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REAL PROJECTIVE REPRESENTATIONS
OF Sy AND Ay

JOHN Q. HUANG

ABSTRACT. Three main results are obtained in this paper: one generalizes the
Atiyah-Bott-Shapiro periodicity equivalence on the category of real Clifford modules,
(Theorem 2.2); another establishes the existence of two algebras for real projective
representations of the symmetric group S, and the alternating group A,,, (Theorem 3.2)
and determines their structure, (Theorem 6.1); the third describes all the real projective
representations of S, and A, except for some small numbers n, (Theorem 7.2).

Introduction. Let[ be a division algebra and G be a group with a central element z
of order 2. Assume further that G is equipped with a parity homomorphismo: G — Z /2
such that z is in the kernel. Let M(F[G]) be the category of F[G]-modules on which
z acts as —1. In [6], P. Hoffman defined certain categories Z}Z")(G) of objects which
are simultaneously Z/2-graded G-modules and Clifford modules over the complex
numbers, then proved an equivalence between ZE")(G) and Zé"J'z)(G), which generalized
the complex Clifford module periodicity of Atiyah-Bott-Shapiro [3]. Moreover, ZfCO)(G)
is equivalent to M(Cker o) if o is non-zero and Z."(G) is equivalent to M(C[G]). This
allows one to re-obtain the work of P. Hoffman and J. Humphreys [8]; a revised and
more readable version appears in Appendix 8 in their recently published book [10]. If
we define 7}")(6) to be the Grothendieck group of the category Z}")(G), then, in fact,
Hoffman and Humphreys determined the structure of the Z /2 x N-graded algebra

T = {Tg")(S’,,) :m€eZ/2,neN}

by generators and relations. As consequence, they gave a new formulation of I. Schur’s
original work on complex projective characters for S, and A, [19]. Here S, is one of the
two essential double covers of S,,.

In this paper we shall extend all the work above to real numbers. We prove the
analogous generalization over real numbers: Zﬂ({' )(G) and Z;{”g)(G) are equivalent. This
will be done in Section 2. In Section 3, by using the 8-fold periodicity of Tn(x")(G)’ one
can prove that

Th = {18, :meZ/8,neN}

is a Z/8 x N-graded ring. In Section 6, we come to the main purpose of this paper: to
determine the structure of the above ring by generators and relations. As a consequence,

This paper is a part of the doctoral thesis of the author at the University of Waterloo.
Received by the editors October 27, 1992.

AMS subject classification: Primary: 20C25, 20C15; secondary: 16A24, 20C30.

(© Canadian Mathematical Society, 1994.

543

https://doi.org/10.4153/CJM-1994-029-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1994-029-9

544 JOHN Q. HUANG

we describe all the real projective representations of S, and A, except for small » in
Section 7. Based on the results of Schur [20] and Nazarov {17, 18], M. Makhool and
A. Morris [16] constructed a complete set of real irreducible projective representations
of S, for two of the three non-trivial classes in its Schur multiplier. These are constructed
by giving “negative” modules for S, and S, for each n. Here S, is another essential
double cover of S,.

The main method of proof is by converting 7* graded over Z/2 to a Z /8-graded
ring T, getting the structure of 7¢. This will be done in Section 4. We then use the
classic techniques, i.e., restrictions from H to C and C to R, extensions from R to C and
C to H, and conjugation from C to C, in relating the irreducible real and quaternionic
representations to the irreducible complex representations [1] to obtain the structure of
the real ring. In Section 5, we show how to extend these techniques to our 7 /2-graded
modules.

ACKNOWLEDGEMENT. I would like to thank Professor P. Hoffman who suggested

some of the questions studied here. This paper may be regarded as a sequel to [6] and
[10, Appendix 8].

1. Preliminaries. We shall recall in this section the categories of graded represen-
tations, the tensor product and Hom as described in [6], then build a 7?{ 1, z}-module
17 G for every G-object G. Many of the definitions before Lemma 1.1 are either from
[6] or are analogous to definitions there, but we shall repeat them here, since they are
fundamental to the rest of this paper.

In this paper we will write N, Z, Q, R, C and H, respectively, for the sets of non-negative
integers, integers, rationals, reals, complex numbers and quaternions.

Let [ be a division ring and G a group. By the term G-module, we mean any left
module over the group algebra [[G], which is finite dimensional over F.

DEFINITION 1.1. Let G be the class of triples (G, z, o), where G is a group, z is an
element of order 2 in the center of G, and o is a homomorphism from G to Z / 2 with
o(z) = 0. When z and ¢ are unambiguous, we often denote (G, z, o) simply as G. We
say ¢:G — G’ is a G-map, if ¢ is a group homomorphism such that ¢(z) = z’ and
o'¢(g) =o(g) forall g € G.

EXAMPLE 1. Define S’,, to be the group with generators {z, 1y, ..., f,1 } and relations

Z=1=[z1);
£=1=(tw), forl<j<n—1;1<k<n-2
tity = zitj, for[j—k|>1land 1 <j, k<n—1.

So (8, z, 0) is a canonical example of an object in G, where ¢ is the composite s o T,
where (—1)° is the sign homomorphism on S,, and 7 is the map S’,, — S, defined by
sending # to the transposition (ii + 1). In the literature, S, is a complex representation
group of S, when n > 3 and is called a double covering group of S, since S',, has order
2(n!).
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Let G be an object in G (z and o being understood). Define M(F[G]) to be the
category of F[G]-modules on which z acts as —1. Morphisms in M(F[G]) are module
homomorphisms.

Let Z(G) be the category of all triples (V@ + VD, v y(Dy where:

(@) VO 4+ v is in M(F[G));

(b) VO NV = {0} (i.e. the sum is direct as vector spaces); and

(c) If g € G, then gV = V(i+a(@),

Such triples are called Z /2-graded negative representations, and are usually denoted
just (VO, V). A morphism in Z(G) from (VO, V) to (WO, WD) is a module
homomorphism

VO £ v wO L
mapping V® to W® for both i.
For non-negative integers p and g, let ZI(F” “Y(G) be the category of all sequences

(V7 V/vnlv'“’npvgl?"'véq)

such that:
(i) (V,V’)is an object in ZI(FO)(G);
(ii) n:, € V+V' — V+V are F[G]-module homomorphisms mapping V to V' and V'
toV;
(iii) n? =id, 512 = —id, and each pair of distinct elements from {71, ..., np, &1y .. ., &4}
anticommutes.
A morphism in ZENG), (V,V,iiye. sty €1seen )~ (W, Wil .y,
& ..., &), isamorphism (V, V') — (W, W) in Z”(G) such that n6 = 01;, and £ = 0¢;.
When p = 0, we denote ZI(FO"I)(G) as ZF")(G); when ¢ = 0, denote Z}” (G) as Zfrp (G).

NoOTE 1. Each category ZI(F” “D(G) admits a & bifunctor with the obvious definition
(taking the direct sums of everything in sight). Let Tfr”’q)(G) (resp. T;O)(G)) be the
Grothendieck group under @ of Z}p "’)(G) (resp. ZF”(G)).

NOTE 2. When G = {1,z} and F = R or C, we can interpret ZI(F” “9(G) as the category
of negative C(Qp ,) modules, where C(Q,,) is the Clifford algebra of the quadratic form
Qpg on P, with

%

M3

P
Qp,q(xh .. .,xp+q) = ;xlz _

1

bS]
I

forx; e RorC,and 1 <i<p+gq.

