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ABSTRACT

We study the McKay correspondence for representations of the cyclic group of order p in
characteristic p. The main tool is the motivic integration generalized to quotient stacks
associated to representations. Our version of the change of variables formula leads to
an explicit computation of the stringy invariant of the quotient variety. A consequence
is that a crepant resolution of the quotient variety (if any) has topological Euler
characteristic p as in the tame case. Also, we link a crepant resolution with a count of
Artin—Schreier extensions of the power series field with respect to weights determined
by ramification jumps and the representation.

1. Introduction

The McKay correspondence generally means, for a finite subgroup G of SLy4(C), an equality
between an invariant of the representation G ~ C% and an invariant of a crepant resolution of
the quotient variety C?/G (see [Rei02]). The aim of this paper is to take a step toward the wild
McKay correspondence, that is, the McKay correspondence for a finite subgroup G C SLg4(k)
such that the characteristic of a field k divides the order of G. We will study the simplest possible
case where G is the cyclic group of prime order. Gonzalez-Sprinberg and Verdier [GV85] and
Schroer [Sch09] also worked on the McKay correspondence in the wild case, but on different
aspects.

Our McKay correspondence will be formulated in a similar way to that of Batyrev [Bat99],
which is an equality of an orbifold invariant of the G-variety C? and a stringy invariant of the
quotient variety. Denef and Loeser [DL02] gave an alternative proof, using the motivic integration
and giving a more direct link between the invariants. We follow this approach with a stacky
language by the author [Yas04, Yas06].

Let k be a perfect field of characteristic p > 0 and G the cyclic group of order p. In this
paper, we will study the McKay correspondence for a finite-dimensional G-representation V. If for
1 <7 < p, V; denotes the indecomposable G-representation of dimension ¢, then V' is decomposed
as V = @l/\zl Va,» 1 < dy < p. We define a numerical invariant Dy of V' by

!
_ Z (dy —1)dy
=
=1

When Dy > p, a stringy motivic invariant of the quotient variety X := V/G, denoted Mg (X),
will be defined in the same way as in [DL02] to be some motivic integral over the arc space of X.
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If X admits a resolution of singularities with simple normal crossing relative canonical divisor,
then the invariant coincides with the one defined with resolution data as in [Bat98, Bat99]. The
following is our main result. For a positive integer j with p{ j or for j = 0, we put

THEOREM 1.1 (Proposition 6.9 and Corollary 6.19). If Dy > p, then

LI (L — 1)(00 Lemshv ()
1 —Lp-1-Dv '

My (X)=1L%+

When X has a crepant resolution Y —> X, the theorem shows that Dy = p and

-1
[Y] _ ]Ld + Ll I’Z Ls—shtv(s).
s=1
In particular, Y has topological Euler characteristic p, which is, in characteristic zero, conjectured
by Reid [Rei02] and proved by Batyrev [Bat99]. We will also define the stringy motivic invariant
of the ‘projectivization’ [(X\{0})/G,] of X and prove that it satisfies the Poincaré duality,
which was originally proved by Batyrev [Bat98] for Q-Gorenstein projective varieties with log
terminal singularities in characteristic zero.

The proof of Theorem 1.1 is based on the motivic integration suitably generalized to the
quotient stack X := [V/G] and the change of variables formula for the morphism X — X.
Following [Yas04, Yas06], we will define twisted arcs of X and develop the motivic integration
over the space of them. A twist of a twisted arc comes from an Artin—Schreier extension of
E((t)), that is, a Galois extension of the power series field k((¢)) with Galois group G = Z/(p).
Not only do there exist infinitely many distinct twists, but also they are parameterized by an
infinite-dimensional space. This contrasts strikingly the situation in the tame case, where we
have only finitely many twists.

Let JoX be the arc space of X and J. X the space of twisted arcs of X. Then the map
¢: X —> X induces a map ¢ : JooX —> Joo X, which is bijective outside measure-zero subsets.
The change of variables formula for ¢, will be formulated as

/ LF dMX :/ LFOQﬁoofordJacqbfﬁX dNX
A $oo (A)

(for details, see Theorem 5.20). Here for v € JX, if j is the ramification jump of the
associated Artin—Schreier extension of k((t)), then sx () := shty (j). An interesting consequence
of Theorem 1.1 is the following: suppose that k is a finite field, and that Y — X is a crepant
resolution. For each finite extension F,/k with ¢ a power of p, let N,; be the number of
Artin-Schreier extensions of F,((¢)) with ramification jump j. Let Ey C Y be the preimage
of the origin 0 € X. Then we have the following equality (Corollary 6.28, cf. [Ros07]):

..o p—1 Ng,j
tE(Fy) =14+ —— Z gshtv ()
J>0,p1j

This result would provide new insight into the link between the singularity theory and the Galois
theory of local fields.

The paper is organized as follows. In §2 we construct the moduli space of G-covers of the
formal disk and study its structure. In §3 we proceed with the study of twisted arcs and jets,
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and their moduli spaces. Section 4 is devoted to introducing the motivic integration over the
space of twisted arcs. Section 5 contains the proof of the change of variables formula, which is
the technical heart of the paper. In § 6 we define stringy invariants and conclude various versions
of the McKay correspondence from the change of variables formula. Finally, in § 7, we make some
remarks on future problems.

1.1 Convention
Throughout the paper, we work over a perfect field k of characteristic p > 0. A k-field means a
field containing k. We set G = Z/(p) and denote by o the residue class of 1 in G.

2. G-covers of the formal disk

The main objective of this section is to construct the moduli spaces of G-covers of the formal
disk D := Speck([[t]]. This will be used in the next section in the construction of the moduli
space of twisted arcs.

2.1 G-covers of the formal punctured disk

Let D* := Spec k((t)) be the formal punctured disk. We will first examine the set of étale G-covers
of D* denoted by G-Cov(D*). It is classified by the étale cohomology group H!(D*, G) (see
[Mil80, p. 127]). Then from the Artin—Schreier sequence of étale sheaves,

prfr—fP—f
- 5

0—)G—>0D* OD*—)O,

we have
H'(D*,G) = coker(H*(Op-) - H(Op-)).

Consequently, we have the one-to-one correspondence

. k(1))
G-Cov(D*) «— o))

More explicitly, this correspondence is described as follows: for a k-algebra A and f € A, we
define a ring extension

Alu)
(uP —u+ f)

endowed with the G-action by o(u) = u + 1. Then the G-cover corresponding to the class of
fek((t))is

Alp ' f] =

B} = Spec k(1) [p /).

We next describe the set k((t))/o(k((t))). Given f € k((t)), we denote by f; the coefficient
of t in f so that f =3,, fit" with f; =0 for i < 0.

LEMMA 2.1. We have p(k[[t]]) = o(k)- 1@ k[[t]] - t. In particular, if k is algebraically closed, then
E[[t]] = p(k[[]])-

Proof. For f € k[[t]], we have

p(f) = —fit' + Y (f, = fi)t"

pli pli

Hence p(k[[t]]) C p(k) - 1 @ k][[t]] - t. For the converse, let g € p(k) - 1 & kl[[t]] - t. Then we can
inductively choose the coefficients f; of f such that p(f) = g as follows. First, take fy in o~ 'go.
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If we have chosen fo, f1,..., fi_1 such that p(f) = g mod ¢!, then we set either f; := —g; or
fi = Z‘% — ¢; depending on whether p divides ¢. This shows the first assertion. The second

assertion follows from the fact that if k is algebraically closed, then p(k) = k. o
Notation 2.2. Weput N :={j €Z|j>0,p1j} and N} := N U {0}.

LEMMA 2.3. For f € k((t)), there exists g = Ei@% g-it™" € k[t7'] C k((t)) such that f — g €
©(k((t))). Moreover, such g;, i < 0, are uniquely determined and the class of gy in k/p(k) is also
uniquely determined.

Proof. From the previous lemma, we may eliminate the terms of positive degrees in f and assume
that f; =0 for ¢ > 0. Let pi (i > 0) be the largest multiple of p such that f_,; # 0 if any. Then
replacing f with f — o figt_i), we get that f_,; = 0 without changing f; for i < —pi. (Since

k is perfect, fig exists in k.) Iterating this procedure, we eventually get a polynomial g of the
desired form.

For the uniqueness, let ¢’ € k[t~!] have the same property. From the conditions on g and
¢', we have either h := g — ¢’ € k or —ordh € N'. However, we have h € p(k((t))) and every
element of p(k((t))) of negative order has order —pn with n a positive integer. Thus we conclude
h € (k). This shows the uniqueness of the lemma. O

DEFINITION 2.4. Let A be a k-algebra. A representative polynomial over A is a Laurent
polynomial of the form

F=> ft €AY, fucA
€N/
We note that there is no constant term. We denote by RP 4 the set of representative polynomials
over A.

Lemma 2.3 shows the following proposition.

ProrosiTION 2.5. We have a one-to-one correspondence,

k
G-Cov(D*) «— RPp x ——.

In particular, if k is algebraically closed, then
G-Cov(D*) «<— RPy.

DEFINITION 2.6. Let k be an algebraic closure of k. We say that Ef, E5 € G-Cov(D*) are
geometrically equivalent and write BT ~geo Ej if their complete base changes ET X kand B X k
are isomorphic G-covers of D* X k = Spec k((t)).

Obviously
G-Cov(D")/~geo < RPy,.

If k is a finite field, then k/p(k) has p elements. Hence the quotient map
G-Cov(D*) — G-Cov(D*)/~geo
is a p-to-one surjection.

DEFINITION 2.7. We say that E* € G-Cov(D") is representative if E* is isomorphic to E7} for
f € RPy. We denote the set of representative G-covers of D* by G-Cov™P(D*).

1128
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By construction, we have the following proposition.

PROPOSITION 2.8. The composition
G-Cov'®®(D*) — G-Cov(D*) = G-Cov(D")/~geo
is bijective. Moreover, the right map is p-to-one if k is a finite field.

2.2 The stratification by the ramification jump

The spaces G-Cov(D*), G-Cov(D*)/~geo and RPy, are all infinite-dimensional. We will construct

stratifications of them with finite-dimensional strata, which will help to control these spaces.
We say that E* € G-Cov(D*) is trivial if E* is the disjoint union of p copies of D*,

equivalently if £* corresponds to 0 by the correspondence in Proposition 2.5. For a non-trivial

E* € G-Cov(D*), let E be the normalization of D := Speck][[t]] in Og+ and mg the maximal

ideal of Of. Then G acts on (’)E/mfLJ for all 7 € N.

DEFINITION 2.9. The ramification jump of E* (and of F), denoted by rj(E*) = rj(E), is defined
as follows. If E is unramified over D, then we put rj(E) = 0. Otherwise rj(FE) is the positive
integer j such that the G-action on Op/mi; is trivial if ¢ < j + 1, and non-trivial if ¢ > j + 2.1
We thus have a function

rj : G-Cov(D*) —> Z>y.

PROPOSITION 2.10. Let f € k((t)). Suppose that j := —ord f € N{. (This condition holds in
particular if f is a representative polynomial.) By convention, if f = 0, then we put j = 0. Then
rj(E;Z) = j. In particular, the function rj takes values in Nj,.

Proof. Let L := (’)E; =k((t)][p 'f] and g :== o 1f € L. If j = 0, then (’)E; is isomorphic to
the product of p copies of k((t)) or to k'((t)) for an Artin—Schreier extension k’/k. Hence the
assertion holds. Next we suppose that j > 0 and write j = pg — r, where ¢ and r are integers
with 1 <r < p— 1. If v;, denotes the normalized valuation on L, then

vr(9) = —j = —pg -+
Let I € {1,2,...,p — 1} be such that lr = pc + 1 for some non-negative integer c. Since
vr(t¢¢") = p(lg — ¢) = lj = (Ipg — pe) — Ipg + pe +1 = 1,
s := tl47¢gl is a uniformizer of L. We now have

o(s) =t ¢(g + 1)t =t ¢! + 1tl97¢¢!~1 1 (higher-degree terms).

Therefore
o(s) — s = 1t ¢g!=! 4 (higher-degree terms)
and
vp(o(s) —s)=p(lg—c) + (I = 1)(=pg+ 1)
=p(lg—c) —lpg+pc+1+pg—r
=pg—r+1
=1
This proves the proposition. O

! Since Op=/k((t)) is a cyclic extension of prime degree, the ramification jump is unique and equal in both lower
and upper numberings. See, for instance, [Tho08, §2].
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For j € Nj;, we set

G-Cov(D*,j) := {E* € G-Cov(D*) | tj(E*) = j},
G-Cov™*® (D", j) i= {E* € G-Cov'*®(D") | xj(E") = j},
RPy, = {f € RP; | ord f = —j}.

