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Introduction

Throughout this paper only abelian /-groups will be considered and G will
denote an abelian /-group. G is large in the /-group H or H is an essential ex-
tension of G if G is an /-subgroup of H and for each /-ideal L ^ 0 of H we have
L n G ^ O . A v-hull of G is a minimal vector lattice that contains G and is an
essential extension of G. Each G admits a u-hull (Conrad (1970)).We shall be inter-
ested in the following properties of G.

I. G admits a scalar multiplication so that it is a vector lattice.
II. Any two scalar multiplications of G are connected by an /-automorphism

of G.
III. G admits a unique u-hull.
Suppose that G satisfies / and let • be a scalar multiplication for G. Then

each /-automorphism <f> determines a new scalar multiplication <I>.

r<bg = (/• • (#</>))<£" * for each reR and geG.

Note that </> is a linear /-isomorphism of (G, <I>) onto (G, •) and so connects the
two scalar multiplications. Thus if G satisfies II then G admits essentially only
one scalar multiplication.

Two /-automorphisms a and P of G determine the same scalar multiplication.

if and only if (r • (gcc))a~ 1P — r • (gr/f) for all r e R and geG
if and only if (r • /Oa"1/? = r-(ha.'lP) for all r eK and / i eG
if and only if a"1/? is linear with respect to • .

Now let & be the group of all /-automorphisms of G and let ££• = {a 6 & \ a is
linear with respect to • }. If G satisfies II then there exists a one to one map of
the set of all scalar multiplications of G onto the set of all left cosets of JS?" in Z£.
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[2] Vector lattices 333

We shall show that II is satisfied by a large class of vector lattices and that
each /-group can be embedded in a vector lattice that satisfies II. Whether or not
each /-group satisfies II remains an open and very difficult question, even for
totally ordered vector lattices.

If G is a vector lattice with respect to two scalar multiplications, then the
/-ideals of G are subspaces under both multiplications. In the unordered case
there is no such preassigned set of subspaces and Example 5.1 shows that if U =£ 0
is an unordered real vector space then II is not satisfied.

An endomorphism a of an /-group G is a p-endomorphism (or a polar pre-
serving endomorphism) if

x, y e G and x *• y — 0 imply xa <- y — 0 .

The set S of all p-endomorphisms of G is a semiring. Thus the subring 8P(G)
of the endomorphism ring of G that is generated by S is a directed po-ring with
positive cone S. ^(G) is called the ring of polar preserving endomorphisms
of G. If G is archimedean then ^(G) is an archimedean /-ring (see Bigard and
Keimel (1969) or Conrad and Diem (1971)). A subring of 3P{G) that contains
the identity e and is o-isomorphic to R will be called a real subfield of

PROPOSITION. There is a natural one to one correspondence between the real
subfields of SP(G) an& ine scalar multiplications on G. In particular, G satisfies
I if and only if &(G) is a po real vector space.

PROOF. If (G, •) is a vector lattice and a e R then define -a e &>(G)

(•a)g = a- g for all g e G.

The map a -* 'a is an o-isomorphism of R onto a real subfield of ^ (G) . Since
the only automorphism of the field R is the identity, distinct scalar multiplications
of G map onto distinct real subfields of 0>(G). Thus the map r\ of • onto the real
subfield R is one to one.

Now let D be a real subfield of 0"(G) and let n be the o-isomorphism of R
onto D. For each reR and geG define

r • g = (nr)g.

Then (G, •) is a vector lattice and 'R = D. Thus n is a one to one map of the
scalar multiplication of G onto the real subfields of 3P(G).

Finally each real subfield of 8P(G) determines a scalar multiplication of 3P(G)
so that it is a po real vector space. Thus G satisfies I if and only if 3P(G) contains
a real subfield if and only if 0>(G) is a po real vector space.

Let (G, •) and (G,*) be vector lattices and let a be a group automorphism
of G.
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334 Paul Conrad [3]

COROLLARY, a is a linear map of (G, •) onto (G, *) if and only if
ix-Ra'1 = *R.

