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dx 
1. Cons ide r a s y s t e m of d i f ferent ia l equat ions T~ = F(t , x ) . 

Solut ions of this s y s t e m a r e said to be convergent if, given any p a i r 
of solut ions x(t) , y(t) , x(t) - y(t) -* 0 as t -» oo. In th is case the 
s y s t e m is a l so said to be e x t r e m e l y s t a b l e . 

In [6] a technique was developed which yielded the convergence 
of so lu t ions of the forced L iena rd equat ion. Here a s i m i l a r technique 
is applied to forced th i rd o r d e r equa t ions . A c r i t i c a l s tep in [6] was 
to show that a c e r t a i n m a t r i x was negat ive def ini te . This could be 
done d i r e c t l y in [6] s ince the m a t r i x was only 2 x 2 . With th i rd 
and h igher o r d e r equa t ions , d i r e c t use of n e c e s s a r y and sufficient 
condi t ions is not feas ib le s ince the computa t ions become unwieldy. 

A t h e o r e m on G e r s g o r i n c i r c l e s is used to bound the e igenvalues 
of the m a t r i x . A t h e o r e m of Fan [2] is a l so used for the same p u r p o s e . 
Since these condi t ions a r e only sufficient, it can not be expected that 
they will r educe to the Rou th -Hurwi tz condi t ions . 

The technique is t h e o r e t i c a l l y appl icable to h igher d imens iona l 
equa t ions , but for m o r e than 3 X 3 m a t r i c e s , even the computa t ions 
wi th t he se techniques become unmanageab le . It is to be e m p h a s i z e d 
that in the following t h e o r e m s one set of inequa l i t i es for a technique 
is p r e s c r i b e d . C lea r ly t h e r e a r e o ther p o s s i b i l i t i e s , and in any 
p a r t i c u l a r c a se one might want to inves t iga te these other p o s s i b i l i t i e s . 

* Much of th i s pape r i s a p a r t of the au thor 1 s P h . D. 
d i s s e r t a t i o n at the Unive r s i ty of Iowa. The author wishes to thank 
P r o f e s s o r P . E . Wal tman for h is advice and e n c o u r a g e m e n t . 

Th is w o r k was suppor ted in p a r t by Nat ional Science Foundat ion 
COSIP (GY 4754). 
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It is to be noted that the theorems yield convergence for any-
forcing function e(t) for which solutions exist. This is an extremely 
strong kind of stability and is particularly important when e(t) 
represents an unwanted, or unplanned, disturbance. 

The following equations will be studied 

(1.1) "x" + Ax + g(x)x + h(x) = e(t) 

(1.2) "i* + f(x)x + g(x)x + h(x) = e(t) . 

2. THEOREM 1. Assume that A is a positive constant, 
0 1 1 1 

g eC (R ), h e C (R ) and e(t) is such as to guarantee the 
existence of solutions of (1. 1) ; then all solutions of (1. 1) converge 
provided there exist positive constants a , a . a , b , b and 8 

1 2 3 1 2 
such that 

(i) a i a 2 a 3 > *b\ + a3b^ + 2 a 2 b i b z + ,\ 

(ii) a ^ 2 > b± > -1 + e 

(iii) b > i + e 

(iv) [2b l g(x) + 2a2h«(x) - 2&1A + ^ + b ^ - a2g(x) + b ^ ' ( x ) ) 

2 
+ (a A + b g(x) - a h! (x) - b ) ] < - e for all x. 

Remark 1. If g(x) = b and h(x) = ex where b and c are 
positive constants, then constants a , a_, a , b and b_ can 

1 2 3 1 2 
always be found such that inequality (iv) is satisfied. Thus, for the 
constant coefficient differential equation x + Ax + bx + ex = e(t), 
conditions (i) - (iv) can always be reduced to the inequalities (i) - (iii). 
In part icular , if A > 1 and b > 1 then the conditions are all 

satisfied if the Routh-Hurwitz conditions Ab > c hold, although it 
is not necessary to have a > 1 or b > 1 in order that conditions 

(i) - (iv) hold. 