NOTE 3. For an object (G, z, 0¢) in G, where G is a finite group, define for each pair
of integers p, g > 0 a new object (G4, Z, 0) as follows: G, 4 is the group generated by

{877717---,77;7,{1 "'7€q [ 4 € G}
subject to the relations in G and

lg,nl=lg&l=1=n% [nnl=1&E1=Im &l =2=¢,
olg=0 and o(n)=0(§)=1.
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So G, is finite and what is more, ZL(F" “9(G) and T;O’(G,,_q) are equivalent. Therefore,
since foo) (Gp.4) and M(F[ker o]) are equivalent (see 2.1, 2.2 [5]; the proofs there for C
apply to any division ring of characteristic 0) if o is not zero, ZfF” “’)(G) and M(Flkero]))
are equivalent as categories. In fact, we have functors:

P: Z‘{FP.Q)(G) — Z;TO)(Gp.q) and Q: Z[(FO)(Gp_q) N Z‘(Fp'(”(G),

Here P(V. V', n1..ooimp. &iee e e &) is (V. V'), the G, 4-action is induced by G, n; and
& in Z;F”"”(G). Similarly we can define Q with PQ and QP being naturally isomorphic
to identity functors. Hence any result about Z[(Fp “(G) can be translated into a result
concerning the more familiar category M(F[ker o]). When p = 0, we denote Go 4 as G_;
when g = 0, denote G, as G,.

Two objects (G, zg, 0¢) and (H, zy, o) produce a new object (Gf/H. z,o0)as in [10,
Chapter 3]. Let

GYH = (GXH)/Z

where GXH is the cartesian set product of G and H, with group operation
(a,b)(c,d) = (7" qc, bd) and  Z:={(1,1), (26,20}
Denote elements of GYH as ordered pairs, and define
z2=(z¢.1)=(1,zy) and o(g.h)=05(g) +ou(h).
There are natural isomorphisms of groups

G~ {1,z}¥G, G=¥GV{l,z}, GYH=XHYG

by sending
g—(Lg). gD (g.h)—Z""(hg).
respectively.

EXAMPLE 2. Let k,[ and n be positive numbers with n > k + /. We regard S as the
subgroup of S, which is the double cover of the symmetric groupon {1,..., k},and S;as
the double cover of the symmetric group on {k+ 1, ..., k+1}. Thus the generators for S
are now denoted fz,{, . . ., tkei—1- As subgroups of S, we may form (8. S,), the subgroup
generated by S, US,. Thisisa group with generators z, £y, ..., fx_1s tgp1s - - -5 gy, With

z a central element of order 2, and relations
=1, 1<i<k+l—1,i#k
(titi) =1, forl <i<k—2ork+1<i<k+[—2;
ttp=zatity, 1 <i, j<k+1—1,]i—j|>2.i#k j#k.
On the other hand, S‘k and 3‘1 are both objects in G, and so we can form Sy )731. Just as in

{10, Chapter 3], one can prove that the map ¢, taking (t;, 1)Ztot; for 1 <i <k —1,
and (1,)Ztot; fork+1 <i <k+I1—1,is a G-isomorphism between Skf’S, and (S’k. 3,).
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DEFINITION 1.2. Define a tensor product

Z}p'q)(G) % Zn(;r's)(H) N ZI(Fp+r.q+s)(Gi‘,H)
VYV, W)= VW

by

VW=V, Vo0, €1y e €)@ W WGy G X -+ -1 Xs)
= (VY@ W, WH IR0, 106m®L....5, 0L 1®x1,...,1
X &1 D1, 6@ 1),

where @ inside the right side is the Z /2-graded tensor product, i.e.,
(V.VHYQ@W, W) =(VaW+V aW.Vvaw +V aw)
with action, for v in V%, win W9, gin G and h in H, given by
(&M e w) = (=1)"Ngr @ hw

and where -
(@@ D@ w) = (—DH"a®) @ w.

Here and below, |w| (= 0 or 1) is the grading of w, and |g| denotes o(g) for an element g
of an object G in G.

DEFINITION 1.3. For ¥ € ZP"(G), W € Z"(G). Define Homy(g(V, W) to be the
vector space of linear maps ¢: V+V' — W+W/, where ¥V = (V, V', i, ..., 0p, &1v ..., &y)
and W=W,W.,(, ..., X1 .- -5 Xs), such that

(a) ¢(V) C Wand ¢(V') C W';
(b) if g € G, then ¢(gv) = g(¢v);
(c) if1 <i<min{p,r}and1 <j < min{q,s} then pon; =Go¢and po&; = x;0¢.

Now let us define when objects are irreducible and inequivalent in ZI(F” D(G).

DEFINITION 1.4. A subobject of (V, V', i, ..., 0p, &1, ..., &) in Z[(F”“’)(G) is any ob-
ject (W, W'y oomp, € oo, §0) with W, W’ subspaces of V, V' respectively, the action
being the restrictions (so W + W’ is G-invariant), and with 1} := 0| wsw, §J’. = &jlwaw.
An object is said to be irreducible iff it has no non-zero proper subobjects, and is itself
non-zero. Two objects U and ¥ are said to be equivalent or isomorphic if there exist
morphisms ¢: U — 1 and ¢: ¥V — U with ¢ = idy, P = idy, such ¢ and 1 are
called isomorphisms as usual. Otherwise, U and ¥ are inequivalent.

It is easy to see that kernels and images of morphisms in Z(F" 9(G) yield subobjects
when [ is a field, so the usual proof of Schur’s lemma gives:

LEMMA L.1. If V and W are irreducibles in Z}’”‘” (G), then we have
1. Homg(V, W)isadivision algebrawithl in its center if V and W are isomorphic;
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2. Homgg)(V, W) = T if T is algebraically closed and V and W are isomorphic;
3. Homgig(V, W) = 0 if V and ‘W are not isomorphic.

When G is finite and F is a field with characteristic 0, the usual averaging trick applies
to morphisms in Z}” (G) yielding the analogue of Maschke’s theorem: Each object is
isomorphic to a direct sum of irreducibles. Since Homgg(V, W) is easily seen to be bi-
additive with respect to &, it follows from Lemma 1.1 that the multiset of isomorphism
classes of irreducibles (occurring in a decomposition of a given object) is unique, i.e.,
independent of the decomposition.

Let ¢: G — G’ be a G-map. If V' is a G’-module, we denote by ¢*V' the G-module
obtained by “restricting V' along ¢”, that is, ¢* V' is V' as a vector space, with G-action
by gv' := ¢(g)V'. Similarly, if V' = (V{, Vi, ni,...,&,) is an object in Z}p‘q)(G’), then
¢* V" is just (Vg, Vi, m1, ..., &), an object in Z}p‘q)(G) with G-action gV’ := ¢(g)v’ and
the same 1), §;. Now suppose ¢: G — G’ is an injective G-map and let 7 be an object in
ZI(F” “(G). Then one can “induce along ¢” to produce an object in ZI(F” “(G'), called ¢, V.
This is done in exact analogy with the ungraded case. For this classical treatment, we
refer to [21].

Let 1 :=(F,0) and 1* := (0, F), which are elements of Z,(FO)({ 1,z}). Then immediately
we have, using the product in Definition 1.2,

V=9V

after identifying {1, z} ¥G and G¥{1, z} with G. We shall supress this identification in the
paper. Also it is easy to see that (1*)2 ¥ 1. Now if ¥V = (V, V', 7, .. apa &y €
Zfrp "’)(G), then we have following three results.
() 1"V = ((V, V9,01, oamps 1, - -, &) Where g x v = (—1)lgv;

I R A A T e S TR g9

(i) 'Y = V1.
The proofs of the above results are straightforward and we omit them. Note that 1* has
the same meaning as p in [6].

DEFINITION 1.5. Anirreducible object ¥ of T}”“”(G) is said to be a special one if and
only if 1*%/ is not isomorphic to V.

For each object G in G, define T} G to be the N-graded abelian group >3, @T}")(G).
The tensor product is associative (for example see Proposition 2.1 in [6]), so TF{1,z}
is a graded ring, with the multiplication as the tensor product defined above. Using the
same tensor product and identifying {1,z}¥G with G as we did before, we make 7;G
into a left module over the ring 77{1, z} with 1 as the identity and 1* as an involution.

From now on we assume [ is either R or C till the end of the paper except for Section 5.

LEMMA 1.2. We have
TO{1.z}) ¥ Zb @ 717D,

Here the group {1, 2} is defined in Note 3 and b is a special irreducible of dimension 2

in ZV{1, z})).
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PROOF. Let
G={l,z};y and H=({l,z}i).

Then
G={lz,((|=1=[z¢}=2/2017/2

by notation in Note 3. And similarly
H=7/2617/281)2.
Let H' be the subgroup consisting of all the elements with even degree. Then
H'=7/201)2.
By Note 3 and [5, 2.1 and 2,2], we have
ZM(G) ~ZO(H) ~ M(F[Z /26 7/2)).