PROPOSITION 2.11. For j € N, we have
G-Cov™P (D", j) «— G-Cov(D", j)/~geo <> RP}j «<— k™ X ki—1-li/p),

Here |-| denotes the floor function, which assigns to a real number a the largest integer not
exceeding a.

Proof. The left and middle correspondences are clear. We note that
tli eN'[i <5} =7~ i/p).
The right correspondence sends ZieN’,z’gj g-it™", g_j # 0, to (g—i)ien.i<j- |
Thus, for instance, the infinite-dimensional space G-Cov'?(D*) admits a stratification

G-Cov™™(D*) = | | G-CovP(D",j),
jeN,

whose strata are all finite-dimensional.
For later use, we also define G-Cov(D*,< j) = U;; G-Cov(D",j'), and similarly for
G-Cov**P(D*, < j) and RPj <. Then

G-Cov™®(D*, < j) <> G-Cov(D*,< j)/~goo <> RPjcj <> ki~U/7)

2.3 Moduli spaces of G-covers of D*
Harbater [Har80, §2] constructed the coarse moduli space of G-covers of the formal disk D =
Spec k[[t]] when k is algebraically closed.? He also illustrates with an example why the moduli
space cannot have a universal family [Har80, Remark 2.2]. Since we would like to still have a
‘universal family’ and work over a non-algebraically closed field, we will take a different approach.
In view of his example, to have a universal family, it seems that we need an additional
structure on G-covers. We will take representative polynomials as such a structure, or rather
consider the moduli space of representative polynomials.
For each j, the functor

{affine k-scheme} — {set}, SpecA+— RPj4 ;

is obviously represented by a scheme isomorphic to Ai_ Li/p J, which we denote by RPy <;. We
can write its coordinate ring explicitly as

ng = k[ﬂ?l ’ 1€ N/,i < ]]

2To be precise, he constructed the coarse moduli space of pointed principal G-covers. In our case where G is
abelian, it is equal to the coarse moduli space of unpointed principal G-covers.
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Then the identity morphism of RPy <; corresponds to the universal representative polynomial,
;miv = Z l‘j/t_j € RPng,gj'
JEN ']

For j; < j2, we have a canonical closed embedding RPj <;, — RPy j,.
Then the functor

{affine k-scheme} —> {set}, Spec A+— RPy4

is represented by the union RPy := ; RPj, <; which should be understood as the limit in the
category of ind-schemes [KV04, § 1.1]. In particular, for a k-field K, we have RPx <— RP(K).
Readers who are not familiar with ind-schemes can just ignore them as they will not be used
below.

DEFINITION 2.12. A representative family of G-covers of D* of ramification jump <j over an
affine scheme S = Spec A is an étale G-torsor over Sx D* = Spec A((t)) which is isomorphic to
Spec A((t))[p~ ! f] with f € RP4 <;. We denote the set of isomorphism classes of those families
by G-Cov™P(D*, < 5)(95).

The functor

{affine k-scheme} —> {set}
S +— G-Cov™(D*, < j)(S)

is represented by a scheme canonically isomorphic to RPy, <;, which is denoted by G-Cov™P(D*,
< j). We have the universal family of representative G-covers of ramification jump <j:

B2 = Spee Be; (1) [0 £

|

Spec B<j((t))
Spec B¢j = G-Cov™(D*, < j).

We define
G-Cov'P(D") := U G-Cov*?(D*, < j),
jEN
which is again regarded as an ind-scheme. For a perfect k-field K, we have a one-to-one
correspondence

G_Covrep(D*)(K) — G_Covrep(D* >A<k K) <~ G—COV(D* >A<k K)/Ngeo.

The universal family Ex"™" over G-Cov™P(D*) is defined as the union of EZ’juniV.
Putting RP;, j := RPy, <;\RP}, <j_1, we have a stratification RPj, = |_|j RPj, ;. Similarly,
we have G-Cov'®?(D*) = | |; G-Cov"P (D", j). Then for j > 0,

RP;; & G-Cov'™®(D*, j) = G, x AL\ "U/7) 2.1)
For a k-algebra A, the A-points of RPy, ; correspond to
RP;:={f€RPs«;| fj € A"}
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2.4 The stratified moduli space of G-covers of the formal disk

What we will really need is the moduli space of (ramified) G-covers of the formal non-punctured
disk D = Speckl[t]]. A G-cover of D means the normalization E of Speck[[t]] in a G-cover
E* — D*. If it exists, such a moduli space should bijectively correspond to the moduli space
of G-covers of D* at the level of points. The author does not know so far if such a moduli space
exists. Instead we will construct strata of the hypothetical moduli space, which are sufficient for
application to the motivic integration.

We define G-Cov**P(D, j) to be G-Cov™®(D*, j) endowed with a different universal family
constructed as follows. The coordinate ring of this moduli space is B; := Bg; [9:;1] Then the
universal family of G-Cov**P(D*, j) is written as

E;f’univ := Spec Bj((t))[go_lf;miv] —> Spec B;j((t)) — G-Cov"P (D", j).
Let g := p_lfj‘-mi" € Bj((t))[p_lf]‘-mi"]. With the notation in the proof of Proposition 2.10,

we put s := t'97¢¢!. Then s is a uniformizer on each fiber of the projection E;’univ

G-Cov™P(D*, j). We define C; to be the Bj[[t]]-subalgebra of B;((t))[g] generated by s. Then
Spec C; —> Spec B;[[t] is a family of G-covers of D over G-Cov'™P(D*, j).

DEFINITION 2.13. We define the moduli space of representative G-covers of D of ramification
jump j, denoted by G-Cov™P (D, j), to be Spec B; with the universal family
E;miv := Spec Cj —> Spec Bj[[t]] — G-Cov"*(D, j).

2.5 Details of the G-actions on Og+« and Og

Let 0 # f € RPy be a representative polynomial of order —j. Let £ and E* be the corresponding
G-covers of D and D* respectively, and let ¢ = p~ ' f € Op+. Then Opg- has a basis 1,g,...,¢" "
over k((t)).

Notation 2.14. In what follows, for a k-algebra or module M endowed with a G-action, we
denote by ¢ the k-linear operator o — idy; on M. For a € N, we denote by M%'=0 the kernel of
0% : M — M.

Sometimes it is more useful to use § rather than ¢ in order to study G-actions.

LEMMA 2.15. For any integer i with 1 <i < p—1 and for any 0 # h € k((t)), we have §'(g*h) # 0
and §'T1(g'h) = 0. Therefore, for each integer a with 0 < a < p, we have

a—1
05~ = P H(®) o'
i=0

Proof. We will prove this by induction on i. For ¢ = 1, since o(g) = g + 1, we have d(gh) =
h(o(g) — g) = h and §%(gh) = §(h) = 0. For i > 1, we have

o(g'h) = h(g+ 1) = h(g +ig" 4+ - +ig + 1)

and
5(g'h) = h(ig"™" +--- +ig+1). (2.2)
Applying 6°~! and §° to this, we obtain the lemma. O
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COROLLARY 2.16. We have '
O = H k-g't".
0<i<p
—ij+np=0

Moreover, for each integer a with 0 < a < p, we have

0%=0 = H k- gt

o<i<a
—ij+np=>0
Proof. Let v be the normalized valuation on Ogs. Then v(g't") = —ij + np. For every non-
negative integer r, there exists a unique pair (¢, n) of integers such that 0 < i < p and r = —ij + np.
This proves the first assertion. Then the second follows from the previous lemma. O

COROLLARY 2.17. For h € O withpt{vg(h), we have vg(d(h)) = vg(h)+r1j(E). Here vy denotes
the normalized valuation of Op.

Proof. We can write h as a k((t))-linear combination of ¢g¢, 0 < i < p. Then the corollary follows
from (2.2). O

3. Twisted arcs and jets

To a G-representation V', we will associate the quotient stack X = [V/G] and the quotient variety
X = V/G. The McKay correspondence follows from the change of variables formula of motivic
integrals for the morphism X — X. To obtain the formula, we need an almost bijection between
the arc spaces of X and X. However, general arcs of X lift to X not as ordinary arcs but as
twisted arcs. In this section, we will construct the spaces of twisted arcs and jets, and examine
their structures. Our use of stacks is not really necessary. However, it puts everything on an
equal footing in the framework of the birational geometry of stacks.

3.1 Ordinary arcs and jets of a scheme

Let X be a variety, that is, a separated scheme of finite type over k. An n-jet of X is a morphism
Spec k[[t]]/(t"*1) — X. There exists a fine moduli scheme J, X of n-jets of X, called the n-jet
scheme of X. Thus, for a k-algebra A,

(JoX)(A) = Hom (Spec A[[t]]/(t" 1), X).

There is a natural morphism .J,X — X, defined by reduction modulo ¢. Also for n’ > n, we
have a truncation map J, X — J,X. The projective limit, JX := l(iI_anX , is called the arc
space of X. For every k-field K,

(JoX)(K) = Hom(Spec K[[t]], X).
We denote the truncation map Joo X — J, X by m,.

3.2 A G-representation
From now on, we denote by V a d-dimensional G-representation and suppose that V is
decomposed into indecomposables as

l l
V=P, <1<dA<p,ZdA=d>,
A=1

A=1
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where V, denotes the unique indecomposable G-representation of dimension a. We suppose that
V' is non-trivial, that is, (dy,...,d;) # (1,...,1).
We denote the coordinate ring of the affine space V' by

kx| = klzy; [ 1< A< 1<i<dy],

and fix the G-action on it by

N Javitaaig ((#£d)
o(ori) = {UC,\,d (i =dy).

This is equivalent to saying that

RS (i # dy)
§(zri) = {0 i (i = dy).

(Recall that the operator § is defined as o —id.)
Most arguments below can be reduced to the case where V is indecomposable. In that case,
[ =1 and d; = d. Then we simply write x; = x1;.

3.3 G-arcs and jets
For 0 # f € RPy, we define Ey ;, to be Spec O, /mz,iﬂ, which is a closed subscheme of E. Since

K[[]]/ ") € (Og/ m%T;H)G (the equality does not generally hold), we have a natural morphism

E¢n —> D, := Speck[[t]]/("1).

If f =0, then E; has p connected components and each component is identified with D via the
projection Ey —> D := Spec k[[t]]. In this case, we just define Ey,, to be the disjoint union of p
copies of D,,.

DEFINITION 3.1. We define a G-arc (respectively, G-n-jet) of V as a G-equivariant morphism
E; — V (respectively, Et,, — V) for some f € RPj. More generally, for f € RP4, let
E; — Spec A[[t]] be the corresponding G-cover and let E¢, C E; be as above. Then we define
a G-arc of V' of ramification jump j over A as a G-equivariant morphism E; —> V. Two G-arcs
over A are regarded as the same if the associated representative polynomials are the same and
the morphisms are the same. Similarly for G-n-jets. (If f # f’, then two G-n-jets E;,, — V
and Ey, —> V must always be distinguished, even when there is an isomorphism Epy, = Ey ,
compatible with morphisms to V' and D,,.)

LEMMA 3.2. For any k-algebra B endowed with a G-action, we have a bijection:

l
{G-equivariant k-algebra map k[x] — B} — H Bo=0
A=1
ar— (a(z11),...,a(x1)).

Proof. Let « : k[x] —> B be a G-equivariant k-algebra map. Then for every A and i, we have
a(6(zr;)) = 0(a(wy;)). In particular, a(zy ;) = 6~ H(a(zy 1)) and §% () 1) = 0. This shows that
« is determined by a(xy 1), 1 < A <[, and the map of the lemma is well defined.

Conversely, if ( fis-- i) € Hl)\zl B =0 i given, then we define a k-algebra map « : k[x] —

B by a(zy;) = 6 1(f1). We can easily see that  is the unique G-equivariant k-algebra map

with a(xy1) = fr. Hence this construction gives the inverse map. O
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PROPOSITION 3.3. For each 0 < n < oo and for each j € N, there exists a fine moduli scheme
J,%V of G-n-jets of V' of ramification jump j.

Proof. We prove this only when V is indecomposable. We first consider the case j > 0. From the

previous lemma, for a fixed f, G-n-jets Ef —> V correspond to elements of (O, /m%’; Jr1)561:0.

With the notion as in §2.5, we have
1 4
(/)Ef/m%l;+ = @ k- [g't"].

