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1. We a s s u m e F is a pu re ly i n s e p a r a b l e field extens ion of the 
field K. The c h a r a c t e r i s t i c of K is p f 0, and we a s s u m e F and K 
a r e not pe r f ec t . F o r x e F , the exponent of x over K is the s m a l l e s t 

e 
p 

non-nega t ive in teger e such that x e K and wil l be denoted by 
e(x) 

e ( x ) ; x wil l denote x . F o r any subse t S of F , e(x;S) wil l 
denote the exponent of x over K(S) ; in ca se S = { y } we wil l w r i t e 
e (x ;y ) for e ( x ; S ) . 

F o r s u b s e t s A and B of F , A C B , we wr i t e x £ B \ A in c a s e 
x e B and x ^ A . 

v P P 
Fo r x, y G F \ K we define x ^ y if and only if K ( x ) = K (y), i . e . 

if and only if x and _y a r e p -dependen t in K. It is i m m e d i a t e that 
l , 'vM i s an equiva lence re l a t ion on F \ K . It is the p u r p o s e of this note 
to e s t a b l i s h a one - to -one c o r r e s p o n d e n c e be tween the equiva lence c l a s s e s 

p 
so d e t e r m i n e d and the subfields of K of the f o r m K (a) w h e r e 

a £ (K D F ) \K . F o r x £ F \ K , the equiva lence c l a s s containing x wi l l 
be denoted by [x] and [x] wi l l denote the se t { y | y G [x] } . It is 

a p p a r e n t that for a e F \ K , KP (a.) = KP ([aj) . 

F o r defini t ions and r e l e v a n t t h e o r e m s the r e a d e r i s r e f e r r e d to 
Chap te r II of [ 1 ] . 

LEMMA 1. Le t x, y € F . If y e K ( X ) \ K , then x € K(y) or 

Y G K ( x P ) . 

n 
Proof . We a s s u m e y = E a .x whe re 

i=0 
a. £ K, a ^ 0, n ^ 1 . Let i = q p + r , 0 ^ r < p , i = 0, 1, . . . , n. 

i n i l ^ i 

*The au tho r s a r e indebted to the r e f e r e e . 
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Then 

n n q. r. p - 1 
y = 2 a. x1 = 2 a. (x ) x = 2 B . x w h e r e 

i=0 1 i=0 * j = 0 J 

q 
B . = S a (x ) and the s u m m a t i o n is over t such tha t 0 ^ t ^ n 

J t 
P -1 

and t = j (mod p) . Le t f (Z) = (B -y) + S B . Z J , f (Z) € K ( x P , y ) [ Z ] . 
j - i J 

Suppose f (Z) is not the z e r o po lynomia l . Then the m i n i m a l po lynomia l 
p 

of x over K(x ,y) has d e g r e e not exceed ing p - 1 , hence x is 

P P 
s e p a r a b l e over K ( x , y ) . But x is p u r e l y i n s e p a r a b l e over K (x ,y) 

P P 
so x e K(x , y ) . Hence K(y) (x) = K ( y ) ( x ) and so x is s e p a r a b l e 
over K(y) . Since x is a l s o pu re ly i n s e p a r a b l e over K ( y ) , we have 
x £ K(y) . If x ^ K(y) , then f (Z) is the z e r o po lynomia l and 

p 
y = B is an e l e m e n t of K (x ). 

o 

THEOREM 1. Let y , x G F . y e K ( x ) \ K ( x P ) if and only if 

x e K ( y ) \ K ( y P ) . 

\ P 
Proof . A s s u m e y £ K ( x ) \ K ( x ). By L e m m a 1, x £ K(y) . 

Suppose x € K ( y P ) , then K ( x ) C K ( y P ) and so y e K ( y P ) . 
p 

But then K(y) = K (y ) and y is s e p a r a b l e over K. It follows that 

y G K, s ince y is a l s o p u r e l y i n s e p a r a b l e ove r K. Th is is a 

con t r ad i c t i on so x e K ( y ) \ K ( y ). The c o n v e r s e follows by s y m m e t r y . 

COROLLARY 1. Let L be a subfield of 

F , S C F , x, y £ F , x P
 € L P ( S ) . If y e L P ( S , x ) and y £ L P ( S ) , then 

x £ L P ( S , y ) . 