Here and below ~ means category equivalence. It is quite easy to see that there are only
two (associated) irreducibles in M(F[Z/2 & Z/2]) and both are of dimension 1. This
completes our proof. n

Define
ko= FOFY ) with FO=FV=F. (i) = (.00

which is an element of Z[(F”({l. z}). The following lemma will play an important role in
finding the basic special irreducible Clifford modules naturally in Sections 3 and 6.

LEMMA 1.3. If k is non-special and V' is an object in Z[(FO)({ 1,z}1) of dimension 2.
Then
EVEbD 17D,

PROOF. By Lemma 1.2 and a dimension count, we have
kY =2b or 2(1°b) or b+1%b.
That I*x ¥ x and 1*b ¥ b implies kY = b + 1*b as required. u

2. Periodicity equivalence theorem. The well known results in part 1 of [3] give
periodicity equivalences between the following pairs of categories:

ZO{1,z}) and 28 ({1,2}), forall n;

and
ZoP({1,zh) and ZG "0 ({1,2}) foralln > 0.

Recently, P. Hoffman generalized this when F = C:
2{(G) ~ "7(G),

see [6, Theorem 1.1].
In this section we shall prove the analogous generalization for the case F = R: Z;{)(G)
is of period 8 for n € Z. First of all, we have following mixed equivalence.
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THEOREM 2.1.
Zy G~z N(G)

forp,qg > 0.

PROOF. Define a functor
Z;{.q) L Z(Rpfl.qfl)(G)

by
r
(W7 Wl?"l?"‘ﬁnpvgh‘--vgq)'-_)(Uv Ul7<|7---7(1)717)(1»'”7)((]7])

where

U := W({1-eigenspace of ,&,}, U’ := W'({1-eigenspace of 1,¢,}

G = 77i|U+U’7 Xj = €j|u+z/f

for1 <i<p-—1,1<j<g—1.Sincen;, £ commute with 17, it maps U to U’ and U’
to U, this gives an element of Z(Rf ""q‘”(G). Also, if T is a morphism in Zé{ “’)(G) whose
domain is the above object (W, W', i, ..., 1p, &1y . . ., &), then I'7, the restriction of 7
on U+ U, yields a morphism in Z(Wé”l"’fl)(G).

Conversely, define a functor

Zr N6 S Z896)
V— EQRV

where
V= v, V/77717 . '77][1—17517 .- '761]‘7'1)

and £ is the element of Z{""({1, z}) defined by
£:=(E,E. 1,6, E=R=E, nab)=(b,a, &a.b)=(b —a)

and EQ¥ = (EQV+E @V, E QV+EQV 1001, .... 1@, 1.1 1, 1@&),.... 10
€,1,€© 1) as defined in Section 1. We identify Z&V(G) with ZI ({1, 2} ¥G) again
under the isomorphism G = {1, z}f’G (g — (1, g)), s0 E® 7V isa well-defined element of
ZfRf“’)(G). Let A send amorphism, say 0, in Zf,{fl “47D(G) to the function Ad: ey — e0y.
The latter is a morphism in Zg’ “(G)by a straightforward check.

It remains to show that both I'A and AT are naturally isomorphic to identity functors.
Clearly the 1-eigenspace of n¢ is spanned by b = (1,0). A natural isomorphism from
VoV, oo pe1 &ty e e 0 Eg-D) OTAWV, Vo1, € o0, 1) s given by

Vvi— b® .
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A natural isomorphism from AW, W', ny,....10p,&1,..., &) to (W, W.n1,...,np,
€1,...,&y) is given by
3
(e@w+e @w., el @w+e @w))r— (ew — empw’, e[ Ew1 +erw))

where w; € W, wl € W' and (e, €'), (e1,¢}) E EDE'. n

Before proving the periodicity theorem, let us recall the structure of real Clifford
algebras which has been explained in an elegant manner in [3]. Let Cy, C; and C,,
be the real Clifford algebras of quadratic forms Qq, Ok and Q, 4 respectively. Then
Propositions 1.6 and 4.2 in [3] give following isomorphisms among graded Clifford
algebras.

Crg T CRC, € ¥CRC, Cpu=C,0C, Ci=C,

therefore
Ciss = Cs ® Crag = Capeay,  Crg = Crg ® € T Craa -

The symbol & denotes the Z /2-graded tensor product of Z /2-graded algebras, so that,
for two garded algebras A = Yy A%, B = Yoo, B%, the module A’ ® B is one of the
two summands of (A ® B)™¥/, and with multiplication defined by:

(a ® b)(a; ® b) = (—1)7aa; @ b;b

ifa; € A/ and b; € B'.

THEOREM 2.2.
Z3(G) ~ Z3"V(G)

foralln € 7.

PROOFE. If n > 0, then by using Note 2 in Section 1 and Theorem 2.1, also by
identifying C,,s with C4 .4 and C,’T +g With Cy14.4, we have

3G ~ 276 ~ Z80(G) = 27 (G).
Z(R—n—S)(G) - Z§Rf)II+8)(G) ~ Z(Ith,nM)(G) ~ Z;RO.”)(G) - Zu(x_n)(G)-

Therefore the category equivalence holds for n > 0 and for n + 8 < 0. Now let us do the
cases when n + 8 > 0 and n < 0. By the same reasons as above, we get

7 "(6) = 237(6) ~ 2 (G) ~ 3 V(G) = Z(G).

Similarly for 2 < n+8 < 7, we have Zy**(G) ~ ZJ(G). .
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NOTE 1. We get the following table about C}-modules, which is not explicit in [3],

JOHN Q. HUANG

but is similar to their table of Cy-modules.

k c V{12 | g | TP{1,2D) | af
0 R 7107 1 71017 1
1 RER Z 2 Z 2
2 R(2) Z 4 71017 2
3 C(2) Z 8 Z 4
4 H(2) 107 8 1617 4
5 [ HQR) @ HQR) Z 16 Z 3
6 H(4) Z 16| Za7 8
7 C(8) Z 16 Z 16

Te V(LD 2 TV, 2)), ahs = 16a;, a4, = 24,
where a}(a;°) is the R (C)-dimension of an irreducible in 7;{”({ 1,z}) (chk)({l, z}).

NOTE 2. After we finished this paper, P. Hoffman [7] generalized the above equiva-
lence to a wider case, both for complex numbers and real numbers.

There are only 8 non-equivalent categories among T;R")(G), n € Z for every G-object
G. If we re-define T5G = S/ ©TL"(G), then T3G is a T {1, z}-module in above sense.
We will determine the ring structure of T{{1, z} in Section 3.

Finally let us show how to get an irreducible representation of S, by using Clifford
modules, analogous to that in [10, Appendix 6]. Let ej'-, 1 <j < nbe a basis of
R", and let W := {Z Nje] : 3°); = 0}, a subspace of R". Choose {{,....t, |} with
tj’. =21 2(e/’- - ej’-H) as a basis of W. The Clifford algebra of (Q,0)|w over W is denoted
B!_,. Then §, is isomorphic to the group generated by these t}s under the map which
sends the generators ¢ to #; and z to —1. So an irreducible representation of B, | will
restrict to an irreducible representation of S, since {t],...,f, |} generates B, | as
algebra. We shall use this comment in defining the real basic special irreducible Clifford
modules in Section 6.