0<i<p
0<—ij+np<np
Then (O, / mrg; +1)‘5d:0 is the linear subspace generated by the elements ¢‘t" from the basis such
that either ¢ < d or —ij + np + dj > np. If we denote by v, ; the dimension of the subspace,
then G-n-jets are parameterized by k. This argument can apply to families, in particular, to
the universal family over G-Cov™P (D, j). With the notation from §2.4, let m; C C; be the ideal
generated by s. Then G-n-jets over G-Cov'*P(D, j),

Spec C’j/m;wJrl —V,

correspond to elements of the module (C; /m?p +1)0°=0  which is isomorphic to B;’"’j as a Bj-

module. This shows that the desired moduli space Jg ;V is isomorphic to Azn’j x G-Cov™P(D, j).

The case where j = 0 is easier. Then f = 0 and Ey, is the union of p-copies of D,. We
fix one connected component of Ey ,, identify it with D,, and write D, — Ep,. Then a G-n-
jet Ep, —> V is uniquely determined by its restriction to D,. Conversely, an ordinary n-jet
D, — V uniquely extends to a G-n-jet Ep, —> V. Therefore we can identify J,?:OV with
V. O

ProprosITION 3.4. The following hold:
i) for every n and j, J&.V = A™ x G-Cov™P (D, j) for some m;
n,j k
(ii) forn =0, J§,V =2 Al x G-Cov'®(D, j) (j € N') and J§,V = A{;
(iii) for n’ > n, truncation maps JSjV — Jg’:jV are induced by a (not necessarily surjective)

linear map AZ”/ — A
Proof. The assertions follow from the proof of the previous proposition. a

Now the space of G-arcs of ramification jump j, denoted JO%JV, is constructed as the
projective limit of J,%-V, n € Zso. Hence it is isomorphic to (T]52; At) x G-Cov™(D, j). Let

Ty JOGOJV — Jng denote truncation maps.

COROLLARY 3.5. For 0 < n < oo,
d+l1 iy . .
(IS V)= A%Ln;)zf G-Cov™(D.j) G eN)
’ Ay (j=0).
Moreover, the truncation map 7rn+1(JOCé7jV) — Wn(JOCéJ-V) is a trivial fibration with fiber A{.

Proof. The case j = 0 is obvious from JnGpV = J,V. For 5 > 0, with the notation as in the
proof of Proposition 3.3, G-n-jets in Wn(JOC;’ jV) correspond to elements of the linear subspace of

OF, /mrg; + generated by ¢‘t"™ with i < d. This shows the first assertion. The second assertion
follows from the first. O
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DEFINITION 3.6. For 0 < n < oo, we put J&V := | |, J5;V. (Here, for each j, JZ,V is a

720 “n,
connected component of J&V.)

The following is obvious from the definition.

COROLLARY 3.7. The truncation maps 7, 11(JSV) —> mn,(JSV) are trivial fibrations with fiber
Ad.

3.4 Twisted arcs and jets
Let X be the quotient stack [V/G]. For an algebraically closed k-field K and for a representative
polynomial f € RPg ;, we set

Df = [Ef/G] and nyn = [Efm/G]
DEFINITION 3.8. We define a twisted arc (respectively, twisted n-jet) of X over K as a morphism
Dy — X (respectively, Dy, — X)

which is induced from a G-arc Ef — V (respectively, G-n-jet E¢,, — V). We say that two
twisted arcs v : Dy — X and 7' : Dy — X (over K) are isomorphic if f = f" and if two
morphisms 7,7" : Dy =% X are 2-isomorphic. (Recall that stacks form a 2-category and hence
morphisms between two stacks form a usual category.)

Clearly twisted arcs (jets) are closely related to G-arcs (jets). To each G-arc v : Ef — V,
we can associate a twisted arc 4 : Dy —> X'. Conversely, given a twisted arc Dy —> X, then
there exists a G-arc £y —> V whose associated twisted arc is the given one.

ProproOSITION 3.9. The set of twisted arcs of X over an algebraically closed k-field K is in
one-to-one correspondence with (JSV)(K)/G in such a way that the class of v € (JSV)(K)
corresponds to 4. Here G acts on JSV by o(v) := yo o = o o~. Similarly, the set of twisted
n-jets of X over K is in one-to-one correspondence with (J$V)(K)/G.

Proof. Let v; : Ef — V (i = 1,2) be G-arcs such that 4 := J; = 72. We have to show that
and 7 are in the same G-orbit. Let E := D x5 x V. Then for each 4, there exists an isomorphism
a; : By — E which fits into the following 2-commutative diagram.

Vi

E, Y .p 2V

N

Dy > X

Then v =y, 0 041_1 o ag. For G-n-jets, the corresponding assertion holds. All that remains is to
show that 041_1 o ag = 7 for some 7 € G. This will be done in the following lemma in a more
general setting. O

LEMMA 3.10. Let U be a G-scheme and [U/G| the quotient stack with the natural morphism
a : U — [U/G]. Suppose that § : U —> U is an isomorphism such that o a and « are
isomorphic. Then 8 = 7 for some T € G.

Proof. Let m : G x U — U be the morphism defining the G-action and 7 : G x U — U
the projection. From the definition of quotient stacks, there exists a G-equivariant isomorphism
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€: G x U — G x U making the following diagram commutative.

GxU

l\/

N

Suppose that € maps {1} x U onto {7} x U. If € denotes the restriction of € to {1} x U and if
we identify {1} x U and {7} x U with U, then we have the following commutative diagram.

U ! U
N
U

This shows that 8 = ¢ =771, O
DEFINITION 3.11. We define the space of twisted arcs and twisted n-jets of X as the quotient
schemes

TeoX = (JEV)/G and J,X := (JSV)/G.
Then for 0 < n < 0o, we write J, X = | jeN, JIn,;X, where the subscript j indicates ramification

jumps. We deﬁne the function
rj i JnX — Nf)
by rj(y) :=j for v € Tp; X
Remark 3.12. The genuine moduli spaces of twisted arcs or jets must be constructed as stacks
as in [Yas06].

DEFINITION 3.13. For schemes X and Y of finite type, a morphism f : Y — X is called a
universal homeomorphism if one of the following equivalent conditions holds:

(i) f is finite, surjective and universally injective;
(ii) for every morphism X’ —> X of schemes, the induced morphism ¥V xx X' — X' is a
homeomorphism.

We say that two schemes X and Y of finite type are universally homeomorphic if there exists a
universal homeomorphism between them in either direction. For instance, see [NS11, §3.8] for
more details.

If T is a G-variety and S C T is a G-stable closed subvariety, then the map S/G — T/G
is not a closed embedding but only a universal homeomorphism onto its image. This is why this
notion is necessary below.

We note that the G-action on JG V = A’ x G-Cov'™(D, j) is trivial on G-Cov"P(D, j)
and linear on Aj". Indeed the hnearlty follovvs from the proof of Lemma 2.15. Hence we have the
following fact Wthh is essential to define the motivic measure on J, X below.

COROLLARY 3.14. Every geometric fiber of the truncation 7,41(JooX) —> Tp(JTeoX) I
universally homeomorphic to the quotient of Acfl{ by some linear G-action with K an algebraically
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closed k-field. Moreover,

Al x G-Cov™ (D, j) (j eN)

T0(Jo0jX) = Jo ;X = {V/G (G=0).

3.5 Push-forward maps for twisted arcs and jets

Let X := V/G be the quotient variety. Let ¢ : X — X and ¢ : V — X be the natural
morphisms. For a twisted arc D — X, taking the coarse moduli spaces, we get an arc D — X.
This defines a push-forward map

O : TooX —> JsoX.
We can see that this is actually a scheme morphism as follows. Let the solid arrows of
E v
I
Y

DxJEV - =X

|

JSV

be the universal family of G-arcs. Then there exists the dashed arrow « which makes the whole
diagram commutative. This morphism « is a family of arcs of X over JO%V. From the universality
of Joo X, this induces a morphism JSV — J,, X. Then we can easily see that this factors through
T = (JSV)/G, and obtain the desired morphism Joo X —> Joo X.
Notation 3.15. From now on, for v in JX or J.X, we denote by ~, its truncation at level n:
Yn = T (7).

Let v: D — X be a twisted arc and v, : D,, — D — X its truncation at level n. Then we
have an arc ¢y : D —> X and its truncation at level n, (¢poo¥)n : Dy, = D —> X. This n-jet
of X depends only on ~,, hence we have a push-forward map

bn T (JooX) —> Jn X, o > (@ooY)n-
We can easily see that this is a scheme morphism and compatible with truncation maps.

Remark 3.16. Unlike the tame case, we do not have a map J,X — J,X. This is because D,
is not the coarse moduli space of D,,.

Let V¢ C V be the fixed point locus and Y := [V¥/G] C X. Since we have supposed that V'
is non-trivial, ¢ is proper and birational. Then )Y is the exceptional locus of ¢. We define JY
to be the subset of J,X consisting of those twisted arcs that factor through V. Let Y C X be
the image of ). Then the arc space JY of Y is regarded as a subscheme of JX.

ProrosiTION 3.17. The map
is bijective.
Proof. We will show that v € JooX\Jx) can be reconstructed from 7 := ¢,v. Let E* — D*

be a G-cover obtained as the base change of V. — X by 7|p~. If E is the normalization of
D in E*, then the morphism E* — V uniquely extends to E — V, thanks to the valuative

criterion of properness. This is a G-arc and induces a twisted arc D := [E/G| — X. Now it is
straightforward to check that this twisted arc is isomorphic to 7. a
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4. Motivic integration

In this section we introduce the motivic measure on the space of twisted arcs and define integrals
relative to this. This is mostly a matter of repeating material from the literature [Bat98, DL99,
DL02, Seb04] with a slight modification.

4.1 The Grothendieck ring of varieties and a variant
Let Vary denote the set of isomorphism classes of k-varieties. The Grothendieck ring of varieties
over k, denoted Ky(Varyg), is the abelian group generated by [Y] € Vary subject to the following
relation: If Z is a closed subvariety of Y, then [Y] = [Y\Z] + [Z]. It has a ring structure where
the product is simply defined by [Y][Z] := [V x Z]. We denote by L the class [Al] of the affine
line.

For our purposes, we also need the following relation.

CONDITION 4.1. Let f : Y — Z be a morphism of varieties. If every geometric fiber of f is
universally homeomorphic to the quotient of A% with K an algebraically closed k-field by some
linear G-action, then [Y] = L"[Z].

DEFINITION 4.2. We define K(j(Vary) to be the quotient of Ky(Vary) by imposing Condition 4.1.

Let A be an abelian group and let y : Vary, —> A be a map satisfying the following property:
For every variety Z and every closed subvariety Y C Z, x(Z) = x(Z\Y) + x(Y). (Such a map is
called a generalized Euler characteristic.) Then there exists a unique group homomorphism

Ko(Varg) — A

through which x factors. Additionally, suppose that for every morphism f : Y — Z as in
Condition 4.1, x(Y') = x(A7)x(Z). Then there exists a group homomorphism Kg(Vary) — A
which fits into the commutative diagram.

Vark —_— Ko Vark

y Va]:>

The maps Ké/)(Vark) —> A are ring maps if A is a ring and if x(Y)x(Z) = x(Y x Z) for any YV
and Z.

4.2 Various realizations
4.2.1 Counting rational points. In this paragraph, we suppose that k is a finite field. Then
for a finite extension F,/k, associating to a variety X the number of [F-points §X (F,), we obtain
a map
g Vary — Z, X +— X (F,).

This is a generalized Euler characteristic and defines
#q : Ko(Varg) — Z.

Let k be a fixed algebraic closure of k. For a variety Y over k, we denote by Y; the variety
over k obtained from Y by extension of scalars. Then, fixing a prime [ # p, we write (compactly
supported) l-adic étale cohomology groups as H*(Y;) = H'(Yz, Q) and H.(Y;) = HL (Y, Q).

1139

https://doi.org/10.1112/50010437X13007781 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X13007781

T. YASuDA

LEMMA 4.3. For a G-representation V of dimension d, we have isomorphisms of Gal(k/k)-
representations:

Q(~d) (i =2d)

0 (otherwise).

Hy((V/G)f) = H(Vy) = {
Proof. In this proof, we omit the subscript k. Let W := V& C V be the fixed point locus and
U := V\W. From the exact G-equivariant sequence
oo —> H(U) — HYV) — H(W) — HY(U) — - (4.1)
we have equivariant isomorphisms

H{(V) (1 = 2d)
HY(U) = H-Y (W) (i =2dim W + 1)
0 (otherwise).

We claim that H*(U/G) = H*(U)®. Indeed since U —> U/G is an étale Galois covering, we have
the Hochschild—Serre spectral sequence [Mil80, p. 105, Theorem 2.20],

HY(G,HY(U,Z)I")) = H™(U/G, 7./1").

Then since $G = p # [, the group cohomology groups H*(G, H’ (U, Z/1"™)) vanish for i # 0 and
the spectral sequence degenerates. Hence for each j,

H)(U, 7)Y = HI(U/G,Z)1™).