Remark 2. By taking a = 1 0 , a = 2 , a = 4 and b = b = 1, 
~ ~ ~ — — — — — — \ d$ J \ Cà 

it is easy to see that.all of the conditions of Theorem 1 are satisfied 
by the equation "x '+ 6x + l l x + 6x = t. Solutions of this equation 

2 
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t , t , v -* ~ 2 t " 3 t t 11 
a r e of the f o r m x(t) = c e + c e + c e + — - — . T h u s , 

1 2 3 6 36 
it is c l e a r tha t the condi t ions of T h e o r e m 1 do not imply that the 
solu t ions of ( 1 . 1) a r e bounded. 

P roof of T h e o r e m 1. Equat ion (1 .1) is equivalent to the s y s t e m 

X2 " A X 1 

(2 .1) x 2 = x 3 - G( X i ) 

x 3 = e(t) - h(x d ) 

w h e r e G(x) = f g (s )ds . 
0 

If 0(t) i s an a r b i t r a r y but fixed solut ion of (2. 1), then any 
o ther solut ion of (2. 1) can be w r i t t e n as x(t) = 0(t) + r|(t) ; and for 
e a c h fixed x( t) , r|(t) i s a solut ion of the s y s t e m 

( 2 . 2 ) 

w h e r e 

R(t) 

G(x4(t)) - Gte^t)) 

x4(t) - e4(t) 

g(e4(t» 

if xd(t) 4 e^t) 

if x4(t) = e^t) 

S(t) 

f h(x (t)) - h ( e (t» 
1 1 

x(t) - e(t) 

h'(e (t» 
1 

if x ft) f e (t) 
1 1 

if x (t) = e (t) 
1 1 
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Let V(rj) = r\ • Qr| be a scalar valued function where 

ï) = ( i l 1 > ^ » TI3) a n d 

- b i 

Q S [ - b t a 2 

a 2 " b 2 

The matrix, and hence the function V(r|), is positive definite 

if and only if 

(i) a4 > 0 

(2.3) (ii) a a > b^ 
1 2 1 

(iii) a i a 2 a 3 > z b 2 + a3b^ + Z a ^ ^ + a^ . 

As an aid in evaluating V(T], t) we note that, since g(x) and 

h1 (x) are continuous, R(t) and S(t) can be written as 

1 
R(t) = J g(ST1l(t) + 0 (t))d8 

( 2 . 4 ) 

1 
s( t ) = / h > ( S T l i ( t ) + e ^ t j j d s . 

The method used here in evaluating V(r\, t) is the same as the 

method used by Waltman and Bridgland in [6] where a second order 

equation was studied. 

If we set 

-A 1 0 

B = I - g f s T ^ t ) + e ^ t ) ) 0 1 

- h ' ( S T 1 l ( t ) + e l ( t » 0 0 
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T and C = B Q + QB, then C is the m a t r i x 

2b g + Za^h' - 2 a ^ a + b A - a 2 g + b 2 h ! ^^K + b 2 g - a h ! - b N 

a, + b A - a o g + b h ' -2b 0 
1 1 L L 1 

a2f + b 2 g - a 3h- - b 4 0 - 2 b 2 

We show that 

, 1 
(2 .5) V(TI, t) = / T T C T ^ S , 

0 

r e c a l l i n g that the m a t r i x C is a function of both s and t. 
V(<n) = n-Qt] 

= V l - 2 b i ^ i ^ " ^ l ^ s " 2 V 2 ^ 3 + a 2 ^ 2 + a3^3 " 

With r e s p e c t to a solut ion (r\ (t), r| ^( t ) , r\ (t)) of the s y s t e m 

(2 .2) we have 

V(n, t) = [ 2 & 1 - 2a 2 R(t ) 4- 2b 4 A + 2b2S(t)] r\^\z 

+ [2a 2 A - 2 b 1 + 2b 2 R(T) - 2a 3S(t)] T^ T ^ 

+ [2b 1R(t) - 2 & 1 A + 2 a 2 S ( t ) ] ^ - 2 b ^ - 2 b 2 t ! 3 . 