PROOF. (-») For each a e R and g e G

(a • a)fif = a(-agf) = a(« • g) = a* (ccg) = *a(<xg) = (*aa)gf.

Thus or a = *aa and hence ocaa"1 = *a. Therefore aRat.~l = *R.

(<-) The map -a A c raa" 1 is an isomorphism of -R onto *R, and since
i? admits only one automorphism, T is the o-isomorphism 'a -» *a. Thus

i r a a " 1 = *a or a-a = *aa for all aeR.

Thus for a e R and j e G

a(a • g) = a(-a^) = (a*a)^ = (*aa)g = *a(a^) = a * (ag).

Therefore any results we obtain about I or II for G have applications to
and conversely.

1. Archimedean /-Groups

Throughout this section let G be an archimedean /-group. In Conrad (1970),
it is shown that G admits a unique u-hull G", and Bleier (1971) proves that G"
is the smallest archimedean vector lattice that contains G. Thus G satisfies III.
Also G satisfies II since it admits at most one scalar multiplication. For if (G, • )
and (G, *) are vector lattices then the identity automorphism of G is linear (see
Conrad (1970)).

Iwasawa (1943) showed that if G is divisible and complete then G satisfies I.
Thus if G is essentially closed then it satisfies I. If G has a basis and is laterally
complete then G is a cardinal product TITX of archimedean o-groups Tx and hence
G satisfies I if and only if each convex o-subgroup is o-isomorphic to R. If G is
a subdirect sum of integers then the Dedekind-MacNeille completion G~ of G
is a vector lattice if and only if each 0 < g e G is unbounded (see Conrad (1970)).

PROPOSITION 1.1. G satisfies I if and only if each principal l-ideal G(g)
satisfies I.

PROOF. If G satisfies I each /-ideal is a subspace. Now G £ G". Thus since
G" is archimedean each G(g) is a subspace of G" (see Conrad (1970)) and hence
G = {JeGgGid) >s a subspace of G".

Now &>(<}) is an archimedean /-ring and hence squares are positive. Thus
a subring K of ^(G) that is isomorphic to R is a totally ordered subring of ^(G)
and hence a real subfield provided that eeK.

PROPOSITION 1.2. IfS is an archimedean f-ring with identity e then there
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exists a largest o-subring of S that contains e. In particular, S contains at
most one real subfield.

PROOF. By Bernau's embedding theorem (Bernau (1965)) we may assume
that S is an /-subring of the ring D(X) of almost finite continuous functions on
a Stone space X and e is the identity for D(X). Let F be an o-subring of S that
contains e. Then F consists of constant functions—for otherwise there exists
fe F such that 0 < / ( x ) <f(y) < oo for some pair x, y e X. Thus there are positive
integers m and n such that

nf{x) < me < nf(y) .

Therefore nf and me are not comparable, a contradiction.

COROLLARY. An archimedean l-group G satisfies I if and only if the largest
o-subring of 2?(G) that contains e is a real subfield. Since 2P(G) contains at
most one real subfield, G admits at most one scalar multiplication.

THEOREM 1.3. An archimedean l-group G contains a largest l-subgroup
H that is a vector lattice. H is the largest subspace of G" contained in G and H
is an l-characteristic subgroup of G.

PROOF. If A and B are /-subgroups of G and vector lattices then they are
subspaces of G" (Conrad (1970)). We show that the /-subgroup C of G generated
by A and B is also a subspace of G" and hence a vector lattice.

The group A + B is a subspace of G° and if c e C then

c = V x A r ^

where the txy belong to A + B and X and Y are finite. Thus for r e R

rc = r(\J Atxy) = V A(rtxy)eC.

Thus G contains a largest /-subgroup H that is a vector lattice and if is a sub-
space of G". The above argument shows that if D is a subspace of G" contained
in G then the /-subgroup of G generated by D is also a subspace of G". Thus H
is the largest subspace of G" contained in G.

Finally suppose that a. is an /-automorphism of G, then Ha. is an /-subgroup
of G and a vector lattice (any Z-homomorphism of a vector lattice into G" is ne-
cessarily linear). Therefore H<x £ if.