Then passing to the limits and tensoring with Q;, we can show the claim.

Now, since the G-action on HZ24™W(W) is trivial, from the Poincaré duality, we have
H{(U/G) = HL(U) for every i. Let W C V/G be the image of W. Then the map W — W
is a universal homeomorphism and hence H:(W) = HI(W) (see, for instance, [NS11, §4.2]).
From the five lemma, the long exact sequence

.. — H(U/G) — H(V/G) — H!W) — HYU/G) — ---

is isomorphic to (4.1). In particular, Hi(V/G) = H!(V) for every i. The lemma follows again
from the Poincaré duality. O

LEMMA 4.4. Let f:Y —> Z be a morphism as in Condition 4.1. Then we have an isomorphism
of Gal(k/k)-representations, ' '
He(Yp) = Ho(Z5) © Q(—n).

Proof. From the previous lemma and the invariance of étale cohomology under universal
homeomorphisms, we have

Qi(=n) (i =2n)

0 (otherwise),

R Q= {

which proves the lemma. O
PROPOSITION 4.5. The map 4, factors through K{(Vary).

Proof. This follows from the previous lemma and the Lefschetz trace formula. O
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4.2.2 Poincaré polynomials. The Poincaré polynomial of a smooth proper variety X is

P(X;T) =Y (—1)'b(X)T" € Z[T).
Here b;(X) = dim H'(X},). Following Nicaise [Nic11, Appendix], we generalize this to any variety.
Indeed there exists a map
P : Ko(Vary) — Z[T],

and for a variety X we simply write P([X]) as P(X). Making the variable T" explicit, we also
write it as P(X;T). Two important properties of the generalized Poincaré polynomial are as
follows. Firstly, for a variety X, the degree of P(X) equals twice the dimension of X. Secondly,
P(X;1) equals the topological Euler characteristic

etop(X) == Z dim H!(X3).

(2

PROPOSITION 4.6. The map P factors through K/ (Vary).

Proof. Let f be a morphism Z — Y as in Condition 4.1. We need to show that P(Z) =
P(Y)T?. Let A C k be a finitely generated F,-subalgebra such that f is obtained from an
A-morphism f4 : Z4 —> Y4 by extension of scalars. Let a : SpeclF, — Spec A be a general
closed point. Let Y, be the fiber of Y — Spec A over a, and similarly for Z,. Then from [Nicl1],
P(Y) = P(Y,) and P(Z) = P(Z,). Moreover, P(Y,) is computed from the weight filtrations on
Hi(Y, xg, Fq). Similarly for P(Z,). From Lemma 4.4,

P(Z) = P(Z,) = P(Y,)T*" = P(Y)T*".
This proves the proposition. O

4.3 Localization and completion

We need to further extend our modified Grothendieck ring K{(Vary). We first consider its
localization by L, M’ := K}(Varg)[L™']. Then we define its dimensional completion M’ as
follows. Let F™ M’ be the subgroup of M’ generated by [X]L! with dim X + i < —m. Then
{F"™ M}z is a descending filtration of M'. We define

M :=Tlim M'/F™ M’
P
This inherits the ring structure and the filtration from M’. For later use, we define a norm || - ||
on M’ by
I 11 M — Rso
a—|la] :=27",

where n :=sup{m | a € F™M'}.
Let M’ be the image of M’ in M’ and consider the following subring of M’:

M6 =M |:1—]L_n n e Z>0:| .
Every element a € M}, has the expression
b
a:b+bL_”+bL_2n+--'=m (4-2)
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for some b € M’ and n > 0. In this paper, every explicitly computed element of M’ actually lies
in Mj,.
The map P : Kj(Vary) — Z[T] extends to
P:M — Z((T™Y)

and we have

PMY)) cz|T, T

1
; m n e Z>():| C Z(T)
For a € /\;16, if the rational function P(a;T') has no pole at T'= 1, then we define the topological
Euler characteristic of a by

etop(a) = P(a;1) € Q.

For a variety X, we have etop([X]) = egop(X).

When £ is a finite field contained in F,, we can easily see that the map fi; uniquely extends
to the ring map M’ — Q. This map further descends to M’ — Q,? which we still denote by
#4. Then, for a € Mo expressed as in (4.2), we put

fa(b)

1(a) = t(b) + 4g(D)g " + tg(b)g " + -+ = T—q "

€ Q.
Note that the first expression as a series converges in R and coincides with the second expression.
This is also independent of the expression of a, since, for another expression

b/

=TT

with n | n/, there exists a polynomial f(L~!) in L™! with integer coefficients such that o' =
b-f(L™") and 1 —L™™ = (1 = L") f(L.™!). For a variety X, we have f,([X]) = 41X (F,).

4.4 Motivic integration over a variety
We briefly review the motivic integration over singular varieties. The original reference for the
theory in characteristic zero is [DL99]. For the positive characteristic case, see [Seb04].

Let X be a reduced k-variety of pure dimension d.

DEFINITION 4.7. A subset C C JoX is called a cylinder if for some 0 < n < oo, 7,(C) C J, X
is a constructible subset and C' = 7, !(7,(C)). A subset C' C Jo, X is called stable if, for some
0 < n < oo, m(C) C J,X is a constructible subset and, for all n’ > n, the map m,/1(C) —
T (C) is a piecewise trivial fibration with fiber A¢. For a stable subset C' C Joo X, we define its
measure by

px (C) = [mp (C) L™ € M (n>> 0).

Remark 4.8. In some literature, the value of measure and hence all computations following it
differ by a factor L.

3 Indeed, by the realization map of M’ to the completed Grothendieck ring Ko(M R(Gal(k/k),Q;)) of mixed Galois
representations constructed in the same way as in [Yas06, pp. 728-730], the subring M’ maps to the non-completed
Grothendieck ring Ko(M R(Gal(k/k),Q;)), which is a subring of the completed one. Then we can compose the
map M’ — Ko(MR(Gal(k/k),Q;)) with the map Ko(MR(Gal(k/k),Q;)) —> Q defined by the alternating trace
of the Frobenius action, and obtain the desired map.
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DEFINITION 4.9. For an ideal sheaf I C Ox, we define a function

ord I : JooX —> Z>o U {00}
v —> length k[[t] /v 1.

The Jacobian ideal sheaf Jacx C Ox of X is defined to be the dth Fitting ideal of the sheaf
of differentials, 2y /;. This defines a closed subscheme supported on the singular locus. For a
cylinder C' C JX and for each e € N, the subset C' N (ord Jacx)~!(e) is stable, and we define

px(C) = ZMX(C N (ord Jacx )™t (e)).
e=0

This indeed converges in M’.

DEFINITION 4.10. A subset C C Jy X is measurable if for any € € Rsq, there exists a sequence
of cylinders, Cy(¢), Ci(€), ..., such that

CACo(e) C | Cile)
i>1
and ||ux(Ci(e))|| < € for all 4+ > 1. Here A denotes the symmetric difference. If we can take
Co(e) C C, we call C strongly measurable.

We define the measure of a measurable subset C' C J X by
ux(C) = lim_ jux(Co(e))

with Cy(e) as above. This converges and the limit is independent of the choice of Cpy(e).

DEFINITION 4.11. Let A C JooX be asubset and F': A — ZU{oo} a function on it. We say that
F is measurable if every fiber F~!(n) is measurable. We say that F is ezponentially integrable*
if:

(i) F is measurable;

(ii) F~!(oco) has measure zero; and
(iii) for every e > 0, there exist at most finitely many n € Z such that ||ux(F~(n))|| > €.

For an exponentially integrable function F : JoX D A —> Z U {oo}, the integral of ¥ is
defined as
/ LY dux = ZMX(F_l(n))L" e M.
A

ne’

4.5 Motivic integration over the quotient stack X

Let V be a d-dimensional non-trivial G-representation and X := [V//G]. The following arguments
contain a lot of repetition from the previous subsection and from the literature. However, we
have to pay attention to slight differences coming from the fact that the space of twisted arcs,
T, is a projective limit of inductive limits of varieties, while Jo X is only a projective limit.

DEFINITION 4.12. A subset C' C J,X is called constructible if it is a constructible subset of
TIn,<jX for some j € N. A subset C C Joo& is called a cylinder if for some n, m,(C) is
constructible and C = 7, (7, (C)).

41In the literature, —F is called exponentially integrable when the same condition holds.
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For a cylinder C, we define its measure by
px(C) = [ (C)IL"" € M’ (n > 0).
This is well defined from Corollary 3.14.

DEFINITION 4.13. A subset C' C JooX is measurable if for any € € Ry, there exists a sequence
of cylinders, Cy(e€), Ci(e),..., such that

CACy(e) C | Cile)
i>1
and [|px(Ci(e))]| < € for all ¢ > 1. If we can take Cy(e) C C, then we say that C is strongly

measurable.

We define the measure of a measurable subset C' C Joo X by
px(C) = lim pux(Co(e))-

We can show that the limit is independent of the choice of Cp(e) in the same way as the proof
of [Bat98, Theorem 6.18] using the following lemma.

LEMMA 4.14. Let C and Cj, i € N, be cylinders in JooX. If C C ;e Ci, then for some m € N,
we have C C U~ C;.

Proof. The proof follows that of [Seb04, Lemma 4.3.7]. Suppose that C' C Jx <;jX. Then,
replacing C; with C; N Jso,<j &, we may suppose also that C; C Jx,<;X. Then since Juo <j&X
is affine and hence quasi-compact, the lemma follows from the quasi-compactness of the
constructible topology [GD71, § 7, Proposition 7.2.13]. |

We now define measurable and exponentially integrable functions defined on subsets of
JxX, and the integral of an exponentially integrable function in the exactly same way as in
Definition 4.11. Following [Yas04, Yas06], we define the order function associated to an ideal
sheaf on X as follows.

DEFINITION 4.15. For a coherent ideal sheaf I C Oy and for a twisted arc v : D — X, we
define a function ord I : Joo X —> (1/p)ZU {0} as follows: Let E % D — D be the associated

G-cover of D. Then ) o
dI(v):= - -length ——2 ).
ordI{(7) = 7 - leng ((voa)11>

If Y is the closed substack of X defined by the ideal sheaf I, then we write ord I also as ord V.

4.6 Some technical results
Here we collect technical results on the measurability and integrability which will be needed
below.

LEMMA 4.16. Let Y C X be a closed substack. Then for every n € (1/p)Z=o and for every j € Ny,
(ord Y) 71 (n) N T ;X is a cylinder.

Proof. Let n' := [n], where [-] is the ceiling function. Let
E——V

y

JG v

.
n’]

1144

https://doi.org/10.1112/50010437X13007781 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X13007781

THE p-cYCLIC MCKAY CORRESPONDENCE VIA MOTIVIC INTEGRATION

be the universal G-n'-jet of ramification jump j. Then we consider the coherent sheaf F :=
£.(7*Oy) over JG ;V- From the semicontinuity,

W= {z € Jg ,;V |length F & r(x) > pn}
is a closed subset. Let W be the image of W in J, jX. Then
(ord V)M (= 1) N Too g =, (W),
which is a cylinder. Hence (ord V) ~!(n) N Jw, ;& is also a cylinder. O

LEMMA 4.17. Let Y C X be a closed substack of positive codimension. Then the subset J) :=
(ord Y)~1(00) of JsX is measurable and has measure zero.

Proof. For any ¢ > 0, we choose n, j and n; (i > j) so that n > 7> 0 and n;, > ny, (i1 > i2).

Then
(TooX)A((0rd Y) (= 1) N Too < X)
C ((ordY) 71 (= 1) N Too,c; X) U (J(0rd V) 1= ni) N Tno i X).
1>
This shows the lemma. O

DEFINITION 4.18. We define a subsemiring N’ C M’ by

N = {Z[Xi]l[f“ eM

ieN

X; € Varg, lim dim X; +n; = —OO}.

1—> 00

(Notice that there is no minus sign in the above series.)
We need this semiring for a technical reason. In fact, motivic measures and motivic integrals
take values in A (or its variant added with L}/", defined below).