3. A Kg-algebra 72, EBT],{S,,. In 1986, P. Hoffman and J. Humphreys [8] gave a
new formulation of the Schur’s results [19] on complex projective representations for
the symmetric groups and for the alternating groups in the spirit of the well known
“induction algebra” approach to the linear representations of S,,. To do this, they built an
algebra in the language of this paper as following:

The operation (7, W) — ¥ @ W gives rise to a pairing

{1, he TO{1, 2 — T8 {1,2)

and induces an N-graded ring structure on the direct sum

(1,2} = io eT¢{1,2)).
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If we view equivalent categories as the same category, there are, by periodicity, only 2
different non-equivalent ones among {T¢’({1,z})} for n € N. Then

K =101 p o1V {12}

inherits a ring structure from T*({1,z}) in the obvious way. For a generator z; of
TP({1,z}), we have
K= 7z1/(z — 2z)

as rings.
Given non-negative integers k and /, let

b Y8 — Sey

be the G-embedding onto the subgroup (S’k, 3’1) given in the Example 2. Then define
multiplication in

=5 ar's§,
n=0
as the following composite:

N N aoan (Drn)x N
T8 x T°8 —2 T3 ¥8) 2% T8,

where (¢y,). is the map induced by ¢y, and
T*S‘n = Tq(:O)(S'n) 2] Tq(jl)(gn)-

Then T~ is a pseudo-commutative Z/2 x N graded K-algebra. Let cho)({ 1,z}n) = IM,
(resp. ZM,, + Z1*M,,) if n is odd (resp. even). This follows from Table 1 in Section 2 and
Note 3 in Section 1. Hence M, is a special irreducible and M, is not. By using

d=1+1" Mi=My+1"M,
and Lemma 1.3, we have
2iMani1 = Nopr + "Ny

for some special irreducible Ny, € Tg)({l, Z}an+1)- Recall the last paragraph of Sec-
tion 2. We have §, C B! |, C C, and an irreducible module for B, , will restrict to an
irreducible representation of 3,,. Let

02 13
Convt = Mon € Té Sonety €20 =Nany € TS5,

then the K-algebra 372, @T*S, is isomorphic to the quotient of the free algebra with
generators {cy, ¢z, . . .} by relations

(@ cicj = (1" ¢ic;;

() 2= (=121 (con + 21 T (—Diciconi);
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see [10, A8.14 and A8.15] for details.

In this section we shall set up a K algebra T, in a way parallel to that we have recalled
above. Its structure will be determined in Section 6, from which the real projective
representations which are R-projectively equivalent to linear representations of S, can
be described when n > 4.

First we will use information contained both in [3] and Section 2 to explicitly describe
the structure of the ground ring Kg.

The operation (7, W) — 7 ® W gives rise to a pairing

TR TP, h — TE" (1.2}

and induces a Z-graded ring structure on the direct sum
00
Th{1,2) =, o7’ {1.2}).
n=0

We denote this product by (i, v) — uv, which is associative from [6, Proposition 2.1(ii)].
If we view equivalent categories as being the same, there are only 8 different non-
equivalent ones among 74" ({1, z}) forn € N. So

,
K :=> @T{{1,2})

n=0
inherits aring structure from T ({1, z}) in the obvious way. By table 1 and Proposition5.5
in [3], we can assume that
WL =21871", TP (L) =T o L TP{l.2})=1Ix

for 1 <i<3or5 <i<7andhere and below * is given by: 7* = 7/1*. We choose the
generators x; to be the isomorphism classes of modules. By dimension counts, it follows
that all these generators commute with each other. All but one of the relations below
follow by the same argument:

X=X, ;m=x, rs=xx, X=x, 1+1"=xx,

xﬁ =4, xix4 =x%, X4X7 =x7', x21x7 =2x, xlx% = 2x7,

X =x+x;, B =dx, x] =8x.
The equation x3 = 4 needs more explanation. One can refer to the course of proving
Theorem 6.9 in [3].
Note that we will use the above thirteen relations in finding the basic real special

irreducible Clifford modules in Section 6.
The complete ring-structure of K is given by:

THEOREM 3.1. Ky is a commutative 7 /8-graded ring generated by a unit 1 €
T 1.2}, and by xi € T ({1, 2}), x4 € T ({1, 2}), %7 € T ({1, 2}) with relations:
R = {x] — 4,000 — X, Xax7 — X}, X707 — 221, X105 — 2x7 .

Kg = Z[x1,x4,x7]1/(R).
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PROOE. Clearly there is a homomorphism from Z[x;, x4, x7] /(R ) onto Kg, since we
know that the relations hold and that the “missing” generators are not needed by other
relations. To see this is also an isomorphism, it suffices to prove that the minimum number
of generators needed to generate the abelian group Z[x;, x4, x7]1/(®.) is not greater than
that for free abelian group Kg, namely 10. Indeed, by a straightforward check, it follows
that

{1,207 — 1, x0, 23, X3, X4, X1 XaX7 — Xg, X5, X2, X7}
generates Z[x;,xs,x7] /(R ) as an abelian group, as required. n

LEMMA 3.1. The operation ® is bilinear over K, i.e.,
(VW) = xV)W = V(xW)
foranyx € Kgand V € T,f{')(G), W e T;{")(H).

PROOF. By associativity of ®, it suffices to show that 1" = 71* and x; ¥ = Vx; for
i=1,4,7.
Let ¥ = (V, V', n1,...,n) € T{(G). Then ¥1* = 1*9/ as we saw in Section 1. Let
x; to be (RO, RV, ¢) with R® = R = R as vector space and &(rg, r1) = (r1, o). Then
Vi =(VRRO?+V @RV VIRV +V @R 1Q6m @ 1,....0, @ 1).

On the other hand, using [6, Proposition 1.2] for the second equation and 1*x; = x; 1*
for the third equation, we have
7 =ROY@V+RVQV RY@V+RO@V, 1@n,....,1®@ 0, E@ 1)
=(I"YROQV+RYQV . RVQV+ROQV, (@ 1,1@n1,...,1 ®7,)
=RY@V+RY@V . RV"oVv+RO@V e 1,1®n,....,1®7,)
Then
r@vis (DM@ r
gives a natural isomorphism between x; v and Vx;. Similarly, we have x4 = Vx4 and
x7%Y = Vx7 as required. =

We are now in a position to introduce the promised algebra . Given non-negative
integers k and /, let
b Sk V8 — Sy
be the G-embedding onto the subgroup (S, S;) given in Example 2 in Section 1. Then
the algebra multiplication is defined to be the following composite:

N N PN N (%) [N
T3Sk x T3~ TRGI8) =5 Tidear-

where (¢ 1)« is the map induced by ¢; ;. Denote the above product by (x, y) — xy again,

i.e., xy = (¢r)+(x @ y). This makes Tj = Yooy ©TRS, into a Ky-algebra; that is, the

multiplication x¥ € T&*™ ({1, z}) P8, (~ T8y if x € TY({1,z}) and ¥ € TS,

is Kg-linear by above proposition. So we have:
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THEOREM 3.2. Y%, ®T%S, is a pseudo-commutative 7 /8 x N graded ring in that
xy = (1) yx for x € T;{)(S’k) andy € T§>(S,), and is also a Kg-algebra.

PROOF. Everything is clear except the pseudo-commutativity and the associtivity.
The latter has essentially the same proof as Theorem A8.8 [10]. n

4. The structure of the K¢-algebra 32, @YTES',,. The categories ch"’(G), nel’,
are 2-fold and therefore 8-fold periodic. If we let

1 X 00 R
TG =3 TG, K:=T({lz}), T :=) &rs, and
=0 n=0

7 i 00 "
TeG =Y 0T)(G), Ke:=Ti({l,2}), Tp:=> 0TS,
=0

n=0

then T*G (resp. T¢G) is a K- (resp. K¢-) module and T (resp. T3) is a Z /2 x N-graded
(resp. Z/8 x N-graded) K- (resp. K¢-) algebra. The two algebras are associative and
pseudo-commutative in that xy = (1*)*yx for x € TPS, and y € TS,. The main goal
of this section is to relate the structure of the K¢-algebra T¢ to that of the K-algebra 7.
This will be convenient for the purpose of comparing the complex and real cases, and
using known facts about the complex case to shorten proofs for the real case in Section 6.
We shall proceed by analogy with Appendix 8 of [10].
Let T;;”({l,z}) =7z, and 7:32)({1,2}) = 77, & Z1*z,. Then the map

Vi— 27 (or Vo)
accomplished the category equivalence: ZfC")(G) 1 ZfC’”Z)(G) as in [6]. Hence
TE{1L2h ¥ AT ) =75 B 1173

and .
181, 2p ¥ ATV 2D = Tz,

The following lemma gives the structure of K¢ as we did in real number field case or
2-fold periodicity over complex numbers.