Reca l l i ng ( 2 . 4 ) , V(r|, t) can be w r i t t e n as 

A 
V(T| , t) = / [ 2 & 1 - 2a 2 g(s n 1 ( t ) + 91(t)) + 2b 4 A + 2 b 2 h ' (ST1 ^ t ) + B ^ t ^ d s n ^ 

,1 
+ / [2a 2 A - 2 b i + 2b 2 g(s ^ ( t ) + e ^ t ) ) - 2 a 3 h ' (s ^ ( t ) + e ^ t ^ d s ^ 

0 

1 2 
+ / P b g ( s ri1(t) + 01(t)) - 2a d A + 2a2h» (s ^ ( t ) + e ^ t ^ d s T^ 

A 2 A 2 
- J 2b dan - J 2b2dsT!3 , 

0 0 
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o r 

A 
(2 .6) V(T] , t) = J -n-C-nds • 

0 

A s s u m e tha t cons t an t s a , a . a . b , b^ have b e e n chosen 
1 2 3 1 2 

such tha t Q is pos i t ive def in i te . Let 0 < ^ y | £ ^ : > £ ^ D e the 

e igenva lues of Q, then 

(2 .7 ) a. ( |h ||) e \ ± | | r , | |2 < V(r,) < \ 3 | | t , | | 2 = b ( | | r , | | ) . 

Let \ (t, s ) , X (t, s ) , X (t, s) be the e igenva lues of C, if 
I £• ô 

X .(t, s) < - e < 0 for i = 1, 2 , 3 , a l l t and 0 < s < 1, then 

V(rj,t) < - e ||r| | | , and the so lu t ions of (2 ,2) ar-e u n i f o r m - a s y m p t o t i c a l l y 
s table in the l a r g e . 

We wi l l use the following t h e o r e m to obtain condi t ions on the 
m a t r i x C which wil l g u a r a n t e e that a l l e i genva lues of C a r e bounded 
above by a nega t ive cons t an t . 

LEMMA 2 . 1 [2, p . 131]. Let B = (b..) be a h e r m i t i a n m a t r i x 

wi th e igenva lues X > X ^ > • • • > X . Let c , • • • , c and a 1 _ 2 = = n 1 n - 1 
d , • • • , d be 2 n - l r e a l n u m b e r s such that c > 0 > i = 1, • • • , n , 

I n — . i 
1 

and d - d > —, i = 1, • • • , n - 1 , and a s s u m e that 
i i+1 = c i 

b . + c 2 lb I 2 < d , i = 1, • • • , n . Then X < d , i = 1, • • • , n. 
I I i j > i i j = 1 l = i 

Applying th i s t h e o r e m to the m a t r i x C we obtain the following 
se t of i n e q u a l i t i e s : 

( 2 . 8 ) 

2b g + 2a0h» - 2 a . A + c [ (a , + b A - a g + b h» ) 
1 Z 1 1 1 1 L L 

+ ( a , A + b 9 g - a h » - b ) 2 ] < dA 

2b < d , - 2 b . < d , 
1 = 2 L = 3 

1 1 
w h e r e d - d,, > — > 0, d_ - d . > — . 

1 2 = c 2 3 = c 2 
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1 
In particular, if we take d = - e < 0, c = 1, d = -1 - * , c = — 

1 \ (L L 8 

a n d d = - 1 - 2 e , ( 2 . 7 ) r e d u c e s t o c o n d i t i o n s ( i i ) - ( i v ) of T h e o r e m 1, 

a n d b y L e m m a 2 . 1 t h e e i g e n v a l u e s of C w i l l a l l s a t i s f y 

( 2 . 9 ) X . ( t . s ) < - e < 0 

f o r i = 1 , 2 , 3 , t > 0 a n d 0 < s < 1 . 