LEMMA 4.19. For a,b € N, we have that ||la + b|| = max{||all, ||0] }
Proof. Let us write a = ), [X;]L™ and put n := max{dim X;+n; | i € N}. Then ||a|| = 2". This

fact proves the lemma. (In the semiring N/, we can avoid difficulties coming from cancellation of
terms.) O

LEMMA 4.20. Fori,j € N, let a;; € N. Then the following are equivalent:
(i) for every i, lim; o [|las;|| = 0 and lim;—o [|3_ ;o aij|l = 0;
(ii) for every j, lim; o ||ai;|| = 0 and lim;_,¢ HZieN a;j|| = 0;
(iii) for every € > 0, there exist at most finitely many pairs (i,j) € N® such that ||a;;| > e.
Moreover, if one of the above conditions holds, then
o0 o0 oo oo
Y IRTED ) SIS ) o
i,jEN? i=0 j=0 §=0 i=0

Proof. Following the definition, we can translate the first condition as follows: for every ¢ > 0
and every i, there exist at most finitely many j with [|a;;|| > €, and for every €, there exist at
most finitely many ¢ with

= max{||a;;|| | j € N} > €.

o]
E aij
Jj=0
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(The equality above follows from the previous lemma.) Then this is equivalent to the third
condition. We can similarly prove the equivalence of the second and third. O

PROPOSITION 4.21. Let A;, i € N, be mutually disjoint subsets of JooX and let A := |_|fio A;.
Let F: A — Z U {oo} be a function such that for every i, F|a, is measurable. Then F' is
exponentially integrable if and only if for every i, F|4, is exponentially integrable and
/ L¥ d,uXH = 0.

A

lim
i—>0

Moreover, if this is the case, then

o0
/ LY duy = Z/ LY dpux.
A o /A
Proof. To prove the ‘if” part, we can easily see that

i (F () 1 A7) | = 0.

It follows that F~*(n) = ||, F~1(n) N A; is measurable. From the previous lemma, we conclude
that F' is exponentially integrable.
We now turn to the ‘only if’ part. Obviously F'|4, is exponentially integrable. Then the

assertion that
lim H/ ]LquXH =0
1—>0 A,

follows from the previous lemma.
The last assertion also follows from the previous lemma. O

LEMMA 4.22. Let F : JooX D A —> ZU{cco}. Then F is exponentially integrable if and only if
there exist measurable subsets A;, i € N such that:

(ii) Ao has measure zero;
(iii) F has a finite constant value on each A;, i > 0, and

lim | (4L = 0.

Proof. The ‘only if’ part is obvious. Suppose that there exist such measurable subsets A;. Then
for each n € Z U {0},

Fl'm)= || A
F(A;)=n

Then by assumption, F is exponentially integrable on F'~!(n) and

/ LY dpy
F—1(n)

From Lemma 4.20, F' is exponentially integrable. a

lim =0.
n—-oo
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LEMMA 4.23. Let C C JxX be a strongly measurable subset and F' : C — 7Z U {oo} an
exponentially integrable function. Let Cy(€), € € Rsg as in Definition 4.13. Then

/ L dpuy = lim LY dpx.
C e—>0 Cole)
Proof. We see that

lim / LY dux|| = 0.

E—)O C\CO(E)
Now the lemma follows from the obvious equality

/ ILFd,uX :/ LFd,ux—l-/ LFd,LL/'y. O
C C\Co(e) Co(e)

4.7 Adding fractional powers of LL
In applications, we often consider functions on arc spaces with fractional values. For this reason,
we need to add fractional powers of L. to Grothendieck rings. For a positive integer r, we put

e =MLY= Me]/ ("~ L).

Then its dimensional completion M’l Jr is defined similarly. Now for an exponentially integrable
function

1
F:JeX (or JX) D A— ~ZU{c0},
r
its integral [, L¥ dux (or [, L¥ dux) is defined as an element of ./\;l’l/T.

If » divides 7/, then we can identify /\;l’1 J» With a subring of M’l s+ Then the values of
measures and integrals are independent of which ring we consider. Therefore, in what follows,
we will not make the value ring explicit.

4.8 Motivic integration on G-Cov'™P(D)
For a constructible subset C' of G-Cov™P (D, < j), we define its measure simply as
v(C) :=[C] e M.

Let F': G-Cov'™® (D) — Z be a function which is constant on each stratum G-Cov™P (D, j).
Then we write F'(G-Cov'™ (D, j)) as F(j). Suppose that

lim F(j) +j— [j/p] = —oc.
j—>00
Then we define the integral of LY by

/ LFdv =" v(G-Cov'(D, )LV
G-Cov™ (D) jem
=(@L-1)L" Z LI Li/pl+F(G)
jENY
PROPOSITION 4.24. Let (JxX)o be the preimage of the origin by the projection JooX —> X.
Let m : JooX —> G-Cov'™P(D) be the projection. Then we have

/ LY dv = / LI dpy.
G-Cov'™®P(D) (T X)o

Proof. From Corollary 3.14, the preimage of [Jy,;X —> A& of the origin is isomorphic to
G-Cov™ (D, j). The proposition follows from this. O
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5. The change of variables formula

We keep the notation from the previous section: V' is a non-trivial G-representation, X = [V/G]
and X = V/G. In this section, we will prove the change of variables formula for the map ¢ :
JTsoX —> J5o X, which enables us to express integrals on J, XX’ as ones on J,, X, and vice versa.

5.1 Preliminary results

DEFINITION 5.1. Let S = k[x] be the coordinate ring of V and R := S¢ that of X. The Jacobian
ideal Jacy C S of the quotient map 1 : V. — X is defined as the zeroth Fitting ideal of the
module of differentials, {2y, x. This defines a coherent ideal sheaf on X, which we call the Jacobian
ideal of ¢ : X —> X and denote it by Jacy, C Ox.

LEMMA 5.2. Let f =3 ., a;it’ € k[[t]], ar # 0, be a power series of order r and let f~! =

> is_p bit" € k((t)) be its inverse. Then the negative part,
the class of f in K[[t]]/(t*").

bit!, of f~! depends only on

-1
t=—7

Proof. The classes of t ™" f and ¢ f~! in k[[t]]/(t") are mutual inverses. The negative part of f~*
depends only on the class of ¢"f~! in k[[t]]/(t"). Then it depends only on the class of t~"f in
E[[t]]/(t") and depends only on the class of f in k[[t]]/(t*"). O

PROPOSITION 5.3. There exists a constant ¢ > 2 depending only on V' such that if v, € JeoX
and if ¢pyn = épl, for some n with

n > c-ordJacy(7y),
then v and ' have the same associated G-covers of D.

Proof. From Lemmas 6.17 and 6.29 below, Jac,, is generated by elements of R, say f1,..., fi € R.
Set 7 := ¢ooy and fi := 7*fi € K[[t]]. Then e := ord Jace(y) is equal to the minimum of ord fi,
say ord f1. Let Sy, and Ry, be localizations of S and R by fi. Then Spec Sy, — Spec Ry, is an
étale G-cover and we have

Sp = Rplp~ (/)]
for some g € R and m > 0. Then the G-cover E* — D* associated to 7 is given by

Op+ = k(e (3/1")],

with g := 7*g. Hence E* is determined by the negative part of the Laurent power series g/ flm.
From the previous lemma, the negative part of ( fl)*m is determined by flm modulo #*™¢. The
terms of ¢ of degree at least me do not contribute to the negative part of g/ flm. This shows
that E* depends only on ¢,7v, if n > 2me. The proposition follows. O

PRrOPOSITION 5.4. Let ¢ be a constant as in the previous proposition. Then there exists a
constant ¢’ > 0 depending only on X such that for v, € JxX, if we put e := ord Jace ()
and if ¢ooYn = Poo,, for some n with

n > max{ce,c - ord Jacx (o)},

then Vp—e = Y _e-
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Proof. Let '?,’;’ € JEV be liftings of 7,7, respectively. From the previous proposition, v and
~" have the same G-cover E of D. Fixing an isomorphism E 2 Spec k[[s]], we can think of 5,7
as elements of the ordinary arc space JoV of V. Let ¢ be the constant cx in [Seb04, Lemme
7.1.1]. Then there exists 8 € JooV such that ¢ = gz5007~’ and Bpn—pe = Ypn—pe- (Here 4 is now
considered as an element of JoV and so 7y, is the image of ¥ by JooV — J,,V, which is the
same as the image of 4 by J¢V — JGV.) The equality ¢oo3 = booy' shows that § is actually a
G-arc and in the same G-orbit as ';’ . Then the equality Bpn—pe = Ypn—pe implies vy, = Ve O

We can rephrase the proposition as the following corollary.
COROLLARY 5.5. Let v € JoX, e := ordJacg(y) and € := ordJacx (¢y). Let ¢ and ¢’ be
positive constants as above. Then if n > max{ce,c'e’}, then ¢, (¢,7y,) is included in the fiber
of Ty (JooX) —> Tp—e(TooX) over vp_e.

COROLLARY 5.6. Let C' C JsX be a cylinder with C N (ord Jacy) ™! (00) = ¥. Then ¢uo(C) C
Joo X is a stable subset.

Proof. From Lemma 4.14, without loss of generality, we may suppose that the functions ord Jac
and ord ¢~ !Jacy take constant values, say e and ¢/, on C. Let n € N be such that C is a cylinder
at level n and n > max{ce,c’¢’}. Then from the previous corollary, ¢ (C) is a cylinder at level
n + e. Moreover, since the function ord Jacy is constant on it, ¢o(C) is stable. O

COROLLARY 5.7. If C C JxX is a (strongly) measurable subset, then so is ¢oo(C).

Proof. If ¢oo(C)\JsoY is strongly measurable, so is ¢ (C). Hence we may suppose that C' is
disjoint from Joo)Y. Then, let Cj(e) C JsoX be cylinders as in Definition 4.13. Replacing C;(e),
i > 0, with their intersections with (ord ¥)~!(n) N Jx ;X, n € N, j € N}, we may suppose that
C;(€) are all disjoint from 7). Then from the previous corollary, ¢ (C;(€)) are cylinders as
well. Moreover, we can easily see that

e (Cil) = llnx (b (Ci()))I-

This shows that ¢ (C) is strongly measurable. O

5.2 The key dimension count
The essential part in the proof of the change of variables formula is counting the dimension of
&7, (¢nyn) for n>> 0. To do this, we will follow Looijenga’s argument [Loo02].

5.2.1 Identifying ¢, (¢nyn) with a certain Hom module. For simplicity, we first suppose
that V' is indecomposable and that the G-action on the coordinate ring k[x] = k[z1,...,z4] is
given by o(z;) = z; + ;41 (i < d) and o(xq) = 24. Let 7,7 € JooX be such that ¢,y, = dnvl,
for n > max{ce, c¢’} with the notation as above. Then we can choose their liftings 3, 3’ € JGV
such that ,—. = f],_.. Let E be the G-cover of D associated with 3 and . Then 8* and (8')*
induce the same S-module structure on m(g_e)pH/mQE(n_e)pH. Since np+1 < 2(n—e)p+2, it
induces an S-module structure on M,, . := m%_e)p 1 /m%p *1 Then the induced map
g — () : S — M, e

is a k-derivation and corresponds to an S-linear map

QS/k — Mn,e
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and an Opg-linear map
App 2 B Qg —> Mne,

which are G-equivariant. Moreover, from the construction,
— d__
Agg(dar) € MY, := Tm((m{~PTH=0 s g, ),
Let F), ¢ 3 be the fiber of the map Tn(JSV) — mp_e(JSV) over By, . Let
Homo (B*Qs/ky Mpe) = {a € Homp (8" Qg/, My.e) | o is G-equiv. and a(dz;) € M et
Then we have an injection

ane1ﬂ - Homlé’)E (B*QS/k’ Mn,e)
67/1 > ABuB,'

Since a G-equivariant map « is determined by «a(dxy), Homo (8*Qg/1, My, ) is identified with
MFW. Comparing the dimensions, we conclude that F), .z is identified with ME@ and with

Hom,, (8*Qs/1, Mie)-
Consider the exact sequence

0— Homo (8" Qg/R Mye) — Homo h Qs/ks My,e) —> Homg (¢ Oﬂ)*QR/kaMn,e)a

where Hom(9 (B*Qs/Rr, Mp,e) is the preimage of Homo (B*Qg/k, My.e) in Homg  (8*Qg/ g, Mp.e)-
Then £ and ﬁ’ have the same image in J, X if and only if Ag g maps to 0 € Homg ((1008)* QR/k,
M, ). This shows the following proposition.

ProrosITION 5.8. The fiber of the map F,.s —> J,X over ¢,v, is identified with
Homo (B*Qg/Rr, My,e). Hence ¢, (¢nyn) is universally homeomorphic to the quotient of
HomO (B8*Qg/r, Mp,e) by some G-linear action. In particular,

[gf)*_l((b*’yn)] = [HomoE(ﬁ*QS/RaMn,E)] e M.

When V is decomposable, we define HomEgE(B*QS/k,Mme) to be the submodule of
Homg,, (8*Qg/k, My.e) consisting of those G-equivariant maps a with a(dzy;) € Mﬁ,e, 1<
A < I. Then we similarly define HomEQE (B*Qs/Rr, Mp,e). Now Proposition 5.8 holds also in the
decomposable case by the same reasoning.

