countable 
descending family, {F(i)\i G Z + } , of closed sets with void intersection, we 
have to deal with a well-ordered monotone decreasing family, \F(i)\i G / } , 
of closed sets, with e m p t y intersection. I t is easy to see t h a t all remarks in 
Theorem 1 concerning the index set Z + depended only on the fact t h a t the 
positive integers are well-ordered. Hence the proof applies to the more general 
case. T h e proof in Theorem 1 was given for countable paracompactness , 
instead of the more general Se proper ty , only to simplify the nota t ion as much 
as possible. 

T H E O R E M 3. Let X be a topological space such that every open subset of X ix 
countably paracompact (has property Se). Then every subset is countably para-
compact (has property Se). 

Proof. T h e proof is clear for countable paracompactness . Le t F be a subset 
of X , where X has proper ty Se. Le t {F(a)\a G A} be a well-ordered monotone 
collection of closed subsets of F, with e m p t y intersection. T h e n {ClxF(a) \a G A ) 
is a well-ordered, monotone collection of closed subsets of X. 

Let F = O {C\xF(a)\a G A). Then {C\xF(a) H (X - Y)\a G A] is a 
well-ordered monotone collection of closed subsets of X — F, with e m p t y 
intersection. Since Y is closed, X — Y is open, hence has proper ty Se. T h u s 
there is a monotone collection, {G(a)\a G A], of open subsets of X — F, such 
t h a t G (a) D C\xF(a) P (X - Y) and Pi {C\x^YG(a)\a G A} = 0 . 

For a. G A, let Gr(a) = G(a) C\ F. T h e n {Gf (a)\a G A] is a monotone col
lection of open subsets of F. W e show t h a t this collection has two further 
propert ies: 

(1) For all « U , G'(a) D F (a), and 

(2) n {ClFG'(a)\a G 4 } = 0 . 

No te first t h a t F C I - F. Suppose x £ F. T h e n there exists a £ A such 
t h a t x g F (a). Since F (a) is closed in i7, x is not a limit point of jp(a). In 
part icular , x £ C\xF(a). Bu t then x £ F , and i ^ C I - F . 

1. Le t x G /7(a). T h e n x G F C X - F . Fur the r , x G C l x F ( a ) , so t h a t 
x eC\xF(a)(^ (X - Y) CG(a). T h e n x G G(a) P F = Gf(a), so t h a t 
F(o0 CG'(a). 

• 
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2. It is clear that C\FGf(a) C Cl x-rG'(a) , which is in turn a subset of 
Clx-YG(a). Since Pi {Clx-YG(a)\a G A} = 0, then the intersection of the 
smaller sets, {CI FG'(a)\a G A} = 0. This shows that F has property 38. 

THEOREM 4. Let X be countably paracompact (have property 38). Let F be a 
closed subset of X. Then F is countably paracompact (has property 38). 

Proof. The proof is clear. Theorems 1, 2, 3, and 4 suffice to show that 
countable paracompactness and the 38 property satisfy the sum and subset 
theorems of [2], this is: (1) if X is a space which admits a cr-locally finite 
open cover, the closure of each member being countably paracompact or 38 ̂  
then X is countably paracompact ox 38 \ (2) if X admits a cr-locally finite 
elementary cover, with each member of the cover countably paracompact or 
38, then X is countably paracompact or 38 \ (3) if X is regular, and admits a 
cr-locally finite open cover, each member with compact boundary and each 
member countably paracompact or ^ , then X is countably paracompact or 
38 -, (4) if X is totally normal and is countably paracompact or 38, then X is 
hereditarily countably paracompact or hereditarily 38. 

We now exhibit a class of completely regular, T2 spaces with the 38 property. 
This class is described in terms of the Stone-Cech compactification, in a fashion 
similar to that introduced by Tamano in [5] and [6], in order to characterize 
various classes of spaces. 

THEOREM 5. Let X be completely regular and Hausdorff. Suppose that for each 
compact subset K, of fiX — X, that X X K, and the diagonal, AyX), have dis
joint neighborhoods in the space X X fiX. Then X has property 38. 

Proof. Let {F(a)\a G V} be a well-ordered, monotone collection of closed 
subsets of X, with empty intersection. Let K = 0{ClpxF(a)\a G T]. Let G, 
H be disjoint open subsets of X X &X such that G D A(X), and H D X X K. 
For each a £ r , let 

Gift) = {x\{%} X ClfixF(a)) r\ G 9* 0}. 

We exhibit four properties of the collection {G(a)\a 6 T}. 
(1) For each a € T, F(a) C G (a), for if p G F (a), then (p, p) G {p} X 

CkxF(a) and (p, p) G A ( I ) C G, so that ({p} X ClPxF(a)) C\ G 9* 0, 
whence p G G (a). 

