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§ 1. Introduction

Consider a nonsingular vector field X on a closed manifold Mn. As
a matter of fact, X always admits a transverse codimension one plane
field, which however may fail to be integrable. In fact it is well known
that there are many examples of vector fields which do not admit trans-
verse foliations.

The purpose of this paper is to contribute to the study of the to-
pology of the set of vector fields which admit transverse foliations. In
what follows, we only consider the three dimensional case, since there
the qualitative study of foliations is a rather mature stage and provides
us with powerful tools. For example, a complete criterion for admitting
transverse foliations is obtained for 3-dimensional Smale flows by Good-
man ([Gl], [G2]).

Denote by NS(M3) the set of nonsingular Cr verctor fields (1 < r
< oo) on a 3-manifold M3 and by rh (M3) the subset of those vector fields
which admit transverse codimension one C1 foliations. Andrade ([A]),
working with the C° topology on NS(M3), has shown that for any 3-
manifold M3,

where he made use of Goodman's criterion and the fact that Smale flows
are C° dense in NS(M').

Our theme here is to consider the same problem in the context of
the Cr topology. Henceforth in this paper we assume that the set NS(M3)
of nonsingular Cr vector fields is equipped with the Cr topology (1 < r
< oo). Obviously rh (M3) is an open subset of NS(M*).
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Let HeNS(S*) be the Hopf vector field, that is, the one associated
with the principal S1 bundle S1-+S*-+ S\ As is well known, He rh(S3).
In fact this is shown as follows. Suppose on the contrary that H admits
a transverse foliation «̂ \ Then by Novikov compact leaf theorem, SF
has a toral leaf L. But the orbit of H which passes through L must be
nonclosed. A contradiction.

The following is our main result.

THEOREM (1.1).

Theorem (1.1) is inspired by a question raised by Andrade ([A]). He
asked whether or not H belongs to the difference set in the C° topology.
However notice that our result (1.1), in the Cr topology, has no connec-
tion with his original question. We suspect that ίfglnt ιtι(S3) in the C°
topology.

Let us remark that H is not an isolated point in NS(S*)\ rh (S3). In
fact it is easy to construct an infinite sequence {X}} of points of NS(S3)\
rh (S3) which converges to H in the C°° topology.

Here is an outline of the proof of (1.1). Our purpose is to show
that rh (S3) is dense in some small neighborhood of H. In § 2, we prepare
two basic theorems; one Seifert closing theorem and the other Kupka-
Smale density theorem. They allow us to consider only such a perturba-
tion X of H which has a great circle C c S3 as a hyperbolic closed orbit.
In § 3, we construct a Birkhoff section B for X such that dB = C. When
C is attracting or repelling, this immediately allows us to construct a
transverse foliation. When C is a saddle, the study of the first return
map of B in § 4 shows the existence of another great circle orbit which
is either attracting or repelling. Hence this case is reduced to the for-
mer case.

§ 2. Preparations

Let X be a small C° perturbation of H and let ϊ be closed orbit of
X.

DEFINITION (2.1). ϊ is called a short closed orbit in case there exists
a solid torus A c S 3 such that

(a) A is a union of orbits of H,
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(b) ϊ c Int A,

(c) T is homotopic in A to the longitude.

In 1950 paper ([Se]), Seifert has shown the existence of a closed orbit

for a perturbation of the Hopf vector field H. Furthermore one knows

by the proof that what he found is in fact a short closed orbit.

THEOREM (2.2). If X is sufficiently C° near H, then X admits a short

closed orbit.

Next we prepare Kupka-Smale density theorem ([K, [Sm]). However

all that we need is the following "truncated" version. For a neat treat-

ment, see Peixoto ([P]).

DEFINITION (2.3). A C r nonsingular vector field X on a closed mani-

fold Mn is called T-hyperbolic (Γ > 0), if all the closed orbits of X of

period < T are hyperbolic.

THEOREM (2.4). T-hyperbolic vector fields form an open dense subset

in NS(M3) for any T>0.

Now let us embark upon the proof of Theorem (1.1). We look upon

S3 as the unit sphere in the complex plane C2. The flow {ht} of H is

given by

ht(u, v) = (e2πίtu, e2πitv).

Thus all the orbits of H are great circles of S3 and have period 1.

Consider a small Cr neighborhood <% of H. By Theorem (2.4), 3-

hyperbolic vector fields are dense in ΰU. Take such Y and let us show

that Ye rh(S3). By Theorem (2.2), Y has a short closed orbit r. Clearly

ϊ is Cr+1 close to some closed orbit C of H (a great circle). Therefore

there exists a C r + 1 diffeomorphism / of S3, C r + 1 close to the identity,

which carries T to C. Thus if we choose Y from an even smaller neigh-

borhood, we have that X = /*Y e% and that X is 2-hyperbolic.

Now Theorem (1.1) reduces to the following proposition.

PROPOSITION (2.5). Suppose

( i ) Xe NS(SZ) is sufficiently Cr close to H,

(ii) X has a great circle orbit C,

(iii) X is 2'hyperbolic.

Then X admits a codίmensίon one transverse smooth foliation.
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§ 3. Birkhoff section

Let X be a vector field satisfying the conditions of Proposition (2.5).