REMARK. If G is an arbitrary /-group and an /-subgroup of a vector lattice
K then the above proof shows that G contains a largest /-subgroup H that is also
a subvector lattice of K, and H is the largest subspace of K contained in G.
Example 5.9 shows that even if G is a vector lattice in its own right it need not
equal H.
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THEOREM 1.4. For an archimedean l-group G the following are equivalent.

1) G satisfies I.
2) Each principal l-ideal G(g) satisfies I.
3) 0>{G) satisfies I.
4) The largest o-subring of 0>{G) is a real subfield.
5) G is divisible and each cut in Q + e contains an element of ^(G) , where

e is the identity for 0>(G).
6) G is divisible and for an arbitrary 0 < g e G each cut in Q+g contains

an element of G.

PROOF. We have shown 1), 2), 3), 4) are equivalent and clearly if G satisfies
I then it is divisible. So we shall assume that G and hence 3P{G) are divisible.

If 0<g e G then a cut in Q+g contains at most one element from G. For sup-
pose that a,beG belong to the cut. Then a, beG(g). Let M be a maximal /-ideal
of G(g). Modulo M a and b determine the same cut in Q+g and so a = b modM
for all such M . Thus a = b.

(4 -»• 5). Q+e s F s R, where F is the real o-subfield of &(G). Thus each
cut in Q+e contains an element o f f .

(5 -> 6). Let (L,U) be a cut in Q+g. Then the corresponding cut (£, U) in
Q+e contain a unique element a from 0>(G). Thus ga. is contained in {L,U).

(6 -> 1). Let a be the element in R determined by the cut (L, U) in Q+ and let
h be the element in G contained in the corresponding cut (L, U) in Q+g. Define
ag = h. This determines a scalar multiplication on G so that it is a vector lattice.

PROPOSITION 1.5. For a vector lattice H the following are equivalent.

1) H is archimedean.

2) The scalar multiplication on each l-subspace S of H is unique.

PROOF. (1 -+ 2). If S is a vector lattice then it must be a subspace of H (Con-
rad (1970)).

(2 -» 1). If H is not archimedean then there exists 0 < b <̂  a in H. The sub-
space Ra © Rb of H is totally ordered and hence an /-subspace of H. L e t / b e a
homomorphism of Ra into Rb that is not linear and define

(r^a + r2b)z = rya +f(r1a) + r2b.

This is an o-automorphism of Ra © Rb that is not linear and so can be used to
define a new scalar multiplication on Ra®Rb, but this contradicts (2).

It is an open question whether or not (1) is equivalent to:

3) The scalar multiplication on H is unique. If H is totally ordered then a
slight generalization of the above proof shows that (3) implies (1).

https://doi.org/10.1017/S1446788700020693 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700020693


[6] Vector lattices 337

2. The /-Group V(r,R)

Let r be a po-set such that no incomparable elements have a lower bound —
usually called a root system. Let V = F(F, R) be the set of all functions from F
into the reals whose support satisfies the ACC. A component vy of v e Fis maximal
if vy # 0 and vx = 0 for all y < a e F. Define v e V to be positive if each maximal
component is positive. Then F is a vector lattice with respect to the natural addi-
tion and scalar multiplication (Conrad, Harvey and Holland (1963)).

Let A be an /-subgroup of V. A v-isomorphism x of A into V is an /-isomor-
phism such that for each aeA,ax is a maximal component of a if and only if
(ax)x is a maximal component of ax.

LEMMA 2.1. Each v-isomorphism x of V into itself is epimorphic.

PROOF. Consider 9 < v e Fwith a maximal component vx. There is an element
ueV with support a for which (ux)x — vx since any o-isomorphism of R into R
must be a multiplication by a positive real and hence an epimorphism.

Thus Vx is order dense in Fand so x preserves all infinite joins and intersec-
tions that exist in V (Bernau (1966)). Now Vx is laterally complete (i.e. each dis-
joint subset of F has a least upper bound) and so the join w of all the ux (one for
each maximal component of v) belongs to Vx and is a-equivalent to v (mw 2; v
and nv ^ w for some positive integers m and n). Thus Fis an a-extension of the
a-closed /-group Vx and so F = Vx. For a proof that F and hence Vx is a-closed
see Conrad (1966).