5.2.2 Counting the dimension of HomO (B*Qg/rMy.e): the indecomposable case. We now

suppose that V is indecomposable. The decomposable case will be discussed in the next
subsection. To count the dimension of Hom(9 (B* Qs/r, Mn, ¢), we have to know the precise
structure of the module 3*Qg/p. It is the quotient of a free module 5*Qg/, = P, Op - dz; by the
submodule Im(( o 8)*Qpr/p —> B*Qg/i). Then we first note that the submodule is generated

by G-invariant elements. Let w = Z?:l widx; € f*Qg/, be G-invariant. Then

d—1
w) = O’(wi)(d(ﬂi + dwi+1) + a(wd)dxd

i=1
o(wr)dzy —i—Z o(wi—1) + o(w;))dx;
=w.

Hence o(w1) = w1 and o(w;—1) + o(w;) = wj, @ = 2.
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Notation 5.9. For an abelian group M endowed with a G-action, we define an operator é_ on
M by
b_ =0t —idy = —0c16.

Then w;—1 = 0_(w;) and w; is G-invariant. Furthermore, this is equivalent to

wi =0 wy) and 0% (wg) = 0.

Notation 5.10. For f € O‘SEd:O, we define a G-invariant element wy € 5*Qg/;, by

d

wy = Z(Sd:i(f) - dz;.

i=1
We note that if h € k[[t]], then we have
wpf = h-wy.

As before, we write Op+ = k((t))[p ' f] and put g := o~ f. Then 1,g,...,g°"! form a basis
of Op~ as a k((t))-vector space. Hence every f € Op~ is uniquely written as f = Zi;(l) W),
X € k((t)) - g*. Suppose that 6% (f) = 0, or equivalently that f() =0 for A > d. Then from

Lemma 2.15, we have
d

wy = Z( 3 6di(f(’\))>d1:i.

i=1 “A>d—i
LEMMA 5.11. There exists an Og-basis wy,,...,wy, of Im((¢ o B)*Qp ), —> B*Qg/i) such that

fi(d_i) # 0 and fi(’\) =0, A > d —i. Namely for every 1 < i < d, the terms of dxy, i < i, in wy,
vanish, hence we have

wy 8 ) TR ... 6-(f) A da
W, 872 (f2) 5_(f2)  fo da
wf(.i—l ' 5_(_];1(1_1) fd.—l dxc'l—l
Wiy fa drq

Proof. The proof is more or less standard linear algebra. Since O is a PID and *Qg/p is a
torsion module, there exists a basis of Im((¢) o 8)*Qp/, —> B*Qg/)) consisting of d elements,

say wpg,,...,wy,. For some 1, fi(d_l) # 0, say fl(d_l) = 0. Moreover, we may and shall suppose
that fl(d_l) has the least order among non-zero fi(d_l). Then replacing f;, ¢ > 2 with f; — g; f1

for suitable g; € k[[t]], we may suppose that fi(d_l) = 0 for 7 > 2. Repeating this procedure for

wy,, 1 = 2, we may suppose that fz(d_Q) # 0 and fi(d_Q) =0, ¢ > 3. Repeating this, we eventually
get a basis of the expected form. O

LEMMA 5.12. Let f1,..., fq be as above. Then

d
ord Jacy(y) = E Z ve(647(f).
p
i=1
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Proof. Since Fitting ideals are compatible with pullbacks, the ideal, ’y_lJa% =571 acy C O,
is equal to the zeroth Fitting ideal of 5*(Q0g/g. This module is isomorphic to the cokernel of a
map (9% — O% defined by the matrix

0N ) () .. 6-(f) h
82 (fa) .. 6-(f)  fo

5—(Jéd71) fd;l

fa

Now, by the definition of Fitting ideals, ﬁflJacw is the determinant of the matrix and equal to
Hle §97U( ;). Hence

d
length O /v~ 'Jacy, = E vE (6 1)),
i=1
which proves the lemma. O

DEFINITION 5.13. Suppose that V' is an indecomposable G-representation of dimension d. Then
we define the shift number of j € Nj with respect to V' to be

sty (j) 1= im -

PROPOSITION 5.14. Let the assumption be as in Corollary 5.5. Additionally we suppose that

V' is indecomposable (although this assumption will be removed in the next subsection). Then

&5, (dnyn) is universally homeomorphic to the quotient of AZ+ShtV(j ) by some linear G-action.

Proof. Let M,, := OE*/m%pH and let M3 C M, be the image of OéEdfO = @;«1:_01 k((t)g".
Then Mj. C M} and we can identify Hom} (5*Qg g, Mye) with the similarly defined
HomﬂoE (8*Qg/Rr, My,). Indeed since 3*(Qg/g has length pe, every Op-linear map 8*Qg/r —> M,

has its image in M, .. Therefore we may count the dimension of HomEQE (B*Qs/r, My) instead.
This trick will make the following arguments easier.
Let wy,,...,wy, be as in Lemma 5.11. Then

HomEQE(B*QS/R,Mn) ={ace HomEQE(ﬂQS/k,Mn) | a(wy,)=00G=1,...,d)}.

Identifying Homlé,)E (B*Qs/k, M) with MThL, we can identify Homi)E (B*Qs/r, My) with the set of
h e ME satisfying
s A) LAY . 0(h) A h
02(fa) o -(f)  fo 6(h)

=0 mod mjPt. (5.1)

() fo | | 0420)
fa §1(n)

Let us write h = Zi;é AN gA RN € E((1)), such that if we write AN = 37, hy‘]ti, then hE’\} =0

for ¢ with
L ( . {jAJ)
pi—jA>nplESi>n+ ? .
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Then

5d z Z 5d l [)\]

d—1
A=

d—1i

We note that vg(697(g¢=%)) = 0. From the bottom row of (5.1),
fa 6 g¥ N pleT =0 mod m"pH.

Hence the coefficients hEd_I] of hEd_I] are zero for ¢ such that

vg(fa) +ip < np (@ i<n— vEl()fd))
The other vg(fq)/p + [(d —1)j/p] coefficients,
pla-velfa) {(d— l)jJ
i 3 D X p )

=

can take arbitrary values. Suppose now that h ,hl=U are fixed. Then we consider the

(I + 1)th row from the bottom of equation (5.1),

8L (fary) - 6471 (g 11y L Bl 4 (fixed terms) =0 mod mmoJrl
The left-hand side is the image of wy, , by the G-equivariant map o € Homg, . (8*Q S/k> M,,) with
dx1 —> h. In particular, it is G-invariant for any h. Hence the equality holds for at least one

choice of hld—1-1 ¢ k((t)). Indeed we can choose hld—=1=1] g

B (fixed terms)
0L (fa—t) - 68171 (g?17)

€ k((t))

with coefficients of degree greater than n+ |j(d —1—1)/p| eliminated. (This is the point where
we use the trick of replacing M,, . with M,.) Once a solution exists, then the equation uniquely

determines the coefficients hEd_l_I] of hl4=1=1 for i such that

UE(5l_(fd—z))>

vp(8" (fa—r)) +ip < np<<:> i<n— )

The other vg (6 (fa_1))/p + [(d —1—1)j/p] coefficients,

- S (fa
pla-t-1 Ve (fa l))<i<n+{
p

(d—Z—mJ

p

can take arbitrary values. Hence the solution space of (5.1) has dimension

%(UE(CSLZ()fd—l)) n {(d - lp_ 1)jJ> = e +shty (j).

=0

We have completed the proof. O
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5.2.3 Counting the dimension of Homo (ﬁ*QS/RMn e): the decomposable case. We gener-
alize the shift number to the decomposable case in the following definition.

DEFINITION 5.15. Suppose that V = @ll\zl Vi, . Then we define the shift number of j € Nj with

respect to V to be
! dy—1

- EE

=1 A=1 i=1
With this definition, Proposition 5.14 holds also in the decomposable case. Now we sketch
how the above arguments can be generalized to this case. Let

k[X] = k[(L‘)\’i | 1 g l 1 d,\]

be the coordinate ring of V' as in §3.2. Then Im((¢ o B)*QR/k —> [*Qg/1) is again generated
by G-invariant elements. A G-invariant element of 5*(Qg/;, is of the form

wg = Z Z 5d,’\_i(f)\) dx;
P
for some

£=(fi,..., f) EHO* =

Then we can generalize Lemma 5.11 as follows.

LEMMA 5.16. There exists a basis of Im((1) o B)*QR/k — B*Qg/),
wr (1<A<L 1<i<dy),
such that the terms of dxy i in wg, , vanish either if ' < X or if \' = X\ and i’ <'i .

Proof. The proof is almost the same as that of Lemma 5.11. We use induction on [. We first
take any basis wy, ;. Next we eliminate the dz1; terms of wy, ; with (X,7) # (1,1), suitably
replacing the f) ;. Then we eliminate the dz1 2 terms of wg, , with (A, 4) # (1,1), (1,2). Repeating
this procedure d; times, we get a basis such that we, ,, 1 <@ < dy, satisfy the condition of the
assertion. Applying the assumption of induction to wg, ;, A = 2, we prove the lemma. O

Once the above lemma is proved, the rest of arguments in the indecomposable case work also
in the decomposable case.

PROPOSITION 5.17. The assertion of Proposition 5.14 holds without the assumption that V is
indecomposable.

5.3 The change of variables formula
DEFINITION 5.18. We define a function sy on J,X as the composition shty o rj:

sx oo Ny Y g

LEMMA 5.19. Let A C JX be a cylinder. Then the function —ord Jacy, — sx on ¢} (A) is
exponentially measurable and

/ =" )L_Ord T dpue = px(A).

Proof. Let Y C X be the exceptional locus of ¢ : X —> X. Then there exists a stratification
D (AN\TY = | ;e Bi such that:
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(i) for every i, B; is a cylinder; and
(ii) for every i, the functions ord Jacy, ord ¢~ 1Jacx and rj are constant on B;.

From Lemma 5.6, for every i > 0, ¢o(B;) is a cylinder. Let n := —ord Jacy(B;) — sx(B;). Then
from Propositions 5.14 and 5.17, px(B;)L" = px(¢eo(B;)). Hence

px(4) = 3 x (0o B) = 3 /B Lo

Now the lemma follows from Proposition 4.21. O

THEOREM 5.20 (The change of variables formula, cf. [DL02, Yas04, Yas06]). Let A C JX be a
strongly measurable subset and let B = | |, B; C JsX be a countable disjoint union of strongly
measurable subsets B; such that B = ¢ }(A). (For instance, if A is a cylinder, then B = ¢ (A)
satisfies this condition.) Let F': Joo X D A — (1/r)ZU {0} be a measurable function. Then F
is exponentially integrable if and only if the function F'o ¢, —ord Jacy —sx on B is exponentially
integrable. Moreover, if this is the case, then we have

/LFdHX _ / LFO¢N—ordJaC¢—s;{ dHX-
A B

Proof. Using Proposition 4.21, we will reduce the situation to an easier one step by step.

(i) We may suppose that B is disjoint from J,.). From Lemma 4.17, 7, is measurable and
of measure zero. Also J, Y is measurable and of measure zero. Moreover, B;\ J-) and A\JY
are strongly measurable. Therefore we may replace B with B\ 7Y, and A with A\ J. Y.

(i) We may suppose that B is strongly measurable. From Corollary 5.7, for each i, ¢oo(B;)
is strongly measurable. From Proposition 4.21, it is enough to prove the theorem for B = B; and
A = ¢ (By).

(ili) We may suppose that B is a cylinder and A is stable. Let By(e) C B be cylinders as
in Definition 4.13. Then for a sequence ¢; € Rsq, i € N, with lim; o ¢ = 0, B\ U, ey Bo(€) is
measurable and has measure zero. Its image in A is also measurable and has measure zero. Hence
it is enough to prove the theorem for B = By(¢;) and A = ¢oo(Bo(€)). As we have supposed that
B is disjoint from J), Bo(e;) is also disjoint from Jw). Hence ¢oo(Bo(€)) is stable.

(iv) We may suppose that the functions ord Jacy, ord ¢~ 1Jacx and 1j are constant on B. We
take the stratification B = | |, B; of B with respect to the values of these functions. Then the
stratification has only finite strata. It suffices to show the theorem for B = B; and A = ¢o(B;).

Now we fix n € (1/r)Z U {oo}. Then C := F~!(n) is measurable. Let C;(¢) be as in
Definition 4.13. For every ¢ and €, we can take Cj(e) C A. Let e := ord Jacg(B) and s := sx(B).
Then

pa (b (Ci(€))) = px (Cie)) L%
This shows that
Jim px(9a0 (Co(€)) = px (9 (C)).