LEMMA 4.1. K¢ is a commutative ring and is generated by z1, 7o with relations:
3
=212, =1

Le.,
Ke = 2z, 21/{z} — 222,25 — 1).

PROOF. By dimension count and 8-fold periodicity, we have
S=p+1"n, Za=1+1", =212, #H=1

So there is an epimorphism from Z[zi,2]/(z} — 2z122,23 — 1) into K. Then,
by checking that the minimum number of abelian group generators of
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Z|z1, 221/ (2} — 2z122,25 — 1) is not greater than that of free abelian group K¢, the
above homomorphism is an isomorphism. ]

Note that the four relations involving 1, 1%, z;, and z, in the above proof will be
frequently used in the later part of the paper.

LEMMA 4.2. T{G is a free K¢c-module, and any K-basis for T*G is a K¢-basis for
TEG (where we regard T*(G) as the subgroup of T§(G) consisting of the zero-th and first
component of the Z [ 8-grading).

PROOF. As we know from [10, A8.4], a K-basis of T*G consists of special irre-
ducibles, with exactly one chosen from each pair x, 1*x. The set of all irreducibles is the
union of the triples {x, 1*x, zjx}. Now, since T¢G = Y1, ®z,T*G and 1%, z; have the
same meaning in both K and K¢, then the number of generators of K¢-module T3G is
not greater than that of K-module 7*G. On the other hand, z, — 1 defines an (ungraded)
group homomorphism from T3 G onto T*G, and our result follows. n

LEMMA 4.3. The operator @ determines an isomorphism of K¢c-modules
TG ®x, TeH —— TH(GYH).

Moreover, V @ W is a special irreducible if and only if V and ‘W are.

PROOF. The map is an isomorphism because
TG ®x T"H — T*(GVH)

is an isomorphism (see [10, A8.6]) and TG = Z?:o @ng*G.
Write V = 29/, W = AW’ with V/(W') € T*G (T*H). So V® W is special irreducible
< V' @ W' is special irreducible
<= 1" and W' are special irreducibles in 7*G and T*H respectively by [10, A8.6]
<= V' (W) is special irreducible in T¢G (TEH).

LEMMA 4.4. For all positive integers m and n,

Z21Cm @ € if m and n are odd
1m @ ¢y otherwise,

¢;*n_n(cm+n) = {

where c; are defined in Section 3 fori=1,2,....

PROOF. Consider the commutative diagram:

©@hZ  SaF8 T S

| | !

g®h Cp1®Cyh Cnin—1

! l

Cn @ Cy I Chiin
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The symbol ® denotes the Z/2-graded tensor product of Z/2-graded algebras, as
we stated before Theorem 2.2. If M and M’ are modules for Clifford algebras C and C’
respectively, then M ® M’ is a module for the algebra C ® C’ as usual. The following
diagrams show the effect of restricting modules along the embeddings in the previous
diagram, according to the parity of m and n.

1. Both m and n are odd.

Zl(l + l*)zcm ® ¢y — (1 + 1*)2Cm+n
Zl(l + 1*)2Mm_] ®Mn—l Zl(l + 1*)Mm+nfl
Zle®Mn — Z|(1+1*)Mm+n-
2.mis odd and n is even.
A+ @6 < g+ 1o
(1+ 1*)1‘/[:71—1 QzM, a(l+ 1*)Mm+nfl
Zle XM, — Zle+n-

3. miseven and n is odd. We have a similar diagram as in case 2.
4. Both m and n are even.

5 Pn
(I+ 1*)hcm & cp — (1 + 1")cpn

I |

2
M1 @ 7IM,— i Mopin—i

| |

2 2
Z1/‘4111®)1Wn ¢ Z]Mm+,,.

We can get the desired conclusions by using following:
(i) All the diagrams are commutative;
(i1) All the “restricting” maps are K¢-module homormophisms;
(iii) In a free Kc-module, z4x = 0 implies z;x = 0 and zhx = 0 implies x = 0;
(iv) 1+ 1% = 7723 holds in K¢; see Lemma 4.1.

Now define, for all n > 0,
O )
(D Chn =27 Cn
aspecial irreducible in Tg'* ! >(.§,,), where [ ]is the “rounding down” (integer part) function.
Then, by a straightforward calculation, we can reduce Lemma 4.4 to one equation, i.e.,

2) ¢:n.n(€'m+n) =721l B Cy.

Now let us define a K¢-valued inner product on T¢G. This will be uniquely specified
by requiring the following to hold:
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(i) (-,-)is bilinear over K¢;
(ii) (¥, V) =2, if ¥ is a special irreducible in T{(G);
(iii) (7, W) =0if ¥, W are special irreducibles with V' # (1*)'z5 W for any £, 5 > 0.
By the definition, it is not hard to see that

(3) <£‘n~ en> = 23_17

and b (or —b) is a special irreducible if and only if (b, b) = z} for some s > 0.
If we denote by (-, -) the K-valued inner product defined on 7*G [10, Appendix 8],
then
<’V, ‘T/V> - Z;+j+k('V/, W/)
where V = 2,7, W = Z,w" and V' € T¥(G), W' € T"(G) with k, [ = 0 or 1. Therefore
the Frobenius reciprocity property holds for (-, -), since it holds for (-, -), i.e., if ¢: G — G’
is an injective G-map, then
<¢*‘V7 W) = <‘V, (i)*W)
for vV € T{G, W € T(G'.
For each x € Tg)S’k, define an operator x* on Tg, which reduces the N-grading by k
and increases the 7 /8-grading by i, as follows:

<xL(y)» u> = <y»xu>'
Equivalently, if {a,} is an orthogonal K¢-basis of special irreducibles for 77, we have
) =33V xay)ay
B
where

ZMar.ay) = 1,

ie,ifay € TY, then
s(A) =8 —j (mod ).

Thus, x* is a homomorphism of K¢-modules. We have
(o)t = yhat = (1%L

forx € Tg)gk and y € Tg)S,. This follows from pseudo-commutativity.
Now please allow us to use (, ) also to denote the derived inner product on T5G ®xk,
T{G, i.e., a bilinear map which satisfies

(x@uyv) = (xy)u,v).

LEMMA 4.5. Fori <n,

alon i—1n .
G @)=z Cais

whereas
aln -1
&@)=2 .
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PROOF. Let u be any element of TES,,_,-. Then using the reciprocity property, equa-
tions (2) and (3) if i < n, and 73 = 1, we get

(&5 @n)su) = (2n, Ciut)
< ¢1n s (C, & Lt)>
(DFn—i@n); & @ u)
=

218 & Cni, Ci ®u>

=1 <Cn C,><C,, is u>

<ZIZ?_ 1Cn is “>

as required. To prove the second equation, by the same argument as above and u € K¢
if i = n, we have

Al a A A ~1

<Ci(cn)» u) = u(Cn, Ca) = (25 s u)
as required. n

LEMMA 4.6. The Clifford modules {¢\, ¢, . . .} satisfy the following relations:
(a) &&= (1M1,
(b) & = (=1 2123 (ean + 21 T (1) i ).

PROOE. (a) follows from the pseudo-commutativity. By a case-by-case calculation,
we can get the following six equalities:
L1 <s<m, (&m s, em) = 018"
(€2, 20m) = 113",
(@, e) = @n— Dz
1 <5 <5, (ClmosCslms) = 42+ (2s — DA
1 <5<t <2 (&ms &lmr) = 252255
6. 1 <s<n, (2, 8em) = 257323™".
Then by using these equalities, we can prove

Nk W

—1

< +(—1) ZIZ2[02,.+21§( 1) ¢iéon_ ,],c +(—=1)" ZlZ2[C2n+ZI zzf( 1)¢i¢on_ ,]> =0.

This proves (b). ]

Here and below we denote D, as in [10], to be the set of all strict partitions of all
non-negative integers. For A = (A} > -+ > A, > 0) € D, we define |A| := A\ +- -+ )\,
and /(\) := r. Let D(n) be the subset of D consisting of elements with |A\| = n. Now we
come to our main result of this section: the structure of the K¢-algebra 372, GBT*S,, as
follows, which is Z /8-graded version of that of the K*-algebra 22, EBT“S,,.