L e t (r| ( t ) , rj_ ( t ) , T| ( t)) b e a s o l u t i o n of t h e s y s t e m ( 2 . 2 ) a n d 
1 " J 

s u p p o s e t h a t c o n s t a n t s a , a_ , a , b a n d b 0 h a v e b e e n s e l e c t e d 
1 2 3 1 2 

s u c h t h a t c o n d i t i o n s ( i ) - ( i v ) of T h e o r e m 1 h a v e b e e n s a t i s f i e d . T h e n , 

b y ( 2 . 7 ) a n d ( 2 . 9 ) , t h i s s o l u t i o n i s a s y m p t o t i c a l l y s t a b l e in t h e l a r g e ; 

i . e . , n , (t) -* 0 , TU (t) -* 0 , r u (t) -*• 0 a s t -> oo. It r e m a i n s t o b e 
'1 '2 '3 

s h o w n t h a t t h e s o l u t i o n s of ( 1 . 1) a r e c o n v e r g e n t . 

L e t ( x 1 ( t ) , x 2 ( t ) , x ( t )) a n d ( y 1 ( t ) , y 2 ( t ) , y 3 ( t ) ) b e a r b i t r a r y 

s o l u t i o n s of t h e s y s t e m ( 2 . 1 ) , t h e n -

I i m [ x . ( t ) - e . ( t ) l = 0 a n d I i m [ y . ( t ) - 0 . ( t ) l = 0 f o r i = 1 , 2 , 3 , 
t -*oo l i t - > o o i i 

a n d h e n c e 

( 2 . 10) I i m [x . ( t ) - y . ( t ) ] = 0 f o r i = 1, 2 , 3 . 
t ->oo l i 

N o w l e t x sr x ( t ) a n d y == y ( t ) b e s o l u t i o n s of ( 1 . 1 ) , t h e n 

I i m [x( t ) - y ( t ) ] = 0 a n d f r o m ( 2 . 1 ) , l e t t i n g x ( t ) = x (t) a n d 
t -• oo 1 

y( t ) = y d ( t ) , x 2 ( t ) = k±{t) - A x 4 ( t ) = x ( t ) - A x ( t ) a n d y 2 ( t ) = y ( t ) - A y ( t ) . 

F r o m ( 2 . 1 0 ) , 

° =tIir5> [x2 ( t )-y2 ( t )1 

= Iim [x(t) - Ax(t) - y(t) + Ay(t)] 
t->oo 

= Iim [k(t) - y(t)] 
t —oo 
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since Iim [Ax(t) - Ay(t)] = 0. Again from (2. 1) and (2.10) 
t -*oo 

0 = Iim [x (t) - y (t)] 
t - • oo 5 o 

= Iim [x (t) - Ax(t) + G(x(t)) - y (t) + Ay(t) - G(y(t))] 
t -*oo 

= I im[x(t) - y (t)] 
t -> oo 

since Iim [G(x(t)) - G(y(t))] = 0 which follows from G(x) continuous. 
t-*oo 

Thus, under the hypotheses of Theorem 1, all solutions of (1. 1) are 

convergent. 

3. The geometrical nature of inequality (iv) in Theorem 1 will 

now be examined so that inequality (iv) can be replaced by a linear 

inequality. If we set b = b = 1, then the conditions of Theorem 1 

become 

3 
(i) a a a > a + 2a + a + a 
v ; ^1^2 3 1 2 3 2 

(ii) a ^ > 1 

(iii) [2g(x) + 2a2h« (x) - 2a4A + ^ + A - azg(x) + h' (x))2 

+ (a2A+ g(x) - a3h'(x) - l)2] < -e 

Assuming that positive constants a , a and a have been selected B 1 2 3 

satisfying (i), (ii) and (iii) we examine the region of stability in the 

g - h' plane for the inequality (iii). 