THEOREM 2. Le t y, x £ F . If y e K(x) \ K, then 

« 8 ^ g + 1 
P P 

y £ K ( x ) \ K ( x ) w h e r e g = e ( x ; y ) . 
Proof . Le t g be the l a r g e s t non-nega t ive i n t e g e r such tha t 

g g+1 g 
y £ K ( x P ) \ K ( x P ). By T h e o r e m 1, x P

 G K ( y ) \ K ( y P ) and so 

P g P 
g >, e{x)y). If g > e ( x ; y ) we obtain x £ K (y ), a c o n t r a d i c t i o n . 
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THEOREM 3. Let x , y e F \ K . Then e ( x ) > e ( x ; y ) if and only 

if K P ( x ) = K P ( y ) . 

- 1 - 1 
Proof . If K P ( x ) = K P ( y ) , then x P e K ( y P ) and so 

e (x; y) < e (x). A s s u m e e (x) > e (x; y) . By T h e o r e m 2, 

x 

e ( x ) - l t t+1 e ( x ) - l 
P £ K ( y P ) \ K ( y P ) w h e r e t = e ( y ; x P ). 

t e (x) - 1 
N e c e s s a r i l y t < e ( y ) . By T h e o r e m 1, y P

 € K ( x P ) \ K and 
p 

so t + 1 ^ e (y). Hence t = e (y) -1 and x. £ K (y). C o r o l l a r y 1 of 
T h e o r e m 1 app l i e s . 

THEOREM 4. _Let y, x G F \ K . Then 

e ( x ; y ) e ( y ; x ) 
p p 

(a) e (y ; x)• = e (y ; x ) and e (x; y) = e (x; y ) ; 

a l s o 

(b) e (y;x) - e (x;y) = e (y) - e (x). 

Proof . If e (x) = e ( x ; y ) , (a) and (b) obviously hold. A s s u m e 
e ( y ; x ) 

e (x) > e (x ;y ) . Then y £ K (x) \K and by T h e o r e m 2 we have 
e (y ; x) f f+1 e (y : x) 

P P v P P 
y £ K(x ) \ K ( x ) w h e r e f = e ( x ; y ). One e a s i l y 
obtains 

e (y;x) 
(1) e ( y ; x ) = e (y) - e (x) + e ( x ; y P ), 

and 

e ( x ; y ) 
(2) e ( x ; y ) = e (x) - e (y) + e ( y ; x P ). 

F r o m equat ions (1) and (2) we obtain 

e ( y ; x ) e ( x ; y ) 
(3) e ( x ; y ) - e ( x ; y P ) = e ( y ; x P ) - e ( y ; x ) . 

The left m e m b e r of (3) is not nega t ive , the r ight m e m b e r of (3) is not 
pos i t i ve , hence both a r e z e r o and we have p a r t (a). F r o m p a r t (a) and 
equat ion (1) we obtain 
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e (y ;x) = e (y) - e (x) + e (x ;y) 

and so we have 

e ( y ; x ) - e ( x ; y ) = e (y) - e (x). 

e ( y ; x ) e ( x ; y ) 
THEOREM 5. Let y , x £ F \ K . Then K ( y P ) = K ( x P ). 

P roof . If y y x, then both fields coincide with K. Suppose y ~ x. 
e (y;x) 

Then y e K ( X ) \ K , and by T h e o r e m 2 we have 

e (y ;x) f f+1 e (y ; x) 
y P

 e K ( x P ) \ K ( x P ) w h e r e f = e ( x ; y P ). But by 

e (y;x) 
p 

T h e o r e m 4, e ( x ; y ) = e ( x ; y ) . We t h e r e f o r e have 

e ( y ; x ) e ( x ; y ) e ( x ; y ) e ( y ; x ) 
y ç K(x ). S i m i l a r l y we obtain x ç K (y ). 

e ( y ; x ) e ( x ; y ) 
Thus K ( y P ) = K ( x P ). 

THEOREM 6. T h e r e is a o n e - t o - o n e c o r r e s p o n d e n c e be tween 
the equiva lence c l a s s e s d e t e r m i n e d by ~ and the subf ie lds of K of 

the fo rm K P (a) w h e r e a e (K H F P ) \ K P . 

P roof . Define I|J as fol lows: I|J ([a]) = K (a_). I(J is we l l -def ined 

s ince K (a) = K ([a]). I(J is o n e - t o - o n e s ince K (_a) = K (b) i m p l i e s 

a ~ b . Let a £ (K f] F P ) \ K P , then a = b P for some b £ F . 

then a£K
P. Hence b € F N K . v|j([b]) = K P ( b ) = K P ( b P ) = K P {a). 

It is a l s o e a s y to show that if the n u m b e r of equ iva lence c l a s s e s 
[a] of F \ K is g r e a t e r than one, then t h e r e a r e infini tely many of t he se 
equiva lence c l a s s e s . 
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