Hence

/C]LF dux = px(C)L"
= lim ux(Co(e))L"
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Tim (62 (Co(e) )L~

= (¢ (O)L" 77

:/ LFo¢oofordJac¢75X d/LX.
= (©)

Now the theorem follows again from Proposition 4.21. O

6. Stringy invariants and the McKay correspondence

In this section, we will define stringy invariants as certain motivic integrals. Then we will obtain
several versions of the McKay correspondence, which are consequences of the change of variables
formula above. We still suppose that V' is a non-trivial G-representation, X = V/G and X =
[V/Gl.

6.1 Stringy invariants of stringily Kawamata log terminal pairs

Let wx be the canonical sheaf of X, which is defined as the double dual of /\d Qx/1- Since R is
a UFD (see, for instance, [CW11, Theorem 3.8.1]), in particular, X is 1-Gorenstein. Namely wx
is invertible. The w-Jacobian ideal Jack C Ox of X is defined by the equality

d
Im(/\QX/,C — wX> = Jack - wx.

Remark 6.1. It is known that if X is a local complete intersection, then Jacy = Jac%. In our
setting, this is the case only when V' is isomorphic to Vo & Vl@d_2, V2®2 @ Vl@d_4 or V3 & Vl@d_3.
Indeed, X is a hypersurface in these cases (see, for instance, [CW11]). Otherwise X is not even
Cohen-Macaulay from [ES80].

n [Bat98, Bat99], Batyrev introduced stringy invariants for Kawamata log terminal pairs
in characteristic zero. To define these, he used the resolution of singularities. However, we are
working in positive characteristic and it is not yet known that a resolution of singularities always
exists. Therefore, following Denef and Loeser [DL02], we will define the stringy invariant as an
integral on Joo X.

DEFINITION 6.2. Let Z = > a;Z; be a formal Q-linear combination of closed subschemes
Z; € X. Then we define a function

m
ord Z := Zai-ordZi i JooX — QU {o0}.
i=1
Here we suppose that ord Z takes the constant value oo on the measure-zero subset
U™, (ord Z;) "' (cc). We say that the pair (X, Z) is stringily Kawamata log terminal if the
function ord Z + ord Jac% on JoX is exponentially integrable. If this is the case, we define its
stringy motivic invariant by

Mst(X, Z) = / LOrdZ“FOrdJaC“)‘Y( dNX,
¢
Then we define the stringy Poincaré function by

Py (X, Z) = P(My(X, 2)) UZ T
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Let f: Y — X be a proper birational morphism with ¥ smooth. Then we define the
canonical divisor of f, denoted Ky, to be the divisor such that

Im(f*wX — wy ® K(Y)) = Oy(—Kf) - Wy

Here K(Y') denotes the function field of Y. This divisor has support in the exceptional locus of
f. We define the pullback f*Z of Z by [ as the formal linear combination > ;" a; - f~1Z; of the
scheme-theoretic preimages f~1Z; C Y.

ProrosiTiON 6.3. With the notation as above, we have
My (X,Z) = M (Y, f*Z — Ky).

Proof. Since
[~ Jack - Oy (—=Ky) = Jacy,

we have
f~tord Jac% — ord Jacy = —ord K.

The proposition follows from this and the change of variables formula for varieties in positive
characteristic [Seb04]. O

COROLLARY 6.4. Suppose that K ;— f*Z is a simple normal crossing divisor written as » .| a; E;,
a; € Q, with E; prime divisors. Then (X, Z) is stringily Kawamata log terminal if and only if
for every i, a; > —1. Moreover, if this is the case, then

* o L-1 o
My(X.2) = M (Y, fZ = Kp)= > B[] cre—s.  where Bf == E\ U E:
IC{1,...;m} icl icl i¢l

Proof. The corollary follows from the previous proposition and the explicit computation of
motivic integrals (see, for instance, [Cra04]). O

DEFINITION 6.5. Let (X, Z) be a pair as above. Let f : Y — X be a proper birational morphism
such that Y is normal and f*Z is a Cartier divisor. Let E be a prime divisor on Y. Then the
canonical divisor Ky of f is similarly defined on the smooth locus of ¥ (and extends to Y as a
Weil divisor). The discrepancy of (X, Z) at E, denoted a(E; X, Z), is defined to be the coefficient
of E in the divisor Ky — f*Z. We say that (X, Z) is Kawamata log terminal if for every Y and
E as above, a(E; X, Z) > —1.

PROPOSITION 6.6. If (X,Z) is stringily Kawamata log terminal, then it is Kawamata log
terminal. Additionally, if there exists a resolution f :Y — X with Ky — f*Z a simple normal
crossing Q-Cartier divisor, then the converse is also true.

Proof. For the first assertion, let f: Y — X and F be as in Definition 6.5. Let U C Y be an
open dense subset such that

(Ky—f"Z)|lv = a(E; X, Z) - Elu.

Then from the change of variables formula in [Seb04], ord f*Z—ord K is exponentially integrable
on JoU. Hence a(E; X, Z) > —1. This shows that (X, Z) is Kawamata log terminal.
The second assertion follows from Corollary 6.4. O

Next we will define stringy invariants of stacky pairs.
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DEFINITION 6.7. Let Z = Zﬁl a; Z; be a formal Q-linear combination of closed substacks Z; C
X. Then we define a function

m
ordZ := Y a;-ord Z; : JooX — QU {00}
i=1
We say that the pair (X, Z) is stringily Kawamata log terminal if the function ord Z — sy on
JsoX is exponentially integrable. If this is the case, we define its stringy motivic invariant by

My (X, 2) ::/ LOTdZ=8x g .

6.2 An explicit formula for Mg (X)
DEFINITION 6.8. For a G-representation V = @f\,l Va,, we put
! I dy—1

Z dk‘ld* =Y Yien

A=1 A=1 =1
PROPOSITION 6.9. The pair (X,0) is stringily Kawamata log terminal if and only if Dy > p
Moreover, if this is the case, then
Ll—l( )(ZP l]LS shty (s ))
1—Lp-1-Dv ’
Proof. For an integer s with 1 < s < p — 1 and a non-negative integer n, we have

shty (np + 5) = zl: df <m " VSJ >

My (X) := My (X,0) =LY+

A=1 i=1 p
l I dy—1
(dx — 1)dy is
= (XN
A=1 A=1 i=1

= Dy - n + shty(s).

Hence we have
M (X) :/ L™ duy

= Z ,U'X(joo,jX)]L_Shtv(j)

jeN,
=LY+ > [A}, x G-Cov™(D, j)JL="v ()
jeN’
—Ld+ Z ]LH-J 1—j/p)—shty (4)
7>0
p—1 oo
_ Ld + (L o 1)Ll_1 Z Z L(p—l—Dy)n—i—s—shtV(s)‘
s=1n=0
This converges if and only if Dy > p. Now the formula of the proposition easily follows. O
COROLLARY 6.10. If Dy = p, then
p—1
M (X) =L4+ LDy "Leshv(®) e Z[1].
s=1
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Proof. The equality is a direct consequence of the previous proposition. Moreover, in this case,

I dy—1
s s
Shtv(S) < *Z Z A= -Dy =s.
PyD = p
Hence Mg (X) € Z[L). O

DEFINITION 6.11. When Dy > p, we define the stringy Fuler number of X by

est(X) = etop(Mst(X))'

(See §4.3.)
COROLLARY 6.12. If Dy > p, then
p—1
(X)) =14+ ———m—.
elX) =1+ Dy —p+1
In particular, if Dy = p, then eg(X) = p.
Proof. Obvious. a

In the following, we compute Mg (X') in several cases.
Ezample 6.13. Suppose that V = V.. Then shty(s) = I(s — 1)(p — 1)/2 (sce, for instance,
[GKP89, p. 94]). Hence

Pl s—l(s—1)(p—1)/2
Mst(X) :]Ld ]Ll IZ L

1 — Lp—1-Ilp(p—1)/2"

In the following cases, we have Dy = p.
Ezample 6.14. If p=3 and V = V3, then M (X) = L3 + 212,
Ezample 6.15. If p=2 and V = V;*?, then My (X) = L* + L3,
Ezample 6.16. If V = V,;*7 then

My (X) = L2 + Lp(]Lp—l FLP 244 L) = L2y L2pH o ptl

6.3 The McKay correspondence
We say that V has reflections if the fixed point locus V¢ has codimension one. A non-trivial
G-representation V has reflection if and only if V = V5 @ Vl@d_Q.

6.3.1 The no reflection case.

LEMMA 6.17. Suppose that V has no reflection. Then ¢~1Jac% = Jacg.

Proof. Since the quotient map v : V — X is étale in codimension one, ¥*wx = wy, and the
lemma follows. O

COROLLARY 6.18. Let Z = >, a;Z; be a formal Q-linear combination of closed subschemes
Z; © X. Then (X, Z) is stringily Kawamata log terminal if and only if so is (X, ¢*Z). Moreover,
if this is the case, then

M (X, Z) = My (X, 0" Z).
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Proof. From the change of variables formula and the previous lemma, we have

Mst<X7 Z) _ / LordZJrordJac"j( dMX _ / Lordqﬁ*Z*ﬁx d,U/X — Mst(X,(ﬁ*Z) O

o X Too X

COROLLARY 6.19. The pair (X,0) is stringily Kawamata log terminal if and only if Dy > p.
Moreover, if this is the case, then

M (X) = Mg (X).
Proof. This follows from the previous corollary and Proposition 6.9. O

Remark 6.20. In particular, if Dy > p, then X has only canonical singularities. Namely all
discrepancies are non-negative. On the other hand, from [Yas12], X does not satisfy a closely
related property, strong F-regularity.

COROLLARY 6.21 (The p-cyclic McKay correspondence). Suppose that V' has no reflection and
that there exists a crepant resolution f : Y — X. Then the following hold:

(i) Mg(X) =[Y];
(ii) Dv =p;
(ili) etop(Y) =p.
Proof. For the first assertion, we have
M (X) = Mg (X) = [Y].

Then, in particular, X is stringily Kawamata log terminal. Hence d > p. Also from the first
assertion, we have

est(X) = erop(Y),

which is an integer. Now the second and third assertions follow from Corollary 6.12. O

Remark 6.22. The third assertion of Corollary 6.21 does not hold if we replace V' with a non-
linear G-action on Speck[[z1,...,24]]. For instance, let 0 € X be either an E2-singularity in
characteristic two, an Eﬁl—singularity in characteristic three, or an Eé—singularity in characteristic
five (for the notation, see [Art77]). Then X is the quotient of Spec k[[x, y]] by a G-action such that
the associated covering Spec k[[z,y]] —> X is étale outside 0. The minimal resolution of X is a
crepant resolution. (Indeed from [Lip69, Theorem 4.1] and [Bad01, Corollary 4.19], the blow-up
of X at the singular point has only rational double points. Hence discrepancies at the exceptional
curves are zero.) However, the topological Euler characteristic of the minimal resolution is not p.

Ezample 6.23. Suppose that V' = V3. If we suppose that G acts on the coordinate ring k[, y, 2]
of V,by x +— z, y— —x 4y, z+—  — y + z, then the invariant subring is

klz,y, 2] = k[z, N, N, d),

where d = y* + 22 — 2y, Ny = [[,cq 9(%), N: = [,eq 9(2) (see [CW11, Theorem 4.10.1]). In
particular, X is a hypersurface. In an abuse of notation, we let x, N, V., d correspond to variables
X,Y, Z, W, respectively. Then according to computations with Macaulay2 [GS] for small primes
p, the defining equation of X seems to be

(p+1)/2 ' o
2XPZ4+WP —Y2+ Y (—1)Ci XPPIW
=2
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Here C; denotes the ith Catalan number modulo p. The author does not know if this equation
is known.
Now suppose that p = 3. Then the equation becomes

~X3*Z+ W3 Y2+ X?W? =0.
If k is algebraically closed, then by a suitable coordinate transformation, X is defined by
2+ X3+ Y+ XY+ YW = 0.

This equation defines the compound Eé—singularity as studied by Hirokado et al. [HIS13]. The
blow-up X7 of X along the singular locus is singular along a line. Then the blow-up Y of X;
along the singular locus is now smooth and a crepant resolution of X. Moreover, the exceptional
locus of Y — X is a simple normal crossing divisor with two irreducible components, say
Eq1 U Es. Then the E; are universally homeomorphic to A,lc X IP’11€ and F1 N Ey = A,lc. Therefore
[Y] = L3 + 2IL2, which agrees with our previous computation in Example 6.14.