(2) For each a G T, G (a) is open. Let x G G (a). Then 

( M X Cl0xF(a))r\G 9*0. 

Let (x, £>) be a point in the intersection. G is open, and (x, p) G G, so that 
there exist sets V, W, open in X, j8X, respectively, such that (x, p) G F X 
WCG. But F C G ( a ) , for if a G F, then (a, £) G F X TF C G, and 
(a, £) G {a} X Cl^xi7^) as well, so that a G G (a). Thus x G F C G (a), so 
that G (a) is open. 
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(3) {G(a)\a € T} is easily seen to be monotone. 
(4) fi {ClxG(a)\a € T} = 0. L e t * G X. Then 

H {{x} X C W W | « 6 r} = {x} X (O {CWF(a)|a € r}) C X X K C ff. 

But Pl{{x} X ClpxF(a)\a € r} is the intersection of compact sets and lies 
inside the open set H. Therefore the intersection of some finite number of 
these sets lies inside H, say 

n 

r\ {{%} xcipxFfa)}. 

Since the collection {F(a)\a Ç T} is monotone, one of the finite number of sets 
is smaller than the others, say {x} X ClpxF(a), for some a £ {ai, . . . ,an\. 
Then 

{x} X ClpxFia) C H. 

But then there is an open subset of X, say N(x), such that x £ N(x), and 
iV(x) X CWi^W C ff. But then N(x) Pi G (a) = 0, for if p Ç iV(x), then 
{#>} X Cl^x^(«) C -H", and H C\ G = 0. Thus iV(x) is an open set about x, 
which does not meet G (a), whence x Q ClxG(a). Therefore 

n{ClxG(a)\ae T} = 0 . 

The existence of the four properties described above shows that X has 
property Se. 

There is a partial converse to the previous theorem. 

THEOREM 6. Let X be a completely regular Hausdorff space with property Se. 
Let K be a compact subset of &X — X. Let { W(a)\a < a] be a well-ordered mono
tone decreasing family of open subsets of fiX such that K = P W(a) = 
P ClpxW(a). Then X X K and AX have disjoint neighborhoods in X X f$X. 

Proof. For a < a, let F (a) = PX[X X C\0xW(a)) H AX], Then the family 
{F(a)\a < a} is a well-ordered, monotone decreasing family of closed subsets 
of X with empty intersection. 

For a < o-, let K(a) = F (a) if a is not a limit ordinal and let K(a) = 
P {F(/3)\l3 < a} if a is a limit ordinal. Then {K(a)\a < a} is a well-ordered 
monotone decreasing family of closed subsets of X, with empty intersection. 
Since X has the Se property, there is a monotone decreasing family { Via) \a < a} 
of open subsets of X such that V(a) 3 K(a), and Pi V(a)~ = 0. 

Now let 
A = U ((X - 7(a)") X W(a + 1)). 

Then A is an open set and is easily seen to contain X X K. Moreover 
(C\xxpxA) P\ AX = 0. To see this, let x be an arbitrary point of X and let 
a* be the least member of {a < a\x g C\pxW(a)}. Then (x, x) is a member of 
X X (&X — C\pxW(a*)), which is open, and does not meet 

U ((X - 7(a)") X W(a + 1)). 
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Thus , to show tha t (x, x) is not a limit point of A, it suffices to show t h a t 
(x, x) is not a limit point of \Ja<a*((X — V(a)~) X W(a + 1) ) . 

Suppose first t h a t a* is a limit ordinal. Since x € Clj3XW(a), for all a < a*, 
then x e F(a), for all a < a*, and x <E Pi {F(a)\a < a*} = K(a*) C V(a*) 
and F (a*) X &X is an open set about (x, x) which does not meet 
Ua<a*((X — V(a)~) X Wipe + 1), so in the case t h a t a* is a limit ordinal, 
(x, x) is not a limit point of A. 

Suppose now t h a t a* has an immediate predecessor, say «<>• Then 

U ((X - 7 ( a ) " ) X TF(a + 1)) = U ((X- - F ( * n X W(a + 1)) . 

Since a0 < a*, then x G C l ^ ^ ( « o ) , whence x G F(OLQ), which is a subset of 

F(«o). Then V(ao) X j&X" is an open set about (x, x) which does not meet 
Ua^aX - Via)-) X Wia + 1)). 

T h u s (x, x) is not a limit point of A, so t h a t (ClxxPxA) P\ AX = 0, whence 
the sets A and (X X fSX) — C l x x ^ x ^ are disjoint open subsets of X X $X 
which contain X X K and AX, respectively. 
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