Assume for simplicity that X has the great circle

C = {D = 0 } C S 3 = {(u, v) e C2; \uf + \vf = 1}

as closed orbit. Let

A ={\υ\< 1/VT}.

A is a solid torus in S3 containing C as its center. A point of A is in-

dicated by

(x,y;τ)eD2 X (R/2τrZ),

where \l~2v = x + iy and τ = arg u. Using this coordinates, the Hopf

vector field is given by

H=-yJ- + χJ- + J-.
dx dy dτ

Put

(1) Z A 3 ±
dx dy dτ

where /, g and k are Cr functions on A. By conditions (i) and (ii) of

(2.5), they satisfy for some small ε > 0,

ll/JK H/ + l I K e , HΛH < e

,\\gx-l\\<ε, Hft||< e, | | ft | |< ε

where || || denotes the sup norm on A.

Let (r, θ) be the polar coordinates of (x, y). Computing the derivative

θ along the integral curve of X, one gets

(3) θ = i . ( - / s i n 0 + gcosθ).
v

Notice that — /sin/9 + ^cos θ is a differentiable function of r if one fixes

the value of θ. Therefore by the mean value theorem, we have
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(4) θ = -?-(fsinθ + gcosθ)
dr r = r'

= — (fx cos θ + fy sin θ) sin θ + (gx cos θ + gv sin θ) cos θ

> (1 — ε)(sin2 0 + cos2 θ) — 2ε|cos θ sin 0|

> 1 - 2ε .

Likewise we have

( 5 ) 0 < 1 + 2ε .

Let

JB = { D > 0 } C S 3 .

B is a closed disc. B Π A is given by the equality 0 = 0. We claim

that B is a "Birkhoff section" for X Denote by {<pt} the flow generated

by X.

PROPOSITION (3.1).

(a) dB - C.

(b) Int B is transverse to X.

(c) For any x e S\ one has ψt(x) e JB for some 0 < t < 1/(1 — 2ε).

Proof, (a) is clear, (b) and (c) are immediate consequence of (4) for

orbits lying in A. For other orbits, they are also obvious by the C°

closeness of X to H. Q.E.D.

§4. Construction of a foliation

Notice that C = dB is a hyperbolic closed orbit by (ii) and (iii) of

(2.5).

Case 1. C is an attractor (or a repeller). Consider the singular folia-

tion by discs ^ = {Bβ}0^β<2πf where

Bθ = {arg v = θ}.

Clearly X is transverse to ^ except the singular locus C of ^. Let us

modify ^ to a transverse foliation.

First of all by a standard argument, one can find a small tubular

neighborhood W of C such that X is transverse to dW. Turbulize ^

around SVFin such a way that the normal orientation is compatible with

the flow orientation on each leaf. Then we obtain a foliation outside W

which is transverse to X. Next put a Reeb component inside W in a
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Figure 1.

suitable direction so that it is transverse to X. This completes the con-

struction of a transverse foliation on S\ See Figure 1.

Case 2. C is a saddle. Let ψ: Int B —> Int B be the first return map

of the flow X.

LEMMA (4.1). ψ extends to a homeomorphism of B such that ψ|32ϊ

has two attractors and two resellers.

Proof. Define a mapping

a: s4 = [0, 1] X (R/2τrZ) X (R/2ττZ) • A

by a(r,θ)τ) = (rcosθ, rsinθ τ). a is a diffeomorphism on ^ / 0 = P Γ 1

where pλ is the projection onto the first factor. Denote the torus

by &~. Define the vector field X on stf by

0, 1]),

(X = a^X

U(0, θ; τ) = _ /sin θ + g cos θ)-|- +
ατ

on

on

where as before X is given by (1). By (3), X is continuous and by (4)

and (5), it is C° close to 3/30 + d/dτ on F. Define

.^ = {0 = 0} C jtf .
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SS is the pull back image of B by a. Clearly the first return map (FRM)

of SS for X is conjugate by a to the FRM ψ of Lemma (4.1). This shows

that ψ extends to the whole of B and -ψ | dB coincides with the FRM ψ

of the cross section J* Π T for X\3Γ. Now there is another cross sec-

tion Si = {τ = 0} C F. The FRM fj of Of is of course related with the

FRM η for X at the corresponding meridian disc D of A. In fact ή is

computed in terms of the first derivative of η at the origin. Since C is

a saddle, ή has two attractors and two repellers. Now it is easy to show

that ψ is conjugate to ή. This shows the lemma. Q.E.D.

Let Wu be the unstable manifold of C. Wu winds once around C

and cut B near C in arcs ax and α2 which are transverse to C. See

Figure 2. Likewise the stable manifold Ws cuts B in arcs bx and 62

transverse to C. The behavior of f near C is shown in Figure 3.

Figured.

Figure 3.

Consider the double Dψ of ψ:

Dψ: DB >DB.

DB is homeomorphic to the 2-sphere and since X is a 2-hyperbolic vector
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field and by (3.1) (c), the first return time of ψ is less than 1/(1 — 2e), all
the fixed points of ψ are hyperbolic, ψ has already four fixed points
on dB, each with the Lefschetz index -1. Therefore by the index theorem,
there exists an attractor or a repeller, which corresponds to a short
closed orbit. Now Case 2 is reduced to Case 1. Detailed arguments are
left to the reader.
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