Replacing g by g + g , h! by h1 + h and expanding, (iii) 

becomes 

(a^ + 1) g2(x) - 2(a2 + a3) g(x) h< (x) + (a2 + 1) [h- (x)]2 

+ [2(a2 + 1) gQ - 2(a2 + a3) hQ - Z a ^ ] g(x) 

+ [-2(a2 + a3) gQ + 2(a3 + 1) hQ + 2(a + a2 + a3 + A - a^A)] ! ! ' (x) 

< - a2 - A2 - a2A2 - 1 + 2a.,A - (a2 + 1) g2 + a(a2 + a ^ g ^ 

- (a2 + l )h 2 + 2 a i a 2 g 0 + 2(a2a3A - ^ - a., - a3 - A) hQ - e . 
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The q u a d r a t i c d i s c r i m i n a n t is -4(a a - 1)^, so the reg ion is the 

i n t e r i o r of an e l l ipse or p a r a b o l a . It i s a pa rabo la if a a = 1, but 

in th is ca se condit ion (i) is v io la ted , hence the reg ion is the i n t e r i o r 
of an e l l i p s e . 

Set t ing the coeff icients of g(x) and h1 (x) equal to z e r o in (3 .2 ) , 
we find that the e l l ipse is c en t e r ed at 

2 
a a a + ( a a A - a - a - A)(a + 1) - a 

1 2 3 v 2 3 2 3 2 ' 1 
h 

( 3 . 3 ) 

0 , ,2 
( a 2 a 3 - 1) 

a i a 2 + ( a 2 + a 3 ) h 0 
2 t a 2 + l 

Select ing 0 < IJJ < — such tha t cot 2 I|J = —(a - a ), (3 .2) 

r e d u c e s to 

2 2 
(3 .4) org (x) + ph» (x) < y 

where 

2 2 2 2 
a = (a + 1) cos \\> - 2(a + a ) s in+cos^1 + (a + 1) s in \\) 

Lé Lé D D 

2 2 2 2 
p = (a + 1) sin ip + 2(a + a ) sini|jcosi|; + (a + 1) cos <\t 

(3 .5) 

y= - a* - A 2 - a^A 2 - 1 + 2 a 2 A - ( a ' + 1) g2 + 2(a 2 + a ^ g ^ 

- (a 2 + l ) h 2 + 2 a i a 2 g o + 2 ( a 2 a 3 A - ^ - ^ - ^ - A) hQ - e 

F r o m (3. 4) we see that the reg ion of s tab i l i ty is an e l l ipse 
c e n t e r e d at (g , h ) with ma jo r axis of length J y/a, and m i n o r 

axis of length/7 "y/p. Noting that 0 < a < p, we use the p reced ing 
d e s c r i p t i o n to s ta te the following. 
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0 1 
THEOREM 2. A s s u m e that A is a pos i t ive cons tan t , g e C (R ), 
1 1 

h s C (R ) and e(t) i s such as to gua ran tee the e x i s t e n c e of so lu t ions 

of (1); then a l l so lu t ions of (1) conve rge p rov ided t h e r e ex i s t pos i t ive 
cons t an t s a , a , a , e , g , h , a, (3 and y sa t is fying (3 . 1), (3 .3 ) 

j . ù j U U — — — 

and (3 .5) such tha t 

(i) go-i5 <g(x) K g o + J3 2p toX ' to0 W2p 

+ f* 
0 V2p 

(ii) ho"jf < h'(x) < h-+ ^ 
1 

for a l l x e R 

4. The r e l a t i v e l y s i m p l e n a t u r e of the condi t ions needed in 
T h e o r e m 1 r e f l ec t the r a t h e r s p e c i a l n a t u r e of the m a t r i x C used in 
that proof. If one a t t e m p t s to use L e m m a 2. 1 to d e t e r m i n e c o r r e s p o n d i n g 
condi t ions for the m a t r i x which a r i s e s f r o m quat ion ( 1 . 2 ) , it i s found 
tha t the inequa l i t i e s so d e t e r m i n e d a r e v e r y u n m a n a g e a b l e . In T h e o r e m 
3 G e r s g o r i n c i r c l e s a r e used to d e t e r m i n e bounds for the e i g e n v a l u e s 
of the m a t r i x in ques t ion . Although the inequa l i t i e s obtained a r e m o r e 
e a s i l y man ipu la t ed they do not yie ld as s h a r p r e s u l t s a s does the use of 
L e m m a 2 . 1 . 