LEMMA 2.2. If A is an l-subgroup of V and (A,*) is a vector lattice then
the scalar multiplication * can be extended to Vso that (V, *) is also a vector
lattice.

PROOF. There exists a linear ^-isomorphism x of (A, *) into F that can be
extended to a ^-isomorphism a of Finto F. For a proof of this see Conrad (1970)
(T is determined by a Banaschewski map for real subspaces but they are also
rational subspaces and so we get a). Now by Lemma 2.1 a is epimorphic. For
reR and ve F define

r#v = (Kra^a"1.

This is a scalar multiplication for Fand for a eA we have

r # a = (r(aT))a-1 = ((r*a)x)a~1 = ((r*a)a)a-1 = r*a

so # extends *.

REMARK. Example 5.4 shows that A need not be a subspace of F.
An n-automorphism of F is a u-automorphism that induces the identity on

each VyjVr where
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V = {v e V | va = 0 for all <x> y}, and

Vy = {ue V\ VX = 0 for all a ^ y} .

THEOREM 2.3. JEac/i n-characteristic l-subgroup A of V satisfies II; in fact
any two scalar multiplications on A are connected by an n-automorphism ofV.
A satisfies I if and only if A is a subspace of V.

PROOF. Let * be a scalar multiplication so that (A, *) is a vector lattice. By
Lemma 2.2 * can be extended to V. Thus (see Conrad (1970)) there exists a linear
^-isomorphism a of (F, *) into Fand by Lemma 2.1 a is epimorphic. Now Va = V
and Vya = Vy so a induces an o-automorphism on each V/Vy. But VjVy ^ R
and so these o-automorphisms are multiplications by positive reals. Let a be the
D-automorphisms of Vdetermined by these multiplications. Then aa"1 is a linear
n-automorphism of (V, *) onto V and since A is n-characteristic

( ^ ^ a a - 1 = A.

In particular, A is a subspace of V.

COROLLARY I. Each l-group can be embedded in a vector lattice that satis-
fies II.

PROOF. The main theorem in Conrad, Harvey and Holland (1963) asserts
that each /-group can be embedded in a suitable V(T, R).

COROLLARY II. Each l-ideal of V satisfies I and II.

PROOF. It suffices to show that if 6 < v e V then the principal /-ideal V(v)
generated by v is n-characteristic. For each /-ideal of V is the join of a directed
set of principal /-ideals and hence is n-characteristic.

Let x be an n-automorphism of V. Then clearly v and vt are a-equivalent
and hence

V(v)x = F(irr) = V(v).

COROLLARY III. Let {^|AeA} be a set of a-closed o-groups (that is, Hahn
groups). Then the cardinal sum 2 Ak and the cardinal product \JA^ of the
Ak satisfy I and II.

PROOF. \J Ak = V(A, R) when A is the join of the F(AX) and 2 Ax is an
/-ideal of ]\ Ax.

COROLLARY IV. / / G is an n-characteristic l-subgroup of V then any two
real subfields of 2?{G) are conjugate by a p-automorphism of G.

PROOF. This follows from the theory in the introduction and the fact that
an n-automorphism of V is a p-automorphism.
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Let JV be the group of the n-automorphisms of V. If * is a scalar multipli-
cation of V then Theorem 2.3 asserts that there exist aeJV such that

(rv)<x = r*(vtx) for all reR and veV.

Thus each scalar multiplication of V is determined by an a e JV and the scalar
multiplications of V determined by a,/?eJV agree if and only if a/?"1 is linear.

Let A be a vector lattice. Then we may assume that A is an /-subspace of
V = V(F, R) for a suitable I \ Suppose that * is another scalar multiplication
for A. Then we can extend * to V and there exists a linear n-automorphism x
of (V, *) onto V. In particular, A and Ax are subspace of Kand r*a = (r(ax))x~l

for each reR and a e A. Conversely if T is an n-automorphism of V and Ax is
a subspace of Kthen for each a eA and reR we define r*a = (r(ax))x~l. Then
(A, *) is a vector lattice and x is a linear /-isomorphism of (A, *) onto A.