THEOREM 4.1. 1. The sets

{C)\Z=CA|"'C,\ )\=(/\1>>/\r>0)€@}
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and
{& =2, &, | A=\ >+ >\ >0 €D}
are two K¢-bases for 02, GBTES',,;
2. The algebra 32, @TES‘,, is isomorphic to the quotient of the free algebra with
generators {21, &2, ...} by relations in Lemma 4.6.

PROOF. Since {c\} is a basis for ¥, ®TES,, 1. follows immediately from
Lemma 4.2 and the fact that the transition matrix from {cy} to {¢,} is an invertible
diagonal matrix. By 1., the quotient algebra in 2. maps canonically onto %2, ®T*S,,.
But its defining relations imply that {¢, | A\ € D} is a set of Kc-module generators for
that quotient algebra, so the map is an isomorphism. n

5. ZW(G),Z{(G) and ZL(G). We shall relate Z¢"(G) and Z"(G) to ZI(G) in this
section, using “‘structure maps” j in a manner analogous to the classic case (see [1, 3.2,
3.3]) when G is a finite group. For the classic background, we refer to [1].

Let ¥ = (VO, VD ny, ..., n,) € Z(G). A real (or quaternionic) structure on ¥/ is
a conjugate linear G-map j: V@ + V() — VO 4 y(D with

jVO=vP j2=id (or —id) and jmi = nyj, fori=0,1; 1<k <n.

In both cases jis called a structure map. An object in Zg')(G) is said to be of real (or quater-
nionic) type if it admits a real (or quaternionic) structure. Let Zg‘)(G, +) (or Zg')(G, =)
be the category of all sequences (V, V', n1,...,nn,j) with (V, V', n1,...,m,) € Zg’)(G)
is of real (or quaternionic) type with structure map j. A morphism in Z::")(G7 +), say,

V, V01 i) == (W WGy G jiw)
is a morphism in Z::")(G) such that pjy = jwe.
THEOREM 5.1. We have
Z8(G) ~ Z0(G,+) and ZP(G)~ZP(G,-)

forn e Z.

PROOF. We shall prove the case of real representations and omit the case of quater-
nionic ones. Define a functor

A: Z3N(G) — ZI(G, +)

by
(Vﬁvlﬂnlw”'ann)‘_’(C®V7C®Vl71®7717~--71®7]mj)

where
jz®v)=Z®v and g(z®v)=z® gv.
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It is easy to check that we have defined an object of ch")(G, +). If ¢ is a morphism in
Z;{’)(G), then let A send ¢ to 1 ® , which is a morphism in Zg”(G, +). By a routine
check, we have defined a functor A from Z(R")(G) to ch")(G, +).

Conversely , define

©:Z!(G.+) — Z{(G)

by
WO WD &1 ) — WO WD ¢ G
where
W .= {1 — eigenspace of jyy|yo } fori=0,1
and

& =l for1 <k <n

Since jo| ;) commutes with &G = 1,...,n) so G maps W to W" and W to W\, it
is easy to see that (MO), Wi”, (1, - -+, G) 1s a well-defined object of Z;{’)(G). Alsoif ¢ isa
morphism in ZE")(G, +), define ©1) to be its restriction to Wio) + WA, then Oy determines
a morphism in Z;{' )(G). The construction supplies a functor ©.

It is fairly easy to prove the compositions A® and ©A are naturally equivalent to
identity functors. n

Suppose now that 7 and % admits structure maps jq, ja such that
Jmey=Fl, i =ew=+l1

Then ¥V ® W admits a structure map j = jy ® jgy such that j2 = eypeqy = £1. Therefore
we can separate three cases.

CASE 1. The product of two real representations is real.

CASE 2. The product of one real representation and one quaternionic representation
is quaternionic.

CASE 3. The product of two quaternionic representations is real.

Now let us consider relationships between real representations and quaternionic rep-
resentations. We have following category equivalence which is a special case of a result
in [7].

THEOREM 5.2.
Z3(G) ~ 7,*(G)

foralln € 7.
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PROOF. Let x4 and 7z, be as given in Sections 3 and 4. Using Table 1 and a dimension
count, one can see that cxy is either 223 or 2(1*z3), say 2z3. Therefore z3 is of quaternionic
type.

Define a functor

®: (G, +) — ZI™(G, )

by
YV z%‘l/.

By the Case 2 above, z3% is a well-defined element in Z::'”‘”(G, —). If ¢ is a morphism
in ZfC")(G, +), then let @ send ¢ to 1 ® ¢, which is a morphism in Zg"“‘)(G, —). By an
elementary check, @ is a functor. We can define the “same” functor to be an inverse
functor of @ by using z3 = 1. So the desired result follows from Theorem 5.1. [

We will also consider relations (or functors) between different types of graded repre-
sentations coming from restriction, extension and conjugation.

DEFINITION 5.1. 1. If ¥V =(V, V', nq1,...,n) € ZY(G), define cV tobe (CR V,C®
Vi,1®mni,...,1®n,), then obviously c¥ is an object of ch"’(G).

2. Similarly, if W = (W, W', &,...,&,) € Z(G), define g to be (H® W, H®
W, 1®&,...,1®¢,), an object of Z{’(G).

3 W=W,W.(,....¢,) € Zﬂ(ﬂ")(G), let ¢’ W have the same underlying set as W, W’
and the same operation from G and ¢y, . . ., (,, but regard it as an object of Za(:")(G).

4. Similarly, if W € Z(G), define rw’ € Z(G).

5.Let W=(W,W,£,..., &) € ZI(G), define 1% to have the same underlying set
as W, W and the same operations from G and £, ..., £,, but we make C act in a new
way: z * w ;= Zw, where w € t%, and 7 is acting on W + W’ as given in W.

It is straightforward to see {r,¢,q,c’,} are natural and commute with direct sum.
Also, given a morphism, say , we can construct morphisms rp, cp, g, ' and t in
the obvious way. The next theorem expresses the relations among these functors. Since
all these constructions don’t touch the gradation, the classical proof can be transplanted
here.

THEOREM 5.3. We have

i =c, qt=q,

2=1,

where rc =2 is understood rcV = V ® V, and so on.
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We now come to the main goal of this section: To relate the irreducible graded real and
quaternionic representations to the irreducible graded complex representations. Let G be
a finite group. The analogue for M(F[G]),F = R, C or H, of the following theorem is very
well known. Therefore, Note 3 in Section 1, which reduces it from Z to M, eliminates
the need for any further proof.

THEOREM 5.4. There are sets of irreducibles {U,} C Z;?(G), {1} C Z}:"’(G) and
{ M)} C ZY(G) which satisfy the following conditions:

1. The inequivalent irreducible representations of Z(R:' )(G) are precisely the U, rv,
and rc' w,.

2. The inequivalent irreducible representations of ch")(G) are precisely the cUy, V),
1V, and ' W,

3. The inequivalent irreducible representations of Zﬁﬂ")(G) are precisely the qcUy,
qV, and W,

The following result will be used in the proof of Theorem 6.1 in next section. Its proof
will be clear from the course of proofs of Theorems 5.1 and 5.2, and Definitions 5.1.

LEMMA 5.1. We have following commutative diagram

TG - TP

l !

Ték74)(G) 3 Ték)(G)

where 0 is an isomorphism induced from the corresponding category equivalence in
Theorem 5.2.