THEOREM 3. If f, g e C (R 1 ) , h e C 1 ( R 1 ) and e(t) i s such 
as to gua ran tee the ex i s t ence of so lu t ions of ( 1 . 2 ) , then a l l so lu t ions 
of (1 .2 ) conve rge p rov ided t h e r e ex i s t cons t an t s a , a , a , b , b 
— 1 2 3 1 2 

and b such that the following inequa l i t i e s a r e sa t i s f ied for s o m e 

e > 0 and for a l l x and y: 

2 
(i) a . > 0, a a > b , b > 0 ; 

1 1 2 1 1 

2 2 2 
(ii) a d a 2 a 3 > a ^ + a ^ + a ^ + 2 b ^ b ^ 

b 3 \ 
( i i i ) — - - < f(y); 

1 1 

(iv) b ^ < - b . h ' ( x ) - b . g ( x ) ; 
3 = 2 1 

a„ 

2 b 3 b 3 b 3 b 3 b 3 2 b 3 
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(vi) b - b + f < b g(x) - a h - (x) < b + b - | ; 
1 3 2 = 3 3 = 1 3 2 

(vii) | - a 4 - b 3 <_ b ^ y ) + b 3 h ' (x) - a 2g(x) < b 3 - SL± - | . 

P roo f of T h e o r e m 3. Equat ion (1 .2) i s equivalent to the s y s t e m 

X l = X2 

(4 .1 ) X2 = X2 - F ( X2> " G(X1> 

x 3 = e(t) - h ( X l ) 

w h e r e F(x) = f f(s)ds and G(x) = f g (s )ds . 
0 0 

If 6(t) i s an a r b i t r a r y but fixed solut ion of (4. 1), then any o ther 
solut ion of (4. 1) can be w r i t t e n as x(t) = 0(t) + r|(t) ; and for each 
fixed x( t) , r\(t) is a solution of the s y s t e m 

( 4 . 2 ) 

0 1 0 

T) = | - R ( t ) - P ( t ) 1 | T) 

-S(t) 0 

w h e r e 

( 4 . 3 ) 

P(t) = 

R(t) 

f F(x 2 ( t ) ) -

x 2 ( t ) -

k f ( e 2 ( t » 

G{x1(t)) -

^ ( t ) " 

F(e2(t)> 

e2(t) 

cKe^t» 
e4(t) 

. gtOjtt)) 

if x2(t) 4 e2(t) 

if x2(t) = e4(t) 

if x4(t) 4 e4(t) 

if x4(t) = e4(t) 
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S(t) 

fh(x (t)) - h(0 (t)) 
1 1 

*4(t) " e
t( t) 

if Xl(t) 4 e^t) 

h>(e , ( t ) ) 
1 

if x (t) - e (t). 
l l 

The proof of T h e o r e m 3 wil l depend upon the s a m e function 
V(n) a s defined in the proof of T h e o r e m 1. 