Therefore the scalar multiplications of A are determined by the n-auto-
morphisms of V that map A onto a subspace of V.

3. The /-Group 2(F, R)

Let V = F(F, R) be the vector lattice investigated in the last section. Let

Z = Z (r , R) = {v e V | support of v is finite}

F = F(T,R) = {v e V | support of v lies on a finite number of

chains in T}

A value of an element g of an /-group G is an /-ideal of G that is maximal without
containing g. G is finite valued if each g e G has only a finite number of values.
The set T = F(G) of all the values of elements in G is a root system.

In Conrad (1974) it is shown that if A is a finite valued vector lattice with
countable dimension then there exists a linear /-isomorphism of A onto E(F, R),
where F is the index set for the set of all the regular subgroups of the /-group A.
In particular, A is completely determined by the root system F.

THEOREM 3.1. If A is a finite valued l-group then any two scalar multi-
plications of A for which the dimension of A is countable are connected by a
v-automorphism of A.

PROOF. Let * and # be two such scalar multiplications. Then (A, *) s £(F, R)

COROLLARY. Let F be a countable root system and let £ = H(F,.R) with the
natural scalar multiplication. If* is a new scalar multiplication for Z then Z
and (Z , *) are connected by a v-automorphism if an only if ( Z , *) has count-
able dimension.
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REMARK. We have been unable to determine whether or not ( I , *) always
has countable dimension. If so, then of course S satisfies II.

THEOREM 3.2. Suppose that G is a finite valued l-group and F(G) satisfies
the DCC.

1) X(r, i?) = F(T,R) is the unique a-closure of G.
2) I.(T,R) is the unique a-extension of G that is a vector lattice.
3) S ( r , R) is the unique v-hull of G that is also an a-extension.

PROOF. Recall that H is an a-extension of G if H is an /-group, G is an /-sub-
group if H and each 0<heH is an a-equivalent to an element 0 < g e G or equi-
valently L -> L O G is a one to one mapping of the set of /-ideals of H onto the
/-ideals of G. An a-closure of G is an a-extension of G that does not admit a proper
a-extension. Each group admits an a-closure but usually not a unique one (Conrad
(1966) or Wolfenstein).

We first show that each a-extension H of G is finite valued. Here we do not
need the fact that F satisfies the DCC. For 0 < h e H there is an element 0 < g e G
such that ng > h and nh> g for some n > 0. Let {Hx | X e A} be the set of all
values of h in H. Then they are also values of g. Thus {Hx n G | A e A} is a set
of values of g in G and hence A is finite.

(1) Let K be an a-closure of G. Then since K is finite valued, divisible and
T(K) satisfies the DCC there is a value preserving /-isomorphism a of K such that

Ka = Z(r,XY/Xy)

where Ky is the intersection of all the /-ideals of K that properly contain Ky

(see Theorem 4.9 in Conrad (1970)). In particular, each KyjKy is o-isomorphic
to a subgroup ST of R and so there exists an /-isomorphism x of K so that

Kx= i ( r , s Y )s E(r,R).

But clearly £ (F, R) is an a-extension of Z (F, SY) and so since Kx is a-closed,
Kx = S (F, R). Now F(T, R) is always an a-closure of I (T,R) (Conrad
(1966) p. 147) and so in our case F = £ .

(2) Suppose that K is an a-extension of G that is a vector lattice. Then each
Xy/XY s £ and so

X t = S(F,SY) = Z ( r , K ) .

(3) Since a u-hull of G is a vector lattice this is a special case of (2).

COROLLARY. For a root system F the following are equivalent.

a) 2 (F, R) is a-closed.

c) r satisfies the DCC.
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PROOF. We have shown c) ->• a) -> b) and since F is always a-closed (b -*• a).
(a -* c) If yt > y2 > ••• is an inversely well ordered descending chain in r

then let a be the element in V(T, R) such that

1 if y = ji for some i
0 otherwise.