Ezample 6.24. Suppose that p = 2 and V = V5 @ Vs, Using the description of the invariant
subring in [CW11, Theorem 1.12.1], we can see that X is a hypersurface defined by

W2X + VY +VWZ + Z2.

By direct computation, the blow-up Y of X along the singular locus is a crepant resolution, and
its exceptional locus is universally homeomorphic to A% X IP’}C. Therefore

My (X) =[Y]=L* + L3,
which coincides with Example 6.15.

In fact, as the following corollary shows, the last two examples are essentially the only
examples in dimension up to 4 where X has a crepant resolution.

COROLLARY 6.25. Suppose that V' is of dimension up to 4 and has no reflection. Then the
following are equivalent:

(i) X has a crepant resolution;
(i) Dy = p;
(iii) one of the following holds:
(a) p=2and V = Vo @ Va;
(b) p=3and V = V3;
(c) p=3and V=V3P V.
Proof. Since V has no reflection, V' is isomorphic to either Vs, Vo @& Vo, V3 @ V4 or V4. Then an

easy computation shows that (ii) and (iii) are equivalent. From Corollary 6.21, (i) implies (ii).
The converse follows from the examples above. O

COROLLARY 6.26. Suppose that V' has no reflection. Let f : Y —> X be a crepant resolution
and Ey := f~1(0). Then, in the notation of §4.8, we have

/ LM dy = [Ey).
G-Cov*®P(D)
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Moreover, if k is a finite field, then for each finite extension F,/k, we have

Z 1G-Cov™®(D, j)(F )

ﬁEO ShtV 7)

JEN,

Proof. We have

/ ]L—shtv dv _/ L—5% d,UJX
G-Cov'P (D) (T X)o

/ Lord Jac% d,U/X
To (0)

/ Ldpy
0 (EU

=

This shows the first assertion. Then the second assertion is obtained by applying the counting-
points realization f,. O

Dj

0

Ezxample 6.27. Let k=Foand V = VQ@Q. Let Y — X be a crepant resolution as in Example 6.24.
Then Ey = P} and for each finite extension F,/Fa, $Eo(F,) = ¢ + 1. On the other hand,

Z $1G-Cov™P (D, j)( _1+Z G-Cov™ (D, 2n + 1)(F,)

qShtv(j) shtv (2n+1)
JEN,

The second assertion of Corollary 6.26 will be slightly differently formulated in terms of
Artin-Schreier extensions of k((¢)). We have

4G-Cov'™ (D, j)(F,) = fij Cov(D x; Fy, j).

Let N, ; be the number of Galois extensions of F,((t)) in a fixed algebraic closure k((t)) of k((t))
with ramification jump j. Then for j € N, we have

1G-Cov(D x1, Fq,5) = (p — 1) Ny ;.

The factor p — 1 comes from p — 1 choices of isomorphism of G to the Galois group. Hence we
have the following corollary.

COROLLARY 6.28. With the same notation as above, we have

.. p—1 Ny,
LB0(Fy) = 1+ — %qshtv(j).
JEN
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6.3.2 The reflection case. Next we consider the case where V' has reflections. We write the

coordinate ring of V' as S = k[z,y, 21, ..., 24—2] with the G-action given by
o(x) =z +y,
o(y) =y,
o(z) = 2.
Then
R:=8% = k[P —xy® Ly, 21, ..., 24-9].

(See, for instance, [CW11, Theorem 1.11.2].) Thus X is again an affine d-space; in particular, it
is smooth.

LEMMA 6.29. We have Jacy = (y?~ 1) C S.

Proof. From the explicit generators above of R, the module g/ is isomorphic to the cokernel
of the map S — S¢ represented by the Jacobian matrix

(1—pzy?? 1
1

1
Hence by definition, Jacy is generated by its determinant —yP~1 which proves the lemma. O

The fixed point locus V& is defined by the ideal (y) C S. We define ) to be the quotient
stack [V¢/G], which is a closed reduced substack of X, and define Y to be the image of ) on
X, which is defined by (y) C R.

COROLLARY 6.30. Suppose that V has reflections. Let Z = > a;Z; be a formal Q-linear
combination of closed subschemes Z; C X. Then (X,Z) is stringily Kawamata log terminal
if and only if so is (X, ¢*Z + (1 — p)Y). Moreover, if this is the case, then

My (X,Z) = Mg (X,0*Z + (1 — p)Y).

In particular, for a < 1,
Mg (X,aY) = Mg (X, (a+1—p)Y).

Proof. In this case, since X is smooth, Jacy = R. Hence

My (X, Z) = / L2 qpx
Joo X

Lord ¢*Z—ord Jacg
JooX
/ ]Lord ¢*Z—ord (p—1)Y—sx dﬂX
Joo X
M (X, 0" Z + (1 —p))Y). O

=S¥y
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Example 6.31. We suppose that V = V5. From Corollary 6.4, for a < 1, we have
L2-L
1— Lol

On the other hand, for a < 2 — p, we can compute M (X,a)) from the definition as follows.
First, we have

Mgy (X,aY) =

MSt(Xa (Iy) = / ]Lorday d,LLX + Z/ Lorday—sAg d'u/\g
Joo OX ]>0 \700 j

+ / Lorda)ifsx d,u,/yu
1*“ 1Lt %;, Tsori

Now we compute the second term. Let us fix £ € G-Cov**P(D, j)(k), and for G-arcs y: E —> V
we denote associated twisted arcs by 4. Then, with the notation as in §2.5, those G-arcs = :
E — V with ord (%) = n correspond, by v —> 7*(x), to

k[t x B gt x [ k- gt™,
m>n
provided that np — j > 0. Otherwise there is no such G-arc. Hence for np > j,
px((ord V)L (n) N Joo jX) = (L — DLAHFL/P) 5 (1, — 1)L/~ 1= L/7]
=L7"H(L - 1)2

Hence

> / LordaY=sx gy =3 "N " pa((ord Y) 7H(n) N Joo X)L L2

]GNI \.700 ] n=1 JGN/

_ i S Ll L/l 12,

n=1 jeN
Jj<np

Then, putting j =rp+i (0 < r <n,0 < i< p), we continue:

— i(pz:lnzll’a Dn+rp+i— 7‘>

=1 r=0
co p—1
— Lrp=1)
_ (a—1) n—i—z
=(L- 1)LZL<G*U”(L"@*1> —-1)
n=1
La+p72 Lafl
()

As expected, we now have

LQ L La+p—2 La—l
Mala) = 1+ D (s )
. L2-L
T 1 — Latp—2"
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Remark 6.32. For the pair (X, a))) being stringily Kawamata log terminal, the coefficient a must
be negative. In particular, (X, 0) is not stringily Kawamata log terminal, and its stringy invariant
M (X) is not defined in this paper. However, stringy invariants should be generalized beyond
log terminal singularities to some extent, as Veys [Vey04] confirmed for surface singularities in
characteristic zero. Then, it appears meaningful to claim, for instance, that

L?-L 2
Mst(X,ay):W and est()(,ay):

2—a—p’
unless a + p — 2 = 0. In this way, we would be able to relate weighted counts of Artin—Schreier
extensions of k((t)) to stringy invariants of singularities even when Dy < p.

6.4 Pseudo-projectivization and the Poincaré duality

Batyrev proved that the stringy invariant of a log terminal projective variety in characteristic
zero satisfies the Poincaré duality. We will obtain a similar result for the ‘projectivization’ of
our quotient variety X.

Let G,, = Spec k[t*] be the multiplicative group scheme over k. We have natural G,,-actions
on V and X, which are compatible with the quotient map V' — X. Moreover, the action
on V commutes with the G-action, inducing a G,, x G-action on V. Let W; and W, be the
quotient stacks [(V\{0})/G,, x G] and [(X\{0})/G,,], respectively. The former is a smooth
Deligne-Mumford stack and isomorphic to [P(V)/G]. The latter is not a variety but a (singular)
Artin stack with finite stabilizers. Indeed, from the following lemma, the G,,-action on X\{0}
have non-reduced stabilizers Spec k[t]/(tP — 1) C G,, at singular points.

LEMMA 6.33. Let W C V be the fixed point locus of the G-action and W C X its image. Then
the morphism W — W is isomorphic to the Frobenius morphism of W.

Proof. We prove only the indecomposable case. Let k[z1,...,x4] be the coordinate ring of V'
with the G-action as in § 3.2. Then W is defined by x5 = --- = 4 = 0. Hence the coordinate ring
k[W] of W is identified with the image of k[x1, ..., 24 on k[z1] = k[x1,...,24]/ (22, ..., zq). We
can easily see that x1 € k[WW]. On the other hand, x, the image of the norm of xy, is in k[W].
Since k[W] is purely inseparable over k[W], we have k[W] = k[z}], which shows the lemma. O

The stacks W; and W, have the same coarse moduli space X = (V\{0})/G,, x G. Moreover,
Wi and W, have open dense subsets isomorphic to (V\V)/G,, and are birational. Since the
morphisms X\{0} — W; and X\{0} — W, are G,,,-torsors, it seems natural to define stringy
invariants of WW; and W, as follows.

DEFINITION 6.34. We define the stringy motivic invariant of Wy and W by

LI —1
LI(L—1)

Ld — 1.
L-1

Mg(Wh) = Mgt (W2) := + (Mgt (X) — (L7~ L)

Let W denote either W; or Ws.

PROPOSITION 6.35. Suppose that Dy > p. Then

LT—1 | (L= (S Lot )
M (W) = L_1 ' L(1 — Lr—1-Dv) '
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Proof. We have

d_ 1l -1 . P—1 1 s—shty (s) I
Mst(W) — LL LL + (]Ld + L (L 1)(23:1 L ) _ (]Ld _ ]Ll)) LL 1

L—1 1—Lp—1-Dv LI(L —1)
It O 1)(3h2) Leshtv(e) -
L—1 L(1—Lp-1-Dv)

PROPOSITION 6.36 (Poincaré duality). Let us write Mg (W) as Mg (W; L) to clarify that it is a
rational function in L. Then we have

My (W; L~ YLt = M (W L).

Proof. The first term of the expression in Proposition 6.35 equals [szl], which obviously satisfies
the Poincaré duality. For the second term, substituting L=! for I and multiplying by L4, we

obtain
(L DI L) (- (S L LDy

L= (1 - L-rtitby) L(1—Lr1-Dv)

Then the Poincaré duality follows from the following equations: for 1 < s <p — 1,

I dyx—1 .
Shtv(p—S)—(p—S)+p+d—l—Dv=s+(ZZ%L {—Z;J>+d—l—DV

A=1 i=1
Lol
— s+ (Z Z {J 1> +d—1
1= LP
= s — shty(s) O

7. Remarks on future problems

7.1 Generalizations
This study should be a toy model for the wild McKay correspondence. The following are possible
directions of generalization.

(i) General groups and non-linear actions. If we similarly define twisted arcs, then the almost
bijection between twisted arcs of X and arcs of X should be valid in general. Looking at
Harbater’s work [Har80], we should be able to construct the spaces of twisted arcs or jets at
least for p-groups, whether their detailed structure can be understood or not. As explained in
Remark 6.22, the non-linear case will be quite different from the linear case even in dimension
two. Some non-linear action appears as the projectivization of a linear one. Then we may apply
some results in the linear case to such cases.

(ii) General local fields. Sebag [Seb04] generalized the motivic integration to formal schemes
over a discrete valuation ring. Replacing k((¢)) with a general local field along this line, we might
be able to get, for instance, a result on weighted counts of Galois extensions of the local field.

(iii) General proper birational morphisms of general Deligne-Mumford stacks. We proved
the change of variables formula only for the morphism [V/G] — V/G. However, ultimately, it
should be generalized to an arbitrary proper birational morphism of Deligne-Mumford stacks
(with a mild finiteness condition). It was obtained in [Yas06] when the morphism is tame and
stacks are smooth.
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7.2 Other related problems

As we saw in Corollary 6.21, if there exists a crepant resolution of X, then Dy = p. From
Corollary 6.25, the converse holds in dimension up to 4. What about higher dimensions? The
only known examples of crepant resolutions of X are Examples 6.14 and 6.15. For instance, if
V = V,?P, then from Example 6.16, Mg (X) = L% + 1.7 - [PP~1]. This seems to suggest that there
exists a crepant resolution Y — X such that the exceptional locus is universally homeomorphic
to A x Pﬁfl.

In characteristic zero, the McKay correspondence is proved at the derived category
level [BK04, BKRO1, CI04, Kaw05]. However, from [Yi94], the skew group algebra k[x]+G always
has infinite global dimension in the wild case. Then, if there exists something like the derived
wild McKay correspondence, then what would replace the derived category of k[x] * G-modules?
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