F r o m (4. 3) it is seen that P ( t ) , R(t) and S(t) can be w r i t t e n a s : 

P(t) - / f(sT,2(t) + e 2 ( t ) )ds 

o 

( 4 . 4 ) R(t) = / g t s ^ ^ t ) + e^t j jds 

Now se t t ing 

s(t) = / h^s^ t t ) + e^tjjds 
o 

o i o 
B = ( ^ ( B T i ^ t ) + e ^ t » -f(8Ti2(t) + e 2 ( t » i 

-h-(Sl l l(t) + e ^ t » o o 

and C = B Q + QB we have 

' 2 b l g + 2 b 2 h ' 

a i + b l f + b 3 h ' " a 2 g 

b 3 g - a 3 h ' _ b l 

a, +b f + b h' - B 
1 1 3 

-2b - 2a2f 

a 2 + b 3 f - b 2 

b g - a h1 - b , 
3 B 3 l 1 

a Z + b 3 f " b 2 
-2t> 

Now using (4. 1), (4 .4 ) and ca lcu la t ing as in the proof of T h e o r e m 1, 
1 

V ( T ] , t) = f TvCr|ds. 
0 
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Hence, if we assume that V(r|) is positive definite, then the zero 

solution of the system (4. 3) will be asymptotically stable in the large 

if the eigenvalues of C are uniformly bounded above by some negative 

number ; i .e. , there exists e > 0 such that if \ . ( t , s ) , i = l , 2, 3, 

are the eigenvalues of C then X .(t, s) < - e , i = 1, 2, 3, 0 < s < 1 

and t > 0 . 

The following theorem will be used to establish a sufficient 

condition that all the eigenvalues of C will be less than some fixed 

negative number. 

LEMMA 4. 1 [5, p. 196]. The characteristic roots of the 

n X n hermitian matrix A = (a..) lie in the closed region of the 

complex plane consisting of all the disks 

Iz - a I < p. , i = 1, • • • , n, 
1 i l ' = i 

n i i 

where P. = 2 a.. . 
i j = l i j 1 

j = f i 

This result is due to S.A. Gersgorin. 

From Lemma 4. 1 we see that the eigenvalues of C will have 

the desired property if 

(1) - 2b4g - 2b2h- - e > |a4 + b4f + b ^ ' - a,,g | + |b3g - a ^ ' - b± 

(2) 2 b 4 + 2a2f -e > ^ + b J + b ^ ' - ^g\ + \*2 + b^ - b2 | 

(3) 2b3 - e > |b3g - a3h- - b4 | + |a2 + b ^ - b2 | . 

It is assumed that each inequality is valid for all values of the 

variables of the functions f, g and h' although the variables are 

not displayed. 

If we assume that constants a . a_, a . b , bn and b0 exist 
1 2 3 1 ^ 3 

such that conditions (i)-(vii) of Theorem 3 are satisfied, then 
inequalities (l)-(3) are satisfied which implies that the eigenvalues of 

C are bounded above by a negative constant - e. Thus, 
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Il I I 2 

V (î],t) < - e | | r j | | , and a i l so lut ions of (4 .1 ) conve rge to z e r o . 
\D . 1 J ) 

F r o m the definit ion of 0(t) and f rom the s y s t e m (4. 1) it i s c l e a r 

tha t , if x = x(t) and y = y(t) a r e so lu t ions of ( 1 . 2 ) , t hen , 

I im [x ( l ) ( t ) - Y ( l ) ( t ) ] = 0 , i = 1, 2 , 3 . 
t->oo 

5. When F(x, t) is p e r i o d i c of p e r i o d T, L a Sal le [3] has 
shown that e x t r e m e s t ab i l i ty and the ex i s t ence of a bounded so lu t ion 
imply the ex i s t ence of a pe r i od i c solut ion of pe r iod T . 

Applying the r e s u l t s of T h e o r e m 1 to this r e s u l t , we get the 
following. 

THEOREM 4. If e(t + T) = e(t) for a l l t > 0, T > 0, and 
( 1 . 1) has a bounded solut ion and the condi t ions of T h e o r e m 1 a r e 
sa t i s f i ed , then ( 1 . 1) ha s a p e r i o d i c solut ion of p e r i o d T , and e v e r y 
o ther solution of ( 1 . 1) c o n v e r g e s to tha t p e r i o d i c so lu t ion . 
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