Then an easy computation shows that [a] © 2 is an a-extension of 2 and hence
the chain must be finite.

REMARK. In Conrad (1970) it is shown that for a totally ordered group G
of finite rank a r-hull need not be an a-extension so G need not have a unique
r-hull. Example 5.5 shows that 2 ( r , R ) need not be an n-characteristic subgroup
of K(r, R) so we cannot conclude from the theory in the last section that 2(1", R)
satisfies II.

THEOREM 3.3. IfG is a finite valued l-group and T(G) satisfies the DCC then
the following are equivalent.

1) G satisfies I .
2) Each Gy/Gy is o-isomorphic to R.
3) CSZM.
4) G is a-closed.
If this is the case then G satisfies II.

PROOF. 1 -> 2, and 3 -• 1 and 2 are obvious. By Theorem 3.2 X is the unique
a-closure of G and hence 3 «-> 4.

(2 -> 3). Since each CjGy is divisible there exists a y-isomorphism a such
that

2(T, GyIGy) c Ga £

(Conrad (1970)) and since Gy/Gy s R for each y e T w e may assume

Now r satisfies the DCC and so by the proof of Theorem 4.9 in Conrad (1970)
we have I ( r , # ) = Ga.

Now suppose that * is another scalar multiplication for S and for each
yeT define e{y)

e(y) = ru / " ' A otherwise.

Then £ = {e(y) \yeT} is a basis for 2 and an independent subset of (2,*) so
the identity map on E can be lifted to linear ^-isomorphism T of 2 into (2, *).
Since 2 is a-closed and (2, *) is an a-extension of 2T, T is epimorphic and hence
G satisfies II.
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THEOREM 3.4. If G is an a-closed l-group that satisfies

(F) each bounded disjoint subset is finite,

Then G satisfies I and II.

PROOF. F(F, R) is the unique a-closure of an /-group that satisfies (F) (see
Conrad (1966)). Thus G ^ F and so G satisfies I.

In Conrad (1966) it is shown that if G is a vector lattice that satisfies (F)
then there exists a linear ^-isomorphism x such that E(F, R) s G t c F(F,R)
and hence F is an a-extension of Gr. Thus if G is a-closed Gx = F and so II is
satisfied.

REMARK. If G satisfies (F) then F(T,R) is an /-ideal of V(F,R) and so
Theorem 3.4 follows immediately from Corollary II of Theorem 2.3. Byrd (1966)
gives an example that shows that in general F(F, R) need not be n-characteristic
in V(F,R).

Note that if F(G) is finite then G satisfies the hypothesis of Theorem 3.2 and
3.3. Also if G satisfies these hypotheses then any two real subfields of 0>(G) are
conjugate by a p-automorphism of G.

4. Totally Ordered Groups

Throughout this section G will denote a totally ordered group with T the index
set for the set of components Gy/Gy of G. V(F, R) is the unique a-closure of G
(Hahn 1907)). Thus if G is a-closed then G s Fand so by Theorem 2.3 G satisfies
I and II and so does each /-ideal of V. The next Proposition shows that this is
all we can conclude from Theorem 2.3.

PROPOSITION 4.1. An n-characteristic subgroup L of V that is also a sub-
space is convex and conversely.

PROOF. We show that V(g) £ L for each 0 < g e L. Let gy be the maximal
component of g and consider 0 < h e V(g). If V(h) # V{g) then h <g g and
o there exists an n-automorphism of V that maps g onto g + h. Then

h = g + h-geL. If V(h) = V{g) then there exists reR such that hy = rgy

and so there exists an n-automorphism of V that maps rg onto h.
Note that we need the total order of G. For if H = R 0 R then

{(x, x) | x e R} is an H-characteristic /-subgroup of H and a subspace but it is not
an /-ideal.

Now suppose that r satisfies the DCC then V = E(r, R) and by Theorems
3.1 and 3.2 we have:

V is the unique a-extension of G that is a vector lattice.
V is the unique u-hull of G that is also an a-extension.

https://doi.org/10.1017/S1446788700020693 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700020693


[12] Vector lattices 343 

Moreover the following are equivalent: G satisfies I; each Gy/Gr s R; G s V; 
G is a-closed. 