6. The structure of the Ky-algebra >~72, 697],13‘,,. The central result of this paper
is to give the structure of the Kg-algebra ¥"2°, ®T%S,,. Now, let us consider relations
between the ground rings Kg and K¢ under the maps ¢ and r defined in Section 5:

KR=21206H97*R"’({1,z}) = KC=ZZ:OGI|97E")({1~Z})

Z[xlax47x7]/<x> = Z[Z17221/<C>

where

R = {xF — 4, x1x4 — 3, x4x7 — X3, X3x7 — 2x1, X163 — 2x7},

and

c={g —2n2,4— 1}

recall that cr = 1 + ¢, rc = 2. We have following result. Its proof is straightforward from
dimension counts.
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LEMMA 6.1.

cl=1 r1=2
cl*=1" r1"=2(1%
Xy =71 17 =2x
o=z r=2x
cx% =22+ ]*Zz r7p = r(l*Zz) = x%
c(xax7) = 22122 Hz2122) = Xax7
=28 rii=xq, r(1*z3)=1"xy
clxg +1%x4) = 22%22 r(z%z;) =x4+ 1" x4
c(x1xg) = 2112% r(zlzg) = X1X4
=22 Hud)=2x
ctx) =21z K@) = 2xx
oG =77 rzig) =24
co=p+1"3 r5=r1"7)=x.
Note that the choice of x4 is 1*-unique, i.e., either cx4 or c¢(1%x4) is 2z%. Therefore both
25 and 17z3 are quaternionic.
Let recall that for every group G and each [ > 0, G is the group defined in Note 3
after Definition 1.1 in Section 1. We shall use this notation several times in the rest of

this section.
The following lemma gives the image under c, ¢ and * of the real and complex Clifford

modules in Table 1 in Section 2.
LEMMA 6.2. We have

n| TO 2t | a | TOE 1, 2 | af c b x

0| Zmy®Im 1 | IMy B IMf | 1 cmy = Mo, cmy = M;,
tMy = M, tMS = MS

1 Zm1 2 ZM] 2 cmy = M|,
tMy, =M,

2 Imy 4 IM, @ ZM; 2 cmy = My + M;,
tM, = M;

3 ZM3 8 ZM3 4 cms = 2M3,
tM3 = M35

I Zm@Im, | 8 | IM;@ IM; | & | cmg = 2My, cm = 20,
tM4 = My, tMZ = MZ

5 st 16 ZM5 8 cms = 2M5,
tMs = M5

6 Zms 16 | ZM, ® IM] | 8 cme = Mg + M,
tM¢ = Mg

7 Zm7 16 M7 16 cmy = M7,
tM7 = M,

where a., (resp. a.’) is the R (resp. C)-dimension of an irreducible object of TI,(RO) 1,2}
(resp. cho)({l 22 n)-
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PROOF. (n = 0) cmp = My or M{ by a dimension count, say, cmy = My. Then
cmy = M. This follows because ¢ is a monomorphism. Hence tM( = tcmy = M, and
M = temg = M, since tc = c.

(n=1o0r7)cm = M, by adimension count. Hence tM;| = tcm; = M;. Similarly for
n="7.

(n=2) If tM, = M, then tM; = M. Now rM; = my = rM} implies that crM, = crM3,
i.e., My + tM, = M + tM} and therefore M, = M3, a contradiction. Hence tM, = M3,
tM3 = M and cmy = crMy = M, + tM, = M, + M as required.

(n =3 or5)tM3; = M3 and rM3 = m3 by a dimension count. Hence cm3 = crM3 =
M; + tM3 = 2M3. Similarly forn = 5.

(n = 4) rMy = m4 or mj by a dimension count, say rMs = my. If tM4 = M}, then
cmy = crMy = M4 + tMy = M4y + M}, and cm; = (cms)* = cmg, which implies my = mj,
a contradiction. Hence tM4 = M4 and tMj = M}. Therefore cmy = crMy = 2M4 and
cmy = 2M}.

(n = 6) rtMg = mg = rM¢ by a dimension count. If tMs = Ms, then tM; = Mg and
cme = crMe = crMg, i.e., Mg = Mg, a contradiction. Hence tMe = M and cme = Me+M.
| ]

LEMMA 6.3. Let m; and M, be as given in Lemma 6.2. Let N, be given by, for | odd,
ZlMl = N] + I*Nl

as in Section 3. For |l > 0, there exists a special irreducible n; € T;{)({l. z}1) with

=1
2, N, iflisodd,
cnyp = 21 ! f
3 M, otherwise.

PROOF. Lemmas 1.3 and 6.2 will play key roles in the following steps. We shall use
them several times without specifically referring to them.

(I = 0) Define ny to be my, then cny = My as required.

=1

x1m1=n1+1*n1 and ZlM1=N|+1*N1.

Then c(xym;) = zicmy = 1M, and Ny + 1*N| = cn; + 1"n;. Hence cny = N, or 1*Ny, say,
cny = Ny, so nj is irreducible and special since N is.
(I =2) From
Bmy =ximi =2ny+n3) and  c(3my) = 22(My + M3) = 2(zaM; + 2, M)
we have cny = zoM, or 2;M3, say, cny = z3M>, S0 n; is special irreducible since M, is.
Similarly for [ = 3.
(Il =4) From

x‘: =x4+ 17 x4, m‘l‘ =my+ 1"mys, and x‘fm‘lt =8(ns + 1 n4)
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we have xymy = 4n4. Then c(xgmy) = 4Z§M4 implies
_ 2
cng = ;M4

as desired.
For [ =5, 6,7, we use the following equalities. Their proofs are similar to the above
argument.

X1Xq4ms = 4(n5 + 1*n5), Z[M5 = N5 + I*Nj,
x%m6 = 2(”6 + 1*’16)7 xym7 =n7 + 1*n7, Z[M7 = N7 + 1*N7.
Our result follows from 8-fold periodicity of the real Clifford modules. [

Recall that $; C B, , C C;and therefore an irreducible module of B,_, will restrict to
an irreducible module of S, as stated in the last paragraph in Section 2. The fact that the
category of B;_;-modules is equivalent to the category of {1,z}, ;-modules in Note 3 in
Section 1 allows us to define the real basic Clifford modules, for each / > 0, as follows:

L}l =n € T"(RI_I)S‘[.
Let us recall the definition of ¢; and ¢;:

~ {M,_l €195, if/=1 (mod 2),

DTN €eTH3, if1=0 (mod 2)
and
NS
=2 C
Therefore L
. _ )P M ifl=1 (mod 2),
c = =) )
z,° Ni—i  otherwise.

By Lemma 6.3, we have
cdy=cny_ =&, foralll>0.

Now we are coming to the main goal of this paper: to determine the structure of the
Kg-algebra 320 ©T33, from that of the K¢-algebra 20, ©T;S,, using the maps ¢ and r.
The latter is known by Theorem 4.1.

THEOREM 6.1. Let {d),dy, ...} be the real basic Clifford modules defined as above.
1. The set
{dy:=dy ---dy | A=\ >\ >0) € D}

is a Kg-basis for 20 ®TpS,;
2. The algebra 732, @TRS‘,, is isomorphic to the quotient of the free algebra with the
generators {dy, d, .. .} by relations:
(a) a{aj — (1*)i+j+]aj8i;
(b) &} = (=1)"x7(doy + 31 T (= 1) didn-).
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PROOF. Applying c to the both sides of (a) and (b) yields the relations involving the
complex Clifford modules ¢,,n > 0 in Lemma 4.6. Hence the relations (a) and (b) hold
since ¢ is a monomorphism.

We argue that 1. implies 2. as follows. By 1., the quotient algebra maps canonically
onto Y2, ®TS,. But its defining relations (a) and (b) obvoiously imply that {d |
A € D} is a set of Kg-module generators for that quotient algebra, so the map is an
isomorphism.

Let Mg be the Kg-module generated by {d, : A\ € D}. By applying c, it is immediate
to see that {[z'A} is a Kg-basis for Mg. To complete our proof, it suffices to prove 1. by
showing that
4) 798, = M3*

forn > 0and 0 <k <7, where

5) ME* = spany{xd, : A € D(n),n —I(\) +|x| =k (mod 8)},
where |x| is the grading of x in Kg.

We first claim that
(6) 2195, C My~

Fixany d € T;{)S‘n. By Theorem 4.1, we have
) o(d) = 3 (nijan (172 2) )
where n;jx ) € Zand0 <i<1,0<;<2,0<k<3.Now

cl=1, cl*=1", ex=7Zd=pn+1"2,

2
Xy =z, r=un, B=rn=n+1%3,

and
Cd/\ =€‘)\.