PROPOSITION 4 . 2 . For an o-group G the following are equivalent. 
1 ) G satisfies I . 
2 ) Each G(g) satisfies I. 

PROOF. (1 -> 2 ) Clear. 
( 2 -> 1 ) Let S be the collection of all pairs (L, *) where L is a convex sub

group of G and an ordered vector space with respect to the scalar multiplication * 
Define (L, *) <; (H, # ) if (L, *) is a subspace of (tf, # ) . Then by Zorn's lemma 
there exists a maximal element (M, *) in S. We show M = G. Suppose by 
way of contradiction that 0 < g e G \M. Then G(g) z> M and since M is divisible 
G(g) = M © £> a lexicographic extension of M by the o-group D. Now by 
hypothesis G(g) admits a scalar multiplication # and since M is contained in 
G(g), (M, #) is a subspace. Thus G(g)jM s D is also an ordered vector space — 
say (D,o). For r e R and m + ( e M © D define 

r • (m + d) = n m + r o d . 

Then (G(gf), •) is an ordered vector space and (M, *) is a subspace, but this contra
dicts our choice of M and so M = G satisfies I. 

5. Examples and open questions 

EXAMPLE 5 . 1 . A real non-ordered vector space U does not satisfy II. For 
let a be a group isomorphism of R onto the direct sum © A ^ a n d for r in the 
field R and x in the group R define 

ro x = (r (xa))a _ 1 

where r(xa) is the natural scalar multiplication in @ARy.. Then (R,o) is a real 
vector space of dimension | A | . Thus if | A | > 1 then (R, o ) and (R, •) are not 
connected by a group automorphism. 

EXAMPLE 5 . 2 . R = D © Q lexicographically ordered is a totally ordered 
group and a real vector space but it does not satisfy I. Also the cardinal sum D © Q 
is an archimedean /-group and a real vector space that does not satisfy I. 

EXAMPLE 5 . 3 . Let G be the subgroup of the cardinal product Y[T= i # i generated 
by I " i Ri and ( 1 , 1 , 1 , - - ) - Then G is an /-group and each Gy/GY s R except 
G/Si?,, but G does not satisfy I since it is not divisible. 

If we totally order \jRi by defining (x1,x2, •••) to be positive if the first 
non-zero xt is positive, then G is an o-group with each GyjGy ^ R and G/C satis
fies I for each non-zero convex subgroup C of G, but G does not satisfy I. 
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Let H = E°°=i Ri ® 6(1,1> !>•••) the divisible hull of G. Then G admits
a scalar multiplication so that it is a real vector space, since its dimension as a
rational vector space is large enough. If we impose the cardinal order on H then
it does not satisfy I; for then it would have to be a subspace of the vector lattice

One should be able to show that if we impose the above total order on H
then H does not satisfy I. If H does satisfy I then it follows from Lemma 2.2 and
Theorem 2.3 that there exists an n-automorphism x of JjR; such that Hx is a
subspace.

EXAMPLE 5.4. Let V = Ur=o#; be totally ordered as in the last example.
Let n be a group isomorphism of R onto Ur=i6i

a — (fii(d),n2(a),—).
Define z

(ao,a1,a2,—)T = (ao,Hi(ao) + «i> Z^Oo) + «2> •")•

Then x is an n-automorphism of V. Now A = (XT=oRi)x 1S o-isomorphic to
Z?Lo^; and so it admits a scalar multiplication but it is not a subspace of V.
For pick the a e R for which a/z = (1,1,1,—). Then (a, 0,0,—)* = (a .1 ,1 ,—)e^
but r(a,\,\,---)$A for reR\Q.