So the equality (7) becomes, by moving the terms of real type to left hand side,
c(d+d') =S (mizy + mazy + my 1" 25 + maz3 + mszi 20 + mez123)¢»,

forsomed’ € Mﬁ’k and m; € Z. By comparing the coefficients of ¢, in tc(d+d") = c(d+d")
and using tz, = 1*z,, we have
my =0 = my.

Since
c(xax7) = 22120, Cxq = 2z§, c(x1x4) = 21115, clxg +1"x4) = 2z%22.

we have
c2d +2d") = ¢(d")
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for some d" € M&’k. Therefore
2d=—-2d"+d" € My*

as required.
Let

1 a N
a:= E#{complex irreducibles in Tg‘)S,,} + #{quarternionic irreducibles in Tg‘)S,,},

b:= %#{complex irreducibles in Tg‘)S',,} + #{real irreducibles in Tg‘)S',,},
d :=dimy (A’ ®7/2), where A':= Ték)s,,/c(fg)sn),
b :=dimy),(B'® 2/2), where B :=T¥3,/c(TP3),
a" :=dimg (A" ©7/2), where A”:=TES,/c(M"),

b :=dimy(B" ©7/2), where B":=TS,/c oMyt ™),

where
6: 7498, — T3,

is an isomorphism with ¢’ = z3c as defined in Lemma 5.1. Let

a” =#{\ € D(n) : n— I\ +{2,3,5, or 6} =k (mod 8)}
+2#{A € D(n):n—I\)+4 =k (mod 8)},

and
b :=#{A € Dn) :n—1(\)+{1,2,60r 7} =k (mod 8)}
+2#{\ € D(n) : n — I(\) = k (mod 8)}.

By Theorem 5.4, we have a = a’ and b = b’. By Lemma 6.1, "’ > a”. By Lemma 6.1
and B” = TS,/ (MR ), b > b". Since

MyE c 1®8,,  JomyY c (TIPS,

we have
a’'>d and b'>Vb.

Therefore
a">d">d"'=a and " >b">b =b.

Now by counting the number of the complex irreducibles, we get

a”+b" =#{X :n—I1)+1=k (mod 2)} +2#{X : n — I(\) = k (mod 2)}

=a+b.
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This implies that all the inequalities above become equalities. Therefore there exists an
isomorphism between
A'®Z/2 and A"QR1Z)2.

Let
A= c(Tn(Xk)S,,)/c(M%‘k).

By Theorem 5.4 and equation (6), we can decompose both A’ and A as follows
A'=T"® ()20, A=(Z/)2),

since A and A’ are finitely generated abelian groups. Now

A'=A"/A
implies
A'=7"® (Z/2)”+q
On the other hand,
A®Z/2%A"®1)2
forces that g = 0 and consequently (4) holds. This completes our proof. n

It is a result of Schur [19] that there are exactly two nonisomorphic complex rep-
resentation groups of S, when n > 4 and n # 6, namely 3’,1 and S, (defined below),
corresponding to distinct elements of H*(S,, R*). Se is (up to isomorphism) the only
complex representation group of Sg. We have dealt with the group S, so far. We will
define S, as follows.

EXAMPLE 3. Let n be a positive integer. Define S, in the same way as S, in Section 1,
except that ¢7 and (fjt;+1)* are z, not 1. So (85,2, 0) is another object in G, where o is
defined as it was for S,,. The map aﬁk_l defined in [10, Chapter 3] is an embedding of Sk 5’3‘,
into Sy,,. Its image may be identified with the subgroup of S.; generated by the union of
the S-double covers of the symmetric groups on {1,2, ...k} and {k+1,k+2,.... k+I}.

Define

7 00
T:G = ; oT{G), Kg =Ta({1,z}) and T := }%@T;&S,,.

Then we can prove in a way parallel to that as above that 77,*{{ is a pseudo-commutative
Kj, -algebra with a product defined as for T and satisfying xy = (1*)7**!yx forx € T(5x)
andy € TH({)(S[)

P. Hoffman [7] shows that the Kj -algebra 77,§ for S, is (up to isomorphism) the
7 /8-negation of the Kg-algebra Tj for S,, ie. change all the Z/8-gradings to their
negatives and leave everything else alone. This allows us to get the explicit structure of
the K -algebra Ty, from that of the Kg-algebra Tj.
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7. Real projective representations of S, and A,. Given a finite group G, a real
representation group for G is a group R(G) satisfying the following three conditions:
(a) R(G) has a central subgroup A of order H*(G,R®);
(b) there is an isomorphism 7: G — R(G) /A;
(c) every projective representation P of G over R lifts to a linear representation Q of
R(G) in the sense that the map given by

Pi(g) = Q(r(®)).

where r(g) is a representative from the coset 7(g), is R-projectively equivalent to
P.
In this case we shall say P is R-projectively equivalent to linear representation Q. By
a construction of a real representation group of S,, P. Hoffman and J. Humphreys [9]
proved first part of the following theorem. By a similar construction, one can prove that
A, :=[8,,5,] is also a real representation group of A, when n > 4 and n # 6,7, so we
have the second part of the following theorem.

THEOREM 7.1. (1) Every real projective representation of S,, for n > 4, is R-
projectively equivalent either to a linear representation of S, or to a linear representation
of Sy, S, and S, with z acting as —1, where S,, defined below.

(2) Every real projective representation of A, forn > 4 andn # 6,7, is R-projectively
equivalent either to a linear representation of A, or to a linear representation of A,.

EXAMPLE 4. Let n be a positive integer. Define S, in the same way as S, in Section 1,
except that tf and (tjtj+|)3 are z, not 1 and tjt; = tytj, not tjty = z2tyt;. So (S, z, 0) is a third
family of objects in G, where o is defined as before.

THEOREM 7.2. Let (G, z, 0) be any object in G with G finite. Then we have category
equivalences:
1. M(R[G)) ~ Z{(G);
2. M(R[ker o)) ~ Z}‘?)(G), if o is non-zero;
3. M(RIS, D) ~ Z5 VS, x {1,2}), i.e., M(R[S,]) is equivalent to the category of the
simultaneously graded S,-modules and graded C|-modules.

Note that Theorems 7.2, 6.1 and the last part of Section 6 tell us, when n > 4 for §,
and 8, and n > 4,n # 6,7 for A,, that all the real negative representations of S,, 3,
and A, are Z-linear combinations of the product of induced representations of Clifford
modules. It also explains in a general way the relationship in Schur’s result [20] that the
number of the irreducibles in M(R[S,]), M(R[S,]) and M(R[A,]) are as follows, where
[A| and /() are defined before Theorem 4.1 in Section 4:

2#{N € D(n) : [N\ — 1N =1 (mod 4)} +#{X € D(n) : [\| —I(N) # 1 (mod 4)},

2#{\ € D(n) : |A| — IA) = —1 (mod 4)} +#{\ € D(n) : |A| — I(\) £ —1 (mod 4)}

and

2#{\ € D(n) : |A| — I(N) =0 (mod 4)} +#{\ € D(n) : [A\| — I(A) 0 (mod 4)}
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respectively. The real negative representations of S, can be obtained from graded S,-
and Cy-modules.

PROOF. That M(R[G]) ~ Z(G) and Z{(G) ~ M(R[ker o]) are simple cases of 2.1,
2.2, 2.3 in [5]. It remains to prove that Z§ "'(S, x {1.z}) and Z{’(S,) are equivalent for
all n. Define a functor

by

70, 5 2006, x {1,2))

V.V — (VoVx.0)

where

tx V)= (=t -V o) (V) = (= )

Then it is easy to check that we have defined an object of Z;{”(S,, x {1,z}). For a
morphism ¢ in Z(R”(S,,), define A¢ to be the function (v,v") — (¢v, ¢v'), a morphism
in Zé(”(S,, X {17 z}). So we have defined a functor. Symmetrically, one can define a
functor, say T, from Z}{ D(Sn x {1,zp) to Zﬁg)(S"). It is easy to see that identity functions
are natural isomorphisms from ¥ to F'A% and %W to AT'W. u

Finally I would like to note that there are several things remaining to be done in this
direction. Examples are to find relationships between the two algebras in this paper and
the ring of the symmetric functions; and the connection with the combinatorics of shifted
tableaux.
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