EXAMPLE 5.5. Let V= U"= ^ totally ordered as above and let G = ~LT=iRf
Then the map

(1,0,0,-)-> (1,1,1.-)

(0 ,1 ,0 , - ) - (0 ,1 ,1 , - )

determines a linear f-isomorphism a of £ into V such that

S cSor <= V.
The map

(1,0,0,-) - (1 ,1 ,0 ,0 , - )

(0,1,0,-)-(0,1,1,0,-)

determines a linear -̂isomorphism of £ onto a proper subgroup of itself.
The map

(1,0,0,-) - (1,1,1,-)

(0 ,1 ,0 , - ) - (0 ,1 ,0- )

(0,0,1,0,-) - (0,0,1,0,-)
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determines a map a of 2 into V such that 2 | 12<r.

EXAMPLE 5.6. Let

r =
1 2 3

and let V= V{T,R). The map

(1,0,0,-) - (1,1,1,-)

(0,1,0, •••)-> (0,1,0,...)

(0 ,0 ,1 ,0 , - ) - (0 ,0 , l ,0 , .»)

determines an n-isomorphism o- of 2 into F such that 2 | | 2<r.

EXAMPLE 5.7. An a-closed archimedean /-group need not satisfy I. Let

G = flZ^CczflR,
i = l i = l

cardinally ordered, where C consists of all the elements of the form g + (xi,x2, •••)
where g e G and 0 jS xt ^ 1 and the number of distinct x; is finite. Thus C = G + F ,
where F is the group of all elements in \J Ri w i t n fimte range. It is shown in Con-
rad (1966) that C is an a-closure of G. If C is a vector lattice then it must be
a subspaceof f j ^ i . but ^ 2 ( 1 , 2 , 3 , - O ^ C .

Note also that the u-hull G" of G is not an a-extension of G. For clearly G" => C.
Actually

G" = {ae TJ i?,| there exists reals r^ •••,r4 such that each component of a
is of the form x1r1 + x2r2 + •••xkrk with x, e Z } .

REMARK. It can be shown that a hyper-archimedean a-closed /-group need
not satisfy I.

EXAMPLE 5.8. A minimal vector lattice that contains the o-subgroup
[ 1 ] ® [ V 2 ] © M of JR need not be totally ordered. L e t / be a homomorphism
of R into R 0 K ; f(a) = (/,(a),/2(a)) where

/ ( I ) = (1 ,1 )

/(2) = ( V2, V2 + 1)

• and let V= V(T,R).
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Define (ao,a1,a2)x = (ao,a1+^(00), a2+f2(a0)). Then x is an n-auto-
morphism of V.

Define r* (xx) = (rx)x for all x e Fand r e R. Then (V, *) is a vector lattice.

r*(a0, fli +f1(a0),a2 +/2(ao)) = (™o> raura2)x =

If a0 = 1 and at = a2 = —1 we have

r * (1,0,0) = (r,-r +/1(r), - r +/2(r)).

In particular

Now let G be the o-subgroup of V generated by (1,0,0), (2,0,0) and (TT,O,O).

Then Fis a minimal vector lattice that contains G. Of course Kis not the y-hull
of G.

EXAMPLE 5.9. A finite valued /-group G with T(G) satisfying the DCC that
admits two non-isomorphic r-hulls. Let T be the root system

and let V= V(r,R). Le t / be an isomorphism of R onto U.?=iRi s u c h t h a t

/ ( I) = (1,0,0,-) and in general/(x) = ( / ^ x ) , / ^ ) , - ) . Define

(x;x1,x2,--)x = (x;x! +f1(x),x2+f2(x),---).

Then x is an n-automorphism of V. For veV and reR define r• (vx) = (rv)x.

Then (V, •) is a vector lattice.

In particular for x = 1 we have

Thus (V, •) is a u-hull of G = 2(r,i?) and G is also a vector lattice with respect
to the natural scalar multiplication. Now G % V since the maximal /-ideal of V
is laterally complete but the maximal /-ideal of G is not.

Note, of course, that the u-hull V of G is not finite valued and it is not an
a -ex tension of G.
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Some open questions

1) Does II always hold?
2) If G is an archimedean /-group and each Gy/Gy ^ R then does G satisfy I ?
3) If G is an /-group and each G(g) satisfies I then does G satisfy I?
4) If G is a vector lattice with a unique scalar multiplication then is G archi-

